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Let s = σ + it be a complex variable, and letR andC denote the set of all real numbers
and of the set of all complex numbers, respectively. The series

∞∑
m=1

ame−λms, (1)

wheream ∈ C andλm ∈ R, 0 < λ1 < λ2 < ..., limm→∞ λm = +∞, is called a general
Dirichlet series with coefficientsam and exponentsλm.

In [1], [2], [4] probabilistic limit theorems for the functionf(s) given in some half-
plane by the series (1) were obtained. Denote byσa the abscissa of the absolute con-
vergence of (1). Thenf(s) is an analytic function forσ > σa. Suppose thatf(s) is
meromorphically continuable to the half-planeσ > σ1, σ1 < σa, and that all poles in this
region are included in a compact set. Moreover, we require that, forσ > σ1, the estimates

f(s) = O(|t|a), |t| � t0, a > 0, (2)

and

∫ T

−T

|f(σ + it)|2 dt = O(T ), T → ∞, (3)

should be satisfied. We also assume that exponentsλm satisfy the inequality

λm � c(logm)δ (4)

with some positive constantsc andδ.
Let C∞ = C ∪ {∞} be the Riemann sphere, and letd(s1, s2) denote the spherical

metric defined by

d(s1, s2) =
2|s2 − s1|√

1 + |s1|2
√

1 + |s2|2
, d(s,∞) =

2√
1 + |s|2

, d(∞,∞) = 0,

s1, s2, s ∈ C. DenoteD = {s ∈ C: σ > σ1}, and letM(D) stand for the space of mero-
morphic functionsg:D → (C∞, d) equipped with the topology of uniform convergence
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on compacta. Similarly, byH(D) we denote the space of analytic onD functions with
the same topology as in the case ofM(D).

For the identification of a limit measure we need the following topological structure.
Denote byγ = {s ∈ C: |s| = 1} the unit circle onC, and let

Ω =
∞∏

m=1

γm,

whereγm = γ for all m � 1. With the product topology and pointwise multiplication
the infinitedimensional torusΩ is a compact topological Abelian group. Therefore, on
(Ω,B(Ω)), whereB(S) is the class of Borel sets of the spaceS, the probability Haar
measuremH exists, and this gives the probability space(Ω,B(Ω), mH). Letω(m) stand
for the projection ofω ∈ Ω to the coordinate spaceγm, and define on the probability
space(Ω,B(Ω), mH) theH(D)-valued random elementf(s, ω) by

f(s, ω) =
∞∑

m=1

amω(m)e−λms, s ∈ D, ω ∈ Ω.

Denote byPξ the distribution of the random elementξ. Moreover, let, as usual,νT (...) =

T−1 meas{τ ∈ [0, T ] : ...}, where meas{A} is the Lebesgue measure of the setA ⊂ R,
and the dots denote some condition satisfied byτ . Then in [4] the following limit theorem
was obtained: if the set{log 2} ∪

⋃∞
m=1{λm} is linearly independent over the field of

rational numbers, and iff(s) satisfies conditions (2), (3) and (4), then the probability
measure

PT (A) = νT (f(s + iτ) ∈ A), A ∈ B(M(D)),

weakly converges toPf asT → ∞.
The aim of this note is to removelog 2 from the set{log 2} ∪

⋃∞
m=1{λm}.

Theorem. Suppose that the system of exponents λm is linearly independent over the field
of rational numbers, and that the function f(s) satisfies conditions (2), (3) and (4). Then
the probability measure PT weakly converges to Pf as T → ∞.

A full proof of the theorem is sufficiently long, it will be given elsewhere. There we
present only a sketch of the proof.

Denote the poles of the functionf(s) in the half-planeD by s1, ..., sr. Without loss
of generality we can assume that every of these poles has order 1. Let

f1(s) =
r∏

j=1

(
1 − eλ1(sj−s)

)
,

andf2(s) = f1(s)f(s). Thenf2(s) is a regular function onD. Moreover, we have, for
σ > σa,



A limit theorem in the space of meromorphic functions for general Dirichlet series 37

f2(s) =
∑

A⊆{1,...,r}

∞∑
m=1

ameλ1
∑
j∈A

sj(−1)|A|e−(λm+|A|λ1)s

=
r∑

j=0

∞∑
m=1

am,je
−(λm+jλ1)s

with some coefficientsam,j satisfyingam,j = O(|am|), m = 1, 2, ..., j = 1, ..., r. Here
the first sum runs over all subsetsA of {1, ..., r}, and|A| denotes the number of elements
of A. Clearly, the functionf2(s) satisfies the estimates of type (2) and (3).

First we consider the Dirichlet polynomials

pn(s) =
r∑

j=0

n∑
m=1

am,je
−(λm+jλ1)s.

Let Ωn =
∏n

m=1 γm with γm = γ for m = 1, ..., n. Denote the Haar measure on
(Ωn,B(Ωn)) bymnH , and let the functionh: Ωn → H(D) be defined by the formula

h(x1, ..., xn) =
r∑

j=0

n∑
m=1

e−(λm+jλ1)sx−j
1 x−1

m , (x1, ..., xn) ∈ Ωn.

