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A note on discrete limit theorems for the
Matsumoto zeta-function

Roma KACINSKAITE
e-mail: r.kacinskaite @fm.su.lt

In [1], [2], [3] we obtained discrete limit theorems in the sense of the weak conver-
gence of probability measures in variougsgs for the Matsumoto zeta-functiois),
s = o+it. The latter function was introduced by K. Matsumoto in [4]. We recall the defi-
nition of p(s). Letg(m) and f(4, m) be positive integers, and?) be complex numbers.
Define

g(m) ' '
Am(X) = H (1 _ angL)Xf(]Jn)),

j=1

and denote by,,, themth prime number. Then the functigs(s) is defined by the follo-
wing infinite product

o(s) = [ A ()- 1)

m=1

As K. Matsumoto in [4], we suppose that
g(m) < ey, )| < pp,

with somec > 0 and some non-negative constant@and 3. Then the product in (1)
define, foroc > «a + 3 + 1, a holomorphic function without zeros.
Let, for positive integetV,

1

where instead of dots a condition satisfiedshyis to be written. Denote by3(S) the
class of Borel sets of the spaeand leth > 0 be a fixed number. Then in [1], [2], [3]
the weak convergence of the following probability measures

un(p(oc +imh) € A), A e B(C),
un(p(s+imh) € A), Ae B(H(D,)),
pn(p(s +imh) € A), A€ B(M(Ds)), 2)
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asN — oo, under some additional conditions @fs), was investigated. Hef@ denotes
the complex planeH (D;) is the space of analyticol; = {s € C:0 > a+ 3+ 1}
functions, andV/ (D) is the space of meromorphic dn, = {s € C: o > p} functions,
wherea + 3+ 3 <p<a+f+1.

In this note we propose a generalization of the mentioned works. Let a positive func-
tionw(t) be defined fot > 0, and let

N
U=U(N)= > w(m).
m=0

Suppose thdimy_.o, U(N) = +00. We put

1 N
o) = = > w(m),

m=0
where instead of dots a condition satisfiedrbys to be written. We observe that

/LNJ(. . ) = MN(- . )

Then instead of the measures (2) we can consider the weak convergence of probability
measures,

Unw(plo+imh) € A), A e B(C),
1Nw(p(s +1imh) € A), A€ B(H(D1)),
N (p(s +imh) € A), A€ B(M(Dy)). (3)

It turns out that if the functiom(t) is non-increasing, then the weak convergence of the
probability measures (2) implies that of the measures (3). This follows from the following
general theorem. Lef(¢) be aS-valued function defined far > 0, and

Py (A) = uy(f(mh) € A), A€ B(S),
Puv.u(4) = pvu(f(mh) € 4), A€ B(S).

Theorem. Supposethat w(t) isa continuous non-increasing function, and that Py con-
verges weakly to some probability measure P as N — oo. Then also Py, converges
weaklyto P as N — oc.

Proof. Since Py converges weakly t& asN — oo, we have that

/XdPN —s [ XdP (4)
S N

— 00 S
for every real bounded continuous functi&non S. By the the definition ofPy
1 N
XdPy = —— X .
[ XaPy = 52 30 X rmn)

m=0
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Therefore, putting

/XdPZHx,
S

we have in view of (4) that

i g 2 X (mh) = wx
On the other hand,
/XdPNw ==Y w(m)X (f(mh)).

mO

Summing by parts, we find

N N
23 wm)x (fmm) = YOS X (pmn)
m=0 ) 7]r\z[=0
- X (f(mh) du(u)
0 o<m<u

It follows in virtue of (5) that
> X (fmh) = Y X(f(mh)) = ([u] + Drx + r(u)u,
o<m<u o<m< [u]

wherer(u) — 0 asu — oo. Moreover, sinceuv(t) is non-increasing,

U= Z N)(N +1).

m=0

Therefore, this and (7) imply

N
1 g7 D2 wlm)X (i) = OO (4 D+ (V)N

53

(5)

(6)

(7)

(8)

—%/ W+ D + r(w)u) dw(uw)
= 20 (D (N + e+ 1)
w(u) Y A d oL " d
=P x|+ [ wt a1 - g [ )

KX N 1 N
=o(1)+ T Z w(m) — 5/0 r(u)udw(u)

m=0
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N
=kx +to(l) — %/0 r(u)u dw(u)

asN — co.Let Ny = N (N) — oo asN — oo be chosen so that
IR
= /O r(uwudw(u) = o(1) and Nyw(Ni) = o(U)
asN — oco. Then we obtain that
1 N1 1 N
—/ w)udw(u E/ r(uw)udw(u) + i /N1 r(u)udw(u)
zo(l)—l-— max |/ wdw(u

B
=0(1)+5U€r[r]1%{<m| r(u)uw(u )

s ol
Here B is a quantity bounded by a constant. It is easily seen that

/ON w(u) du = BU.

This together with (8) and (10) shows that

N
%/0 r(w)udw(u) = o(1).

Therefore, (9) yields

1 N
i > w(m)X (f(mh)) = rx +o(1)
m=0

asN — oo, and by (6) we have that

lim /XdPMw:/XdP
N—oo Jg s

(9)

(10)

for every real bounded continuous functiénon S. This means that the measurg .,

converges weakly t&” asN — oo. The theorem is proved.

We will give one corollary of theorem. Suppose that the Matsumoto zeta-function

»(s) is meromorphically continuable to the regifi, all poles being included in a com-

pact set. Moreover, we require that, for> o, the estimates

o(o +it) = BJt|*, |t| =to>0, a>0,



A note on discrete limit theoremsfor the Matsumoto zeta-function 55

and
T
/ lo(o + it)|2dt = BT, T — oo,
0
should be satisfied. Let
o0
Q= H Voms  Vom =15 € C:|s| =1} forall m.

m=1

On the probability spacé, B(Q2), my), where my denotes the Haar measure on
(Q, B(9)), define anH (D, )-valued random element(s, w) by the formula

oo g(m) a( )w (Pm) -1
m m
H H (1_ sf(]m) ) ’ SEDQ’
wherew(p,, ) is the projection ofv € ) to coordinate space,,, .

COROLLARY. Suppose that the function ¢(s) satisfies all conditions stated above, and
that exp { 2’;—’“ } isirrational for all integersk # 0. If w(t) isa continuousnon-increasing
function for ¢ > 0 such that limy .., U(IN) = oo, then the probability measure

BN (@(s +imh) € A), A€ B(M(Ds)),
converges weakly to the distribution of the random element (s, w) as N — .

Proof follows from the Theorem and Theorem of [3].
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Pastaba apie diskreCias ribines teoremas M atsumoto dzeta funkcijai
R. K&finskaie

Straisnyjeirodyta diskreioji ribine teorema su svoriu Matsumoto dzeta funkcijai.



