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be a general Dirichlet polynomials with complex-valued coefficiefitsand real expo-
nents\,,. Zeta-function usually are approximated by Dirichlet polynomials, therefore
limit theorems for these polynomials is the first step to obtain limit theorems for zeta-
functions. Continuous limit theorems for Dirichlet polynomials an be found in [3]. In this
case the weak convergence of probability measures

%meas{t € 10,T): pn(t) € A},

and
1 .
fmeas{r €10, T): gu(s +i1) € A},

on the complex plane and on the space of analytic functions is considered. Hefedtheas
denotes the Lebesque measure of theAen the case of discrete limit theorems the
probability measures

< N:ip,
N+1#{O < k< N:p,(kh) € A}

and

N 1#{O k < N:gn(s+ikh) € A},

whereh > 0 is a fixed number, are studied.
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In [4] discrete limit theorems fop,,(t) andg,,(s) were proved, and the explicit form
of limit measures was given, see also [2]. The aim of this note is to obtain weighted
discrete limit theorems for general Dirichlet polynomials.

Let w(u) be a positive function of bounded variation [0 +o00) and we set

N
U=U(N,w) = Z w(m).
m=0
Suppose thdimy_.o, U(N, w) = co. Moreover, let, for positive intege¥,

()= 3 wim),

m=0

where in place of dots a condition satisfiedsbyis to be written. We suppose, as in [4],
that the exponents,,, are real algebraic numbers linearly independent over the field of
rational numbers, and that> 0 be such thatxp { 2% } is a rational number. Denote by
B(S) the class of Borel sets of the spageand letC be the complex plane. We set

n
Qn = H Tm

m=1

wherey,, = {s € C:|s| = 1} for all m = 1, ..., n. Define a functiorn: ©2,, — C by the
formula

n
V(X1 eey Ty) = Z AmTm, (X1, ey Tn) € Qp,

m=1
and denote byn,, ; the probability Haar measure @f,,, B(<2,,)).
Theorem 1. The probability measure
Py(A) = pn(pn(mh) € A), A€ B(C),
converges weakly to the measure m,, yv~! as N — oc.

Let G be a region orCC. Denote byH (G) the space of analytic of¥ functions with
the topology of uniform convergence on compacta. Define a functio?, — H(G)
by the formula

V1 (L1, ey Tp) = Z ame_’\msxfnl, (T1, ey Tp) € Q.

m=1

Theorem 2. The probability measure

Qn(A) = un(gn(s+imh) € A), A€ B(H(Q)),
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converges weakly to the measure m,, gv; ' as N — oo.

We begin the proof of Theorems 1 and 2 with the following lemma.

Lemma 1. The probability measure
MN((ei)\lmh,, ...,ei)\"mh’) c A), Ac B(Qn),

converges weakly to the Haar measure m,,y as N — oco.

Proof. Denote bygy (k1, ..., kn), (k1, ..., kn) € Z™, andZ is the set of all integers, i.e.,
(3]

gN(k:l,...,k:n)z/ xl ) xn dQn, (x1,...,25) € Qp.
Qn

Then we have that
N n
gn (K1, s k) = Z m) exp {ithkZ)\l}. Q)
n=0 =1

If (k1,....,kn) = (0,...,0), clearly, g, (k1, ..., k,) = 1. Now suppose thatk:, ..., k) #
(0,...,0),and let

Sn(kiy .k Zexp{zthkZ)\l}

m=0

Since the exponents, are real algebraic numbers linearly independent over the field of
rational numbers, we have [4]

1 —exp{i(N +1)h Y, ki\}

Sn(ki,....kn) = i "
N (K1, ooes o) 1 —exp{ih ) ,_, kii}

Obviously, forallu > 0

1 —exp{i(N +1)h >, kih}
1-— eXp{ih Z?:l kil)\l}

= B.

WhereB denotes a quantity bounded by a constant. Hence, summing by parts and taking
into account thaty(u) is a function of bounded variation, we find that

N

n N
> w(m)exp{imh»_ ki\} = w(N)S(N) — /O S(u) dw(u) = B.

m=0 =1
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This and (1) shows that

1, (k1,...,kn) =(0,...,0),

im gy (k1, . k) = {o, e k) £ (0 0)

Thus we obtained that the Fourier transform of the meaQureconverges to the Fourier
transform of the Haar measure 0y asN — oo. Therefore, by Theorem 1. 3. 19 from
[3], the measure) y weakly converges tm,, H asN — oco. The lemma is proved.

Proof of Theorem 1. By the definition of the functierwe have that

DPn (mh) = U(e“\ﬂnh,, . ei)\,ﬂﬂ,h,)

?

moreover, the function is continuous. Therefore, by Theorem 5.1 of [1] and Lemma 1
the measure of the theorem converges weakly to the measyse ' asN — oo.

Proof of Theorem 2. The definition of the functien implies
QH(S + th) =1 (ei)th,, . e?ﬁ)\nmh,),

and the function; is continuous. Therefore, using Lemma 1 again, we obtain the theo-
rem.
Now let

n
palt,g) = Z amg(m)e“\mta

m=1

n
n(5,9) = Y amg(m)e .

m=1

whereg(m) is an arbitrary arithmetic functiofy(m)| = 1. Then we have the following
statements.

Theorem 3. The probability measures Py and

Py (A) = pn(pn(mh, g) € A), A€ B(C),
both converge weakly to the same limit measure, i.e.,, to m,yv—! as N — cc.
Theorem 4. The probability measures @@ 5 and

Qn(A) = un(gnl(s +imh,g) € A), A€ BH(G)),

both converge weakly to the same limit measure, i.e, to m, gyv; ' as N — oo.
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Proof of Theorems 3 and 4 uses the proofs of Theorems 1 and 2, respectively, and comp-
letely coincides with that of Theorems 3 and 4 in [4].
Note that ifw(u) = 1, then we obtain the theorems from [4].
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Diskreciosribinesteoremos su svoriu bendriesiems Dirichlet
polinomams

R.Macaitiere

Irodytos diskreios ribinés teoremos su svoriu bendriesiems Dirichlet polinomams silpng mat
konvergavimo prasme. Pateiktas iSreikStinis ripimat) pavidalas. Gauti rezultatai apibendrina
autoes teoremas, kai svorio funkcija(u) = 1.



