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On weak convergence of an approximation of a
fractional Brownian motion

K ↪estutis KUBILIUS (MII, VGTU)
e-mail: kubilius@ktl.mii.lt

In this paper we consider a problem of approximation of a fractional Brownian motion
(fBm). Several schemes of such approximations are considered in [1,2,3,5,6]. In this note
we extend Sottinen’s result [5].

A fBm with the Hurst index0 < H < 1 is a centered Gaussian processX = {Xt, t �
0} with X0 = 0 and with the covariance

Cov
(
Xt, Xs

)
=

1

2
Var(X1)

(
t2H + s2H − |t− s|2H

)
,

for all t, s � 0. If Var(X1) = 1, we writeX = BH . If H > 1/2, then we have the
following kernel representation ofBH with respect to the standard Brownian motion

BH
t =

∫ t

0

KH(t, s) dWs

with a deterministic kernel

KH(t, s) = cHs1/2−H

∫ t

s

uH−1/2(u− s)H−3/2 du,

wherecH is the normalizing constant

cH =

√
H(2H − 1)

β(2 − 2H,H − 1/2)
,

β(·, ·) is the beta function.
Let κ

n = {tnk : 0 � k � n} be a sequence of partitions of the interval[0, 1] such that
tnk = k/n. Denoteρn(t) = [nt]/n. Define

An
t =

[nt]∑
k=1

KH(ρn(t), tnk )
ξnk√
n
, Mn

t =
1√
n

[nt]∑
k=1

ξnk ,

where[nt] denotes the integer part ofnt, {ξnk } is an i.i.d. random variables withEξn1 = 0

andDξn1 = 1.
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From the equality

KH(t, s) = cH(t− s)α
∫ 1

0

[( t

s
− 1

)
v + 1

]α
vα−1dv, s < t,

we see thatKH(t, s) is continuous in{0 < s < t}, KH(·, s) is increasing andKH(t, ·)
is decreasing, whereα = H − 1/2.

Lemma 1. (cf. [5]) The finite-dimensional distributions of (Mn, An) converges to those
of (W,BH).

Proof. Let λk, µk ∈ R for 1 � k � m andt1, . . . , tm ∈ (0, 1] be arbitrary. We want to
show that

Xn :=
m∑
i=1

(
λiM

n(ti) + µiA
n(ti)

)
converges to a normal distribution with variance

E
{ m∑

i=1

(
λiW (ti) + µiB

H(ti)
)}2

.

Note that

DXn = E
{ m∑

i=1

[nti]∑
k=1

(
λi + µiKH

(
ρn(ti), t

n
k

)) ξnk√
n

}2

=
1

n

m∑
i,j=1

[n(ti∧tj)]∑
k=1

(
λi + µiKH

(
ρn(ti), t

n
k

))(
λj + µjKH

(
ρn(tj), t

n
k

))

=
m∑

i,j=1

λiλj
[n(ti ∧ tj)]

n
+

1

n

m∑
i,j=1

µiλj

[n(ti∧tj)]∑
k=1

KH

(
ρn(ti), t

n
k

)
+

1

n

m∑
i,j=1

µjλi

[n(ti∧tj)]∑
k=1

KH

(
ρn(tj), t

n
k

)
+

1

n

m∑
i,j=1

µiµj

[n(ti∧tj)]∑
k=1

KH

(
ρn(ti), t

n
k

)
KH

(
ρn(tj), t

n
k

)
. (1)

We have

∣∣KH(t, s) −KH

(
ρn(t), s

)∣∣ = cHs−α

∫ t

ρn(t)

uα(u− s)α−1 du

� cH
α

( t

s

)α(
t− ρn(t)

)α �
( t

s

)α cH
αnα

.
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Let s ∈ (tni−1, t
n
i ]. Then∣∣KH

(
ρn(t), tni

)
−KH

(
ρn(t), s

)∣∣
� cH

∣∣(ρn(t) − tni
)α −

(
ρn(t) − s

)α∣∣ ∫ 1

0

[(ρn(t)

tni
− 1

)
v + 1

]α
vα−1dv

+cH
(
ρn(t) − s

)α ∫ 1

0

∣∣∣∣[(ρn(t)

tni
− 1

)
v + 1

]α
−
[(ρn(t)

s
− 1

)
v + 1

]α∣∣∣∣ vα−1dv := I1 + I2.

Further

I1 � cH(tni − s)α
∫ 1

0

[( t

tni
− 1

)
v + 1

]α
vα−1dv � cH

αnα

[( 1

tni

)α

+ 1
]
,

I2 � cH

∫ 1

0

∣∣∣ρn(t)

tni
− ρn(t)

s

∣∣∣αv2α−1dv � cH
2α

(ρn(t)(tni − s)

stni

)α

� cH
αnα

( t

s

)α

.

Assume thats > ρn(ε). Then∣∣∣∣KH(t, s) −
[nt]∑

i=[nε]+1

KH

(
ρn(t), tni

)
1(tn

i−1
,tn

i
](s)

∣∣∣∣ � cH
αnα

{
3
( 1

ρn(ε)

)α

+ 1
}
. (2)

Note that

|KH(t, s)| � cHα−1s−α := ĉH s−α. (3)

Let ε � t1. From (2) and (3) we get

∣∣∣∣ 1n
[n(ti∧tj)]∑

k=1

KH

(
ρn(ti), t

n
k

)
−
∫ ti∧tj

0

KH(ti, s) ds

∣∣∣∣
�

∣∣∣∣ 1n
[nε]∑
k=1

KH

(
ρn(ti), t

n
k

)∣∣∣∣ +

∣∣∣∣ ∫ ρn(ε)

0

KH(ti, s) ds

∣∣∣∣
+

[n(ti∧tj)]∑
k=[nε]+1

∣∣∣∣ 1n KH

(
ρn(ti), t

n
k

)
−
∫ tnk

tn
k−1

KH(ti, s) ds

∣∣∣∣
+

∣∣∣∣ ∫ ti∧tj

[n(ti∧tj)]/n

KH(ti, s) ds

∣∣∣∣
� 2ĉH

ε1−α

1 − α
+

cH
αnα

{
3
( 1

ρn(ε)

)α

+ 1
}

+ ĉH(1 − α)−1 1

n1−α
.

