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Selberg sieve in the polynomial semigroup

Gintautas BAREIKIS
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By A andR we denote the sets of natural and real set numbers, respectivelyt Let
denote the multiplicative semigroup cortsig of the primary polynomials in the ring
GFq, x] of polynomials over the finite field of elementsg being a prime power and
P C M is the set of all irreducible polynomials. Each polynomiak,l,m,... € M
uniquely factors irP. The degree of the polynomiat € M we denote by)(m).

Further,P. = {p € P;d(p) < r}, herer = r(n) being the sequence of the positive
real numbers. The cardinality of the finite setve denote byA|.

In 1996 Zhang [4, p.860-869] proved for the elements of semigroup the analog of
the Selberg sieve. This result has been obtained using Buchstab—Rossen type structures.
Author of this paper (see in [1]) using Buchstab—Rossen type structures, has obtained
Selber sieve forthe s¢p + 1, p € P}.

In this short paper we obtain the same result as in [4], using classical Selberg method.

It is known that

{m e M,d(m)=n}|=4q", neN.

In what followsc;,7 € N are absoliute constants. By we denote some expression,
which depend upon various parameters. The value of bounded by a constant.

Further, set(r) = [ cp. p andp(m) = #{l € M, 9(I) = d(m), (m,l) =1} .
Are known that
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Lemmal. [3, Lemma 2.2]f w > e then

minf(e’ —w) < —w(nw —Inlnw — 1).
0>0

The function which is to be minimized attains the value given as an upper bound when
0 =Inw—Inlnw.

Lemma?2. Foreach2 < r < en, € € (0,1) we have:
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Ky — ;) ﬁ = A(r)(1 + DR,), A(r)

a(d)<n
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Proof of Lemma. We have

1
—— = A(r). (1)
dg(;) o(d)
Setting
1

— A(r) — —

L= A(r) %;, @
a(d)<n

from the inequalitie$n(1 + ¢) < t ande? — 1 < te? (¢ > 0) we deduce, that for each
A >0,

A 0
qi? exp ()\ In qq)"“ Z qa((?) ) .

p|®(r)

L <

By making use of the inequality >~ 1 < ¢*/k (see [2, p.8]) we obtain that

a(p)=k,
pEP

Q(r) = Z 8;?;)) <

a(p)<r

Choosing\ = p/r we have thag" = eP!n 4,

Therefore
L < A(r)exp (AQ(r)g* Ing — An) = A(r)exp (HQT(T) (e - Q(rgllnq))
heref = plng.

Applying Lemma 1 we arrive at the inequality

" —Inln

g (" Grmg Qg

L < A(r)exp ( - 1)) < A(r)Rn.

Proof of Lemma 2 now follows from the last inequality and (1). Lemma 2 is proved.
Set

S(n,®(r)) = Z 1, nenN.

a(m)=n,meM,
(m,®(r))=1
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Theorem. Supposethat r < en, here0 < e < 0.5 fixed number. Then for n > ng(e)
S(n,®(r)) =q¢"A"'(r)(1+ DR),), here R} = R,r’.

Proof of Theorem. Let x,, be real numbers related with the polynomials €
M, 9(m) < n, m|®(r), satisfying the conditior:,,, = 1, m = 1. In that follows
eachm € M, m|®(r). We first obtain the upper bound of the sifftn, ®(r)).

Denote > ...=> ...
m|®(r)

Itis clear, that

’ ’

2
S(n, ®(r)) < Z( Z xm> < Z Z T, Ty m1m2) - (2)

< o(m)< n, 1) < 19 ) <
a(l)sn ) d(m1)<n d(ma2)<n

here[my, mo] is less common multipliefyn, ma) — great common divisor of the poly-
nomialsm;, mo. The task is now to find minimum value of right-side inequality quadratic
formin (2).

Using the equalit)q8<(m””2)) = Y (k) we arrive at the relation

k|(m1,m2)

S(n, ®(r)) Tm \’
— S Z o(d) Z o | =K. 3)
9 o(d)<n O(Z?‘jn, q (m)

Settingza = 3 55, m|®(r) we have thald = - o(d)z3.

o(my<n, a(d)<n

In fact, a Meobius inversion shows that

Tm m
20 Z u(d)zd, m|P(r).

a(d)<n.,
m|d

It easy to see thatif; = 1,then > u(d)zq =1.
o(d)<n
Using the last relation we then obtain

' ud) \*, 1
K= >, *”(d)(zd_KMd)) K

o(d)<n

It is now clear that to minimizé< we choose the; = p(d)/(Kop(d)).
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a(m) ’ d d
0o _ 4 p(d)
LT = my — . (4)
Ko a(;;n, (m> o(d)
m|d

For each divisod|®(r), d = km we have thatk, m) = 1.

Then
o(m) :
o - m) L
g0 = " ulm) ——, 1< 3(m) < n, md(r),
m Ko a(k)<n—0(m), (k)
(k,m)=1

1 ' 1
O = D D=
d|m go(d) d(k)<n—0(m), 99( )
(k,m)=1
We now turn to the relatiofi3). Choosingz?, value by the equality4), we obtain
that

n " 1
S(n, ®(r)) < ;’(—0 =¢" ] (1 = W) (1+ DR,). (5)

The set of the polynomial®, = {p € P, d(p) < r} is finite. Thus the elements
of P. can be arranged in a sequence in ascending ord@(zof This defines an order
relation onP, which we denote as usual By< 7, sop; < pi impliesd(p;) < d(pk),
i,k € N. Using this order relation we can write the canonical prime decomposition of
m € M bya = p;...pr, with conditionp; > ... > p, 7 = | P,

To obtain a lower bound of the relatidi{n, ®(r)) we begin with the equality

S(n,@(r)= > 1- Y 1-..— Y L

o(m)=n a(m)=n, o(m)=n,
p1lm p1lm,

Pr_1lm,

pr|m

Setting®; = [[,_, pi, ®o =1 we have

s

S(n, ‘D(r)) =q" - ZS(n — 0(ps), ‘bi). (6)

=1

It is clear that®, C ®(r). The equality (5) holds uniformly for all subsets 6.
Thus, combining (5) with (6) we obtain

S(n, ‘D(r)) >q" —q"

=1

1
qa(P7)
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10 gm) (P00 )

p|®;

hereD is positive.
Using well known equality

we conclude fron{7) that

S(n,q>(r))>q7lA—1(r)<1_D ) qup) 11 (l_ﬁy

1<ign j=i+1
(oo {-u-moipiniil). e

Using the inequalityl — )~ < exp{t/(1—1t)}, 0 <t < 1and

L <1 " 4
s n—7——= Cy
oo eamer 0 A(p:)

we deduce that

s

1 1 )
> g 1l (1_qa<m>> S G

1< j=it+1

The last inequality and relation (8) allow us to assert that

S(n, ®(r)) > q"A_l(r){l ~ Dexp {_ 1- 5(6))qu In qu n 21m}}. (9)

Considering together the upper bound (5) and lower bound (9) leads to the proof of

the theorem.
Theorem is proved.
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Selbergo rétis polinomuy pusgrupge
G. Bareikis
Straipsnyje, naudojant klasikiBelbergo metod, buvo gauta dydzio
S, o(m)= > 1

meM,d(m)=n,
(m,®(r))=1

asimptotire formuk, ¢ian € N, M — polinomy, vir§ baigtinio skaiiy kuno, ail®, d(m) — poli-
nomom € M laipsnis,®(r) — neredukuojampolinomy, kuriy laipsniai nevirSijar, sandauga.



