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On the mean square of the periodic zeta-function

Audrius KACENAS' (VU), Darius SIAUCIUNAS (VU, SU)
e-mail: darius.siauciunas@centras.lt

Let s = o + it be a complex variable, and let= {a,, : m € Z} be a periodic with
periodk sequence of complex numbers. The periodic zeta-fungtier) is defined, for
o> 1, by

C(s;a) = o

s ?
m=1

and the equality

() = 1Dt 8).
q=1

where((s, «) denotes the Hurwitz zeta-function, gives an analytic continuation to the
whole complex plane fo¢(s; a). It is regular everywhere except, maybe, for a simple
pole ats = 1.

This note is a continuation of papers [2], [3], and [5], where the asymptotics for the
mean square

T
1
IT(O’):/ |C(O’+Zt,a)|2 dt, §<0'<1,
0
asT — oo was studied. Our aim is to obtain, the asymptoticsfpfor) for o —

1/240,asT — oo. Letor = 1/2 41" wherely — 0 andly — oo asT — co. Define

k
K = K(k) = 3 la
q=1

and denote byB a quantity bounded by a constant. Then we have the following state-
ments.

Theorem 1. Letlr = o(logT) asT — co. Then

= Jagl® log T
Ir(or) = k~*""KTly +TZ E;LJT + BE'"2 T KTy exp{ — ﬁ}

q=1 r

+ Bk™2°T KT + Bk °T KT'/?1og T.
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Theorem 2. LetlogT = o(ly) asT — co. Then

Ip(op) = k™ 2”TKT10gT+TZ |a‘1| + Bk'"%TKT
q= 1
Tlog® T

+ BET*TK
lr

+ BE'TOTKTY? 10gT.

Theorem 3. Letlimy_,o I7/logT = k # 0. Then

Ir(or) = k‘Q"TKg(l _Q/K)TlogT+TZ| g’ +o(k™2°T KTlogT)
q= 1
+ BE'"2T KT 4 BE'~ T KT"?log T

asT — oo.

Proof of Theorems 1-3 is based on the approximate functional equation for the func-
tion ((s; a) obtained in [3]. We also preserve the notation of [3]. The mentioned functio-
nal equation gives

T ) T
/ |C(or +it;a)|” dt = k2T /

T/2 T/2
§ : § : —2mim L 1
ml—JT—’Lt

T
k2T / ( )2‘” '
T/2 1<m<n

k 2 T T
> aq / t=or dt+Bk;1_2"TK/ o2 qt
e T/2 T/2

T opyor—1/24it . E koo
Ll
T/2 q1=1 =1

2mimeg 12 1
X Z my + ql/k)aT—i-'u‘ Z € o 1—or+it dt‘

0<my <r 1<ma<n my

T k k
2 or/2 _
LG e Y e

=1 q2=1

k

1
2% 2 G aR

q=1 og<m<r

2
dt

2
dt

+Bk 20T

+BE~%°T

+Bk 20T

X Z W Xp{if(%,t)}w(zy 2n+l—?) dt

o<m<r
T opy\Bor/2-1/2—it __, k k
it _
s S,
T/2 q1=1 g2=1

+Bk 20T
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O3 et (2 o1 8)

1<m<gn

+Bk 20T

1 -
———R(op +it, k) dt
/m “ D i o T k) ‘

q=1 O<m<r

.k
27\ or—1/2+it . 1 .
L) 0y et R o
T/2

g=1 1<m<n

T or YT AN
[ St o

=Yy (1)

Proof of Theoreml. Let T} = max(T/2,2m(m1 + q1/k), 2w (m2 + ¢1/k)?) and
M,(T) = [(T/27)'/? — q/k]. Then we have that

+Bk 20T

+Bk T

Il = k?_QJT Z |aq|2 72
O<m<M ()’ (m + q/k)2

k
—20T 2 1
+k q=21|aq| Z Z (m1+q/k)UT(m2+q/k)UT

0<m1<Mg(T) 0<ma<My(T)
y /T (m1 +q/k>“ a
7, \m2+q/k

207 :
+k” Z%Zaqz Z Z §m1+q1/k)‘”(m2+q2/k)”

(12 L 0<miM g, (T) 0<masM g, (T

T

y / (W) &t

n \m1+aq/k

1
+ k- Q‘TTZaqlz g, Z
o2t o<m<max(Mql(T),Mm(T))(m+q1/k) T (m+gq/k)7"
4
m+q2/k> def

X _— dt = 1. 2

/T1 (m+q1/k ; 1j )

Using the equality [4]

1 _ 1 ﬁ—s Tou—u) " s o)1
2 m_as+(x+a)s /1 (u+oz)s+1d NP

o<m<e

_1(x+a)1‘s+oz(1+oz)‘s—oz(a:+oz)‘s, 3)
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where0 < o« < 1 ands # 1, we find without difficult that

k
Tl T |aq|2 —20 —20 1OgT
I = 4]CT'TK—F 3 qEzl o +Bk™*°TK + Bk~*°TTIlr K exp .(4)

From the estimate [1]

1 n+ap )
> (10g ! ) = B,N?> P %]og N, (5)

o<m<n<N (m + al)ﬁ(n =+ a2)9 m + oo
wherel < as, a1 < 1,08 < 1,8+ 0 < ¢ < 2, we derive that
Iy = Bk 2°T KT~ T Jog T. ©)

Similarly

I3 = Bk 2°TKT =7 log T,

Iy = BE'72°T KT 9T Jog T.

