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On the uniform distribution of endomorphisms of
s-dimensional torus, II
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This article is a continuation of the article [3]. The object of our investigation is a
uniform distribution of endomorphisms of s-dimensional torus 2. Here we prove that
the uniform distribution is attained under different conditions than in [3].

' Let 2 = €, (s > 2) be a s-dimensional torus, and its endomophisms 7T": 2, — €2
are defined by

Tt =W (mod 1)

where W is a non-singular matrix with integer elements, and & is a point of a parametric
curve

E=E(p1(t), ..., ps(t)), a<t<h. (1)

Let the functions ;(t) satisfy the condition

1

|<pz- (t)|>70>0, i=1,...,s. (2)

In what follows ¢y, co, . . . are positive constants, ||a|| denotes the distance of a to the

closest integer.

Theorem. Let the characteristic polynom of the matrix W have distinct integer roots

01,...,0s. Let there exist sufficiently small ¢ > 0 and sufficiently large w > 0 for which
the inequality

c
|[mie1(t) +- - +msps(t)|| 2 =———=, a<t<b, (3)
(ml ce ms)
holds. Here the non-zero vector mi = (M, ..., Ms) has integer coordinates,
_ 1, ifmk =0,
T Umal, ifmy £ 0,

Then the sequence {f W*Y, k = 1,2,... is uniformly distributed in the torus Qg for
almost all t € [a, b].
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Proof. We make use of the expansion
EW™ =" Li(p1(t), - .., 0s(t)) O i, 4)
k=1

where wy, is the eigenvector corresponding to the eigenvalue 6, and Ly is the linear form
of the variables 21, ..., z,:

where v; (k,l = 1,...,s) are real numbers defined by the matrix TV and independent
of m. We get from (4)

m-EW™ =" Li(p1(t), ..., 9s(2)) (7 - Wi )6} (5)
k=1

Since at least one product 77 - W is not zero, suppose that m - &, # 0. Assume that
|81| > |02]. In this case the numbers 7 - w; and vy are rational, and v # O for some k.
Let R be the least common denominator of fractions vy, and m - ;. Denote

p(t) =D Rup(i i) - i(t) = > mu - pilt),
k=1 k=1

—_ —_

where ny = Ruvyy - (m - wy) are ihtegers. Then we get from (3) that

C C1 6
(g -+ Tg)¥ m ’ | | (©)

WV

| ||g0(t)|| = (L ma)o

where c¢; does not depend on 1. The equality (5) and inequality (6) imply now that

m-é’W’"=6T-’%l<1+0(<g—f>m-(?ﬁl---ms)”“»- (7)

The vector 77 can be chosen so that

m/2

91 — Com ‘
e , Co > O, (8)

— _s sw+1 < |22
( <2

ml..-m S

hold. Then we obtain from (7)

2m :

b b
I, = / exp (27im - gW’”) dt = / exp (-——k—— e (1 +0(e™ ™)) ) dt.(9)
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Assume that |¢'(t)| = cs > 0, otherwise the calculation is analogous to [1]. After the
change of variables in (9) and some calculation we obtain the inequality

| Ln| < cqe™ ™, (10)

Consider a function g(-) belonging to the Korobov class of functions E%(c), o > 2
(see [1]). Then this function can be expressed in the following way:

) = //g(f) dz + Z* c(my,...,mg)exp(2mim - )
Qs

where (*) denotes the summation over s-tuples (my, ..., ms) for which at least one of
my, ..., mg # 0. This implies that

/ab (EW™) dt — —a/ /

b
/ exp (2mim - £ wm™) dt

where A = |0, /05]|°™.
The first sum on the right-hand side is evaluated using the corresponding lemma in
[1]. We obtain

Y, (M) <erln’ mem %™

my,...,;mgs>A

From (10) we get that the second sum in the same expression does not exceed

cqe” M E (g - -Tg) ™% < cge™ 2™

L, s <A

These estimates imply

. |
/ (EW"‘ = ——a/ / Z) dZ + co In* me™2™.

The rest of the proof is analogous to the proof the theorem in [3].
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Apie s-macio toro emdomorfizmy tolygu pasiskirstyma, 11
B. Kryziené, G. Misevicius

Straipsnis yra [3] darbo tesinys. [rodoma, kad tolygus pasiskirstymas galioja esant skirtingoms,
negu minétame straipsnyje salygoms. Parametrinei kreivei, nusakytai (1) formule ir funkcijomis
wi(t),i=1,...,s, tenkinanCiomis.(2) salyga, irodoma

Teorema. Tegu matricos W charakteristinis polinomas turi sveikgsias Saknis 01, ...,0s. Jei eg-
zistuoja toks pakankamai mazas skaicius ¢ > 0 ir pakankamai didelis skaicius w > 0, kuriems
galioja (3) nelygybé, tai seka {EW™ } yra tolygiai pasiskirsciusitore Q)5 beveik visiems t € [a, b).