Moreover, letu(m) be an arithmetic function,|u(m)| � 1, and let

pn(s, n) =
r∑

j=0

∞∑
m=1

am,ju
j(1)u(m)e−(λm+jλ1)s.

Lemma 1. The probability measures

νT (pn(s + iτ) ∈ A) , A ∈ B(H(D)),

and

νT (pn(s + iτ, u) ∈ A) , A ∈ B(H(D)),

weakly converge to the measure mnHh−1 as T → ∞.

Proof uses the continuity of the functionh and is based on the weak convergence of
the probability measureνT

(
(eiλ1τ , ..., eiλnτ ) ∈ A

)
, A ∈ B(Ωn).

The next step of the proof of the theorem consists of the approximation in the mean
of the functionsf2(s) andf2(s, ω) by absolutely convergent Dirichlet series. Let, for
σ2 > σa − σ1,

gn(s) =
r∑

j=0

∞∑
m=1

am,j exp
{
−e(λm−λn)σ

}
e−(λm+jλ1)s,
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gn(s, ω) =
r∑

j=0

∞∑
m=1

am,jω
j(1)ω(m) exp

{
−e(λm−λn)σ2

}
e−(λm+jλ1)s,

and

f2(s, ω) =
r∑

j=0

∞∑
m=1

am,jω
j(1)ω(m)e−(λm+jλ1)s, ω ∈ Ω, s ∈ D.

Note that both the latter series converge absolutely forσ > σ1.

Lemma 2. Let K be a compact subset of D. Then

lim
n→∞

lim sup
T→∞

1

T

∫ T

0

sup
s∈K

|f2(s+ iτ) − gn(s + iτ)| dτ = 0,

and

lim
n→∞

lim sup
T→∞

1

T

∫ T

0

sup
s∈K

|f2(s+ iτ, ω) − gn(s + iτ, ω)| dτ = 0.

Proof of the first relation of the lemma uses estimate (3), and for the proof of the
second relation we apply some elements of the ergodic theory.

The next lemma is devoted to limit theorems for the functionsgn(s) andgn(s, ω).

Lemma 3. There exists a probability measure Pn on (H(D),B(H(D))) such that both
measures νT (gn(s + iτ) ∈ A) and νT (gn(s + iτ, ω) ∈ A), A ∈ B(H(D)), weakly con-
verge to Pn as T → ∞.

Proof of the lemma is based on Lemma 1 and on absolute convergence of the series
defininggn(s) andgn(s, ω).

Now we are able to limit theorems forf2(s) andf2(s, ω).

Lemma 4. There exists a probability measure P on (H(D),B(H(D))) such that both
measures νT (f2(s + iτ), A) and νT (f2(s + iτ, ω) ∈ A), A ∈ B(H(D)), weakly con-
verge to P as T → ∞.

Proof of the lemma is a consequence of Lemmas 2 and 3.
The application of some ideas related to the ergodic theory shows that the limit me-

asureP in Lemma 4 coincides withPf2 .
Proof of the theorem. It remains to pass from the functionf2(s) to f(s). First we

observe that the probability measureνT (f1(s + iτ) ∈ A), A ∈ B(H(D)), weakly con-
verges to the distribution of theH(D)-valued random element

f1(s, ω) =
r∏

j=1

(
1 − ω(1)eλ1(sj−s)

)
,
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asT → ∞. Next, we define theH2(D)-valued random elementF (s, ω) by F (s, ω) =
(f1(s, ω), f2(s, ω)). Then by standard method, see, for example, [3], we show that the
probability measure

PT,f1,f2(A) = νT (f1(s + iτ), f2(s + iτ) ∈ A) , A ∈ B(H2(D)),

weakly converges toPF asT → ∞.
Let the functionh:H2(D) → M(D) be given by the formula

h(g1, g2) =
g2

g1
, g1, g2 ∈ H(D).

It is not difficult to verify that the metricd satisfies

d(g1, g2) = d

(
1

g1
,

1

g2

)
.

Therefore, the functionh is continuous. Hence from above remark we deduce that the
measurePT = PT,f1,f2h

−1 weakly converges to the measure

mH

(
ω ∈ Ω:

f2(s, ω)

f1(s, ω)
∈ A

)
, A ∈ B(M(D1)).

However,

f2(s, ω) =
r∑

j=0

∞∑
m=1

am,jω
j(1)ω(m)e−(λm+jλ1)s

=
r∏

j=1

(
1 − ω(1)eλ1(sj−s)

) ∞∑
m=1

amω(m)e−λms,

and hence the theorem follows.
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[4] A. Laurinčikas, N. Schwarz, J. Steuding, Value distribution of general Dirichlet series. III, in:Proc. of the

Third Palanga Conf., A. Dubickas et al. (Eds.), TEV, Vilnius (2002), pp. 137–156.

Ribinė teorema meromorfini ↪u funkcij ↪u erdvėje bendrosioms Dirichlet
eilutėms

J. Genys

Patikslinta viena ribin˙e teorema meromorfini↪u funkcij ↪u erdvėje bendrosioms Dirichlet eilut˙ems.