This and (2), (4) and (6) yield

3]

20T

k
TlT . T
I TR 4
L=k 2 z‘; I

log T
+ BET°TTIr K exp { 8 }
+ Bk KT T log )

Now let Ty = max(T/2,2wm?, 2rm3). Then

k T
%0 1 22071
L= k2t a2 Y F_QUT/T ()" ar
q=1 2

1<m<Mo(T)

—2miE(mi—mz)

k e
—207 Z : 2 E E -
+k |aq| (mlmQ)l—U'T
q=1 1<ma, ma<Mo(T)
mi#ma

X /T (2%)2‘” 1exp {ztlog—} dt
T

q1=1ga=1 1<m1 ma<Mo(T),
a1#£q2 mFEms

27

e~ 7t (g1 m1—g2m2)

(mymg)t—or
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T
27N 200 —1
></ (—W) ! exp{itlogm} dt
Ts t mo

k k e~ 2w’1m,(q1_q2) T 277'
4 f—20T Qo G z - =27
q1+"q2 mQ_QJT T t
a1=1g2=1 1<mMo(T) 2
q17q2

4
def 2123'-
j=1

The application of (3) shows that

T log T
Ly = k2T K Iy (1+Bexp{ - Olg }+Bl;1>,
T

logT
Isy = BEY 2T KTlp exp{ _ 8 }

49

)QJT_l dt

lr
Since
T 1-20 -1
/ (i) ! exp {it log m} dt = BT'72°7 | log m ,
T, \2T ma ma
in view of (5) we obtain
Iy = BE™2°TKT =7 log T,
Iy3 = Bk'7297 KT1=97 Jog T.
Hence and from (8)—(10) we have
T logT
I = k‘Q"TK% + BE'“20T KTl exp{ - Oli} 4 BE2TKT.
T

It is easily seen that
I3 = BE' 727" KT T,
I, = BE' 727K,

Repeating the proof of Theorem 2 from [3], we find that
Is = BE'"2°TKTY?10gT,
I = BK' 727" KT'~°7 log T + Bk' =7 KT ~77)/2,
I; = B 29T KT =T 1og T,

Is+ Iy + Ig = BE' 9T KT'/2,

(8)

(9)

(10)

(11)

(12)
(13)
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This and (10, (7), (11)—(13) show that

l\?

T ' ) ) Tlp T k
/T/2|C(UT+zt;a)| dt =k 2 TK— 5; S

log T
4 BE2T KT exp{ _ Olg } + Bk 2T KT + Bk °T KT 1og T.

T

Taking2~7T instead ofl" and summing over all > 0, hence we deduce Theorem 1.

Proof of Theoren®. Clearly, it suffices to calculate the integrdisandl, in (1). In
this case we find that

ogT T

T1
L =k TK—2=—
4

Z |aq| 4 Bk—QUTKT

+ BE' T KT' T log T,

TlogT
+ BR TR 5

T
TlogT

TlogT
T ?

=k ?TK——=—+ Bk'**TKT + Bk > + K

and the proof is completed in the same way as Theorem 1.

Proof of Theoren3. In this case we have

3]

k
_ 1.~ 20 E —1/k z |aq
Li=k27TE (1-e TlogT+2;

20T
q_
+0o(k™ 2T KT logT) + Bk' 2T KT T log T,

I = k‘Q"TKZ(e‘l/" — e 2/MTlogT + o(k™ 2T KT logT) + BE'~2°T KT.

References

[1] R. Garunkstis, A. Laurioikas, J. Steuding, On the mean square of Lerch zeta-functimh, Math.(to
appear).

[2] A. Katénas, A. Laurioikas, On the periodic zeta-functidrith. Math. J, 41 (2), 168-177 (2001).

[3] A. Lauringikas, D. Siagitinas, On the periodic zeta-function. llith. Math. J, 41 (4), 361-372 (2001).

[4] A. LaurinCikas, J. Steuding, The mean square of the Lerch zeta-function near the criticaldinepatem.
rink., 43 (2), 213-226 (2003).

[5] D. Siawciunas, On the mean square for the periodic zeta-function on the criticaligtematem. rink.41
spec. nr., 128-133 (2001).

Apieperiodinesdzeta funkcijoskvadrato vidurki,

A. Katénas, D. Siatilinas

Gauta periodia$ dzeta funkcijos antrojo momento asimptotika aities tie®s.



