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Let F'(z) be a holomorphic normalized eigenform of weightor the full modular
groupSL(2,Z). In this caseF'(z) has the Fourier series expansion

o0

F(z)= Z c(m)e*™™= (1) =1.

m=1

Denote bys = o + it a complex variable. Then the function

ols, 1) = Y A

is called the zeta-function attached to the fafitr). The latter series converges abso-
lutely for o > =1, and the functionp(s, F') is holomorphic in this region. It is well
known that the functiorp(s, F') is analytically continuable to an entire function. More-

over,¢(s, F') has the Euler product expansion

m=1

over all primeg with a(p) andf(p) satisfyinge(p) = a(p) +3(p). This and the Deligne
estimatesa(p)| < p"= , |B(p)| <p"= showthatp(s, F) # 0foro > 5L Letw # 0
be an arbitrary complex number. Then we can define a branch of multi-valued function

¥ (s, F), foro > =L by

(5. F) = expwlog (s, F)) = 3 22

whereg,, (m) is a multiplicative function,

k
9w (") =D du(p')a (p)duw(@* 8" (p),

=0

*Partially supported by Lithuanian Foundation of Studies and Science



Zeta functions of cusp forms 61

and

ww+1)..(w+k—1
d(pr) = DR

The investigation of the moments

v 2= 0,

| =

T
/ o(o i) dr, o>
0

require to know the behaviour of the mean- vaIU@@(m). Let by (m) = g2 (m)m!—*.
In this note we will consider the mean valyé hw(m) asz — oo. We sete(z) =

m<x

max(|w| 2e5(2), (logz)~ ),Whereag( ) = max(e; (z), (logz)~1) and

—sup|y Zh )logp — w2|—>0

>
y=r <y

asx — oo by properties ofi,,(m). Denote

m(hy,x) = H 1+Z

p<T

?

1 2
R(y) = max (fuwf?, =2-2)

wherey < x andlog®y > clog zlog? log z with somec > 0. We suppose that is a
complex number such thav| < 1 andRew? > 0. Lett = logz/ logy, 7o stand for the
Euler constant, and I be a quantity bounded by a constant.

Theorem 1. Supposethat e(z) — 0 asz — 0. Then uniformlyinw, z and y

—~ow? o(|wl?) Blw|?
Z o (m) — e xm(hy, z)t (1+ |w] )

2
= I'(w?)logx y
L Blulem(hol, 20 S em(hal, 2)0 R(y)
logx logx

asr — o0.

Note that in applications we usually need that= w(x) — 0 asz — oo. The
uniformity in w allows us to consider this case.
We will give a sketch of the proof only, the details will be given elsewhere.
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First we observe that,, (m) is a multiplicative function|h,,(m)| < 1, moreover,
hw(p) = wc;, wherec, = c(p)p™=". Applying one Rankin’s result [1], hence we
obtain that

2

Y ho(p) = (1 +0(1)), @ oo, (1)

" logx
p<zT &

Now we consider the mean valuesiof (m) with large and small prime divisors. Let

Si(z,y) = Y hu(m),

mi<T

where all prime divisors ofn, are greater thag. Denote byp(u), v > 0, a continuous
solution of the difference — differential equatiap’ (u) = w?p(u — 1) with initial condi-

tion p(u) = 1 for 0 < w < 1. Then the application of known methods and (1) shows that
uniformly inw, x andy

! 2 lw|?=1
Si(z,y) =1+ 2L t) 2 Blw|2ze(y)t (||, 7)

logy logy log ym(|hw|, y)
[w|?—1
n Bzxe(y) log yt . @)
Y
Denote byms positive integers free of prime divisors greater thhaand let
o hw(mQ)
Sa(x,y) = Z T
mo>x
Then (1) implies that uniformly i, z andy
Sa(x,y) = Bm(|hy|, y) exp{—tlogt + Blw|*t}. (3)

Now define

Ss(z,y) = Y hu(ma).

mo KT

Then, using the estimates

> (@)l hu(p”) logp® = Bluf*V,

patBa
a,B>1

Z [hw (p%)] logp® = B|w|2\/5, T — 00,

P
az=2
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we deduce that uniformly i, z andy
S3(x,y) = Blwl*zm(|hy|, y) exp{—tlogt + Blw|*t}. (4)

Proof of the Theorem 1. First we observe that

Zhw(m) = Z ha (m2) Z o (m1)

m<z mo LT mi1<x/ma
X
= E hw(mg) (Sl (— y) - 1) + E hw(mg). (5)
ma
mo<z/y mo <

By (2)we obtain that the first term in the right-hand side of (5) is

g, 2, (i) iy 3,

logy macaly logy logy ma<a/y

+B( [w%we ()t (||, 2) L @(y)log yt|w|2_1> > [huma)l g

log ym(|huwl, y) y maayy 2
Sincep’(1) = w?, it is not difficult to see that the first term in (6) can be written in the
form

2

Mp/(t) wr ZhwsZQ) x /;( > h(m2)>p”(u)du.

1Ogy 1Ogy mo>x/y 1Ogy mo > /Yyt me

Therefore, by (5) and (6)

3" hu(m) = w/y(ﬂ _wlr 3 By (ms2)

m<x 1Ogy 10gy me>xz/y 2
t 2
€T / ( Z hw(m2)> 1" wy
- =) () du = == Y T hu(ma)
1Ogy 1 mo>xz/yt mz 1Ogym2<x/y
Blw[?ae(y)t!" ~'m(|h
+ Z hw(mg)—l- |w| xf(y)l m(l w ,.ﬁ)
m<x o8y
2
n Baxe(y) log yt*! _1m(|hw|,x). 6
Y
From asymptotic properties of (u) it follows that
zm(hw, y) (1) = e_70w2xm(hw,x)t°(|w|2) - Blw|?
logy I'(w?)logx
2
L BloPem((hy] 2yl ®)

logx
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whereI'(w?) denotes the gamma function. All other terms in (7) must be estimated. In
view of (3) and (4) we find that

w3z Z ha(ma) _B|w|2xm(|hw|,x)

= —cyt 9
1Ogymz>3¢/y 2 10g$ exp{ " }, ( )
BlwPxm(|hyl|,
S hufms) = PLEh D) ey, (10
me KT og T
2 B 2 w
T Z hw(mg) = polPzm(|h, 2) exp{—cst} (11)

logy

log x
mo<z/y

with some positive constants, co andces. Also, properties op(u) give the estimate

x ¢ hw(ma)\ _B|w|2xm(|hw|,x)t_1
10gy/1( Z 7>p (u)du = . (12)

m log x
ma>x/yv 2 &

Moreover,

w2 ()t (|, 2) _ Jwl2ae(y)t mlh], 2)
logy logy

?

we(y)log yt™ " tm(|hy |, ) we(y)log® ytFm(|hy,|, )

Y ylogx

This and (8)—(12) together with (7) prove the theorem.
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Par aboliniy formu dzeta funkcijos
A. LaurinCikas

Gauta parabolini formuy dzeta funkcijos laipsnikoeficientl vidurkiu asimptotika.



