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Introduction

Let f., x > 3, be the set of strongly additive integer-valued functions, and v,.(n € A,)
be the frequency of natural numbers not exceeding x and satisfying the condition A,. In
this paper we will consider the local limiting behaviour of

vz (fe(n) = ), (1)

when z tends to infinity. If
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fx (P)#0

then the quantity (1) is usually approximating by the frequency of standard normal dist-
ribution, because the condition (2) guarantee virtually the vanishing of the rest in such
approximation (see [1], [2], [3]). We give the typical example.

Theorem 1 ([3]). Suppose f is a strongly additive integer-valued function,

PUIEE V() N <Z fi"(p))l/z’

p

where P is some subset of primes for which
1
> S <L,
p¢P
Suppose further that

g.c.d.{b: > % — oo} — 1.

f(p)=b
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Then there exists the positive constant ¢y such that

Bovs(f(n) = k) - jz—w exp{ = ;Béx)Q H

Kb+ Y exp{—cl > 1}.

qs M 2 g p
g prime f(p)#ZOmod q

sup
kEZ

If the condition (2) is satisfied, then the approximation of the quantity (1) by the
frequency of the normal distribution has no sense, because the rest in such approximation
does not tend to zero. In similar cases we have to look for another distributions for the
main term of (1). It needs to take the distribution to which the distribution functions
Fo(u) = vy(fr(n) < u) converge weakly. The set of the limiting distributions F},(u) is
rich enough even in the most simple cases. We will consider here the approximation of
the quantity (1) by the Poisson distribution ITy in the case when f,(p) € {0, 1} for all
primes p. The following theorem on the weakly convergence is true.

Theorem 2 ([4]). Suppose f,., x > 3, is a set of strongly additive functions, f.(p) €
{0, 1} for all primes p. Then

Ve(fe(n) <u) = Iy (u)

if and only if
1 1 1 In
lim max ~=0, lim > -~=A lm-— Y —L=0 3)
r—oo pszT P T— 00 P z—oo Inx yo
fz(p)=1 P p<x
fz(p)=1 fz(p)=1

So, 1f the conditions (3) are satisfied, the equality

k
lim vy (fo(n) = k) = 2 e=>

= —¢

holds for every fixed k. In the following theorem we will estimate the rate of convergence
in the last equality.

Theorem 3. Suppose f.,x > 3, is a set of strongly additive functions, f,(p) € {0,1}
for all primes p. Then

)\k:
pl(”xaﬂk) -— Sup Va:(fx(n) — k) - F €_>\
keNg .
< min {1, 222 <ux + ﬁ) 4O+ Ax} | 4)
o0 )\k: 2\ 1/2
o) = (Y el = 1) = 2| )
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1
< min {1, e?AtAe) <ux + —) + O\ + Ax} , (5)
Inx
where
1 1 | 1
o= max T =g 5 PR A=p- X
f:cp(;)wzl p nx p<x p p<e p
f:c(p)=1 f;c(p)=1

It can be easily seen that if the conditions of Theorem 2 are fulfilled then the values
of p1 (v, ITy) and pa (v, IIy) vanish, as x tends to infinity.

The proof of Theorem 3

The proof 1s based on one lemma about the distance between the distribution of the set of
the additive integer-valued functions and the Poisson distribution.

Lemma ([5]). Suppose f, is the set of additive functions, f,(p) € Ny for all primes
p, a; € No, © = 3. Then fori =1,2

. 1 o\ . 1
pi (v, I;) < mln{l,ﬂx <%; - E) - (Ex + ax) mln{l, E}} :

where
e = ) Fp, E, =) (F+Fp),
Pz pPLT
1 1 Inp
6:8:6Xp{2 _}7 Y — 7 R
fx (p);éaw fx (p);éaw
Yp Tp
Fpo =Y L@)7@),  Fp=)_ fe(@)(f(p") - Da(p"),
r=1 r=1
. %(1—l> itr=0,1,...,9% —1, Inx
m(p") = pl = T = uo |
o if r = p, p
Let a, = 0. It 1s evident that
Fp1 = f=(p) forp <z, Fp =0,
p
Ao = Y op = > Lcon
X — p7 X — p2 ~ T\
fz(p)=1 fz(p)=1
Br = €exp QZ l — 2He V:L Z ln_pzlu
Xz p 9 T ]_I]_ZL’ p XZ-

P pLa
fz(p)=1 fz(p)=1
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Hence from lemma we get

Inx

1
p(vz, 115, ) < min {1, e?(A+As) <u$ + —) + 0.\ + exAm} .

Since |[e* — 1] < |z],if z € C, Rz <0, and

MNeo 1 "

N _ itk _A(e''—1) _
k!e 5 _We e dt, k£=0,1,2,...,

in the case A > A\, we have

7

Pl(HAWHA) < / eA:c(eit_l) _eA(ez’t_l)‘ dt

-7

_ / GA-A) (e 1) 1‘ dt < / A= e — 1]dt < A,

-7

It A < \g, similarly

7

o (I, I1) < / e —A=)(e~1) _ 1‘ dt < A,.

-7

The relation (4) follows from the obtained estimates and the triangle inequality for the
distance p;.
It follows from lemma also that

1
p2(vz, 115, ) < min {1, e?(A+Aq) <u$ + —) + 0.\ + exAm} .

Inx

From the inequality [e* — 1| < |z|, z € C, Rz < 0, and the Parseval equality

1 /" it a2\ 2
P2(HA:C7H)\) :< / ekm(e —1)_e>\(e —1)‘ dt)

2r ) .

we obtain that po(ITy_, IT\) < A,. Using the triangle inequality again but for the dis-
tance po, we get the desired estimate (5). The proof is complete now.

Examples

I. Let

1 if lnx<p<1n2x,

f(p) = {

0 otherwise.

From Theorem 3 we have

Pi (an H1n2) < e—c;g lnlnx’ 1= 17 27
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where c5 1s a positive constant.
Hence

# {n < x : the primes from (Inz,In” ] do not divide n }

:x<g+o@ﬂmﬂﬁa),

# {n x : nhas exactly one prime divisor from (ln z, In° x} }

=x <h172 + 0 (e—ch>> :

II. Let

1if Inlnz < p< (Inlnx)?,
0 otherwise.

f(p) = {

In this case from Theorem 3 we obtain

pi (Ve, Il g) K e72vVininie g — 1.9,

Therefore similarly

# {n < z: the primes from (Inlnz, (Inlnz)?] do not divide n }

:x<§+o@ﬂmﬁﬁﬁa),

+# {n x: nhas exactly two prime divisors from (ln Inz, (Inln x)g} }

— T <lnT3 4+ O (e—CQ\/lnlnlna:>> .
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Kai kuriu aritmetiniu funkciju lokalusis elgesys

J. Siaulys, G. Stepanauskas

Darbe gauti lokaliosios ir [2 metrikos iverciai tarp adityviuyju funkcijy sekos skirstinio ir Pu-
asono skirstinio su pastoviu parametru.