Thus the term on the left-hand side of the above inequality vanishes asn → ∞.
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Similarly one can prove that the second and fourth terms in (1) converges to the cor-
responding integrals. Thusσ2

n := DXn → D
∑m

i=1(λiW (ti) + µiB
H(ti)) asn → ∞.

Let us writeXn as a sum ink. Denote

ck,i =

{
1, k � [nti],

0, k > [nti].

Note that the functionKH(t, s) = 0 if s > t. Then

Xn =

[ntm]∑
k=1

{ m∑
i=1

(
ck,iλi + µiKH

(
ρn(ti), t

n
k

))} ξnk√
n

=

[ntm]∑
k=1

Xn
k .

Now we verify the Lindeberg’s condition

lim
n→∞

1

σ2
n

[ntm]∑
k=1

E(Xn
k )21{|Xn

k
|>εσn} = 0,

whereε > 0. Using the properties of the functionKH(·, ·) we get

(Xn
k )2 � (ξnk )2

n

{ m∑
i=1

λi +KH

(
ρn(tm), tnk

) m∑
i=1

µi

}2

� 2
(ξnk )2

n

{( m∑
i=1

λi

)2

+

( m∑
i=1

µi

)2

K2
H

(
ρn(tm), tnk

)}
� 2A

(ξnk )2

n

(
K2

H

(
ρn(tm), tn1

)
+ 1

)
= 2A(ξnk )2δn, (4)

where

A := max

{( m∑
i=1

λi

)2

,

( m∑
i=1

µi

)2}
, δn :=

1

n

(
K2

H

(
ρn(tm), tn1

)
+ 1

)
.

We obtain{
|Xn

k | > εσn

}
⊆

{
2A(ξnk )2δn > ε2σ2

n

}
=: An(ξnk ). (5)

Using inequality (4) and the inclusion (5) we obtain

E(Xn
k )21{|Xn

k
|>εσn} � σ2

n,kE(ξnk )21An(ξn
k
) = σ2

n,iEξ
21An ,

whereξ := ξ1
1 , A

n := An(ξ1
1), andσ2

n,k = DXn
k . Thus

1

σ2
n

[ntm]∑
k=1

E(Xn
k )21{|Xn

k
|>εσn} �

σ2
n,1 + · · ·+ σ2

n,[ntm]

σ2
n

Eξ21An = Eξ21An .
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Sinceδn → ∞ asn → ∞, thenEξ21An tends to zero. Thus we obtain the convergence
of corresponding finite-dimensional distributions. �

For weak convergence of(Mn, An) to (W,BH) it remains to prove the tightness of
(Mn, An).

First we prove the following lemma.

Lemma 2. Assume that {ξnk } are standard normal random variables. For every n � 1,
β � 1, and 0 < s < t there is a constant C = C(H, β) such that

E
∣∣An(t) −An(s)

∣∣β � C
( [nt]

n
− [ns]

n

)β(H−1/2)

. (6)

Proof. Note thatAn(t)−An(s) is a centered Gaussian random variable for everyn � 1.
Thus it is enough to prove that for some constantC1

E
∣∣An(t) −An(s)

∣∣2 � C1

( [nt]

n
− [ns]

n

)2H−1

. (7)

By simple calculations we get

E
∣∣An(t) −An(s)

∣∣2 =
1

n

[nt]∑
k=[ns]+1

K2
H

(
ρn(t), tnk

)

+
1

n

[ns]∑
k=1

{
KH

(
ρn(t), tnk

)
−KH

(
ρn(s), tnk

)}2

� c2H
t2H−1

n

[nt]∑
k=[ns]+1

(tnk )−2α

{∫ ρn(t)

tn
k

(u− tnk)α−1 du

}2

+c2H
t2H−1

n

[ns]∑
k=1

(tnk )−2α

{∫ ρn(t)

ρn(s)

(u− tnk)α−1 du
}2

� 2c2H
α2

1

1 − 2α

(
ρn(t) − ρn(s)

)2α
.

Lemma 3. Under conditions of Lemma 2 the sequence {(Mn, An)} is tight.

Proof. We shall use the tightness criterium formulated in Theorem 6.4.1 [4]. From

E|Mn
δ −Mn

0 |2 + E|An
δ −An

0 |2 � [nδ]

n
+C

( [nδ]

n

)2α

we get

lim
δ↓0

lim sup
n

P(|(Mn
δ , A

n
δ ) − (Mn

0 , A
n
0 )| > ε) = 0

for all ε > 0. It is evident that for everyλ > 0, s < r < t
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P
(
|(Mn

r , A
n
r ) − (Mn

s , A
n
s )| � λ, |(Mn

t , A
n
t ) − (Mn

r , A
n
r )| � λ

)
� P

(
|Mn

r −Mn
s ||Mn

t −Mn
r | + |Mn

r −Mn
s ||An

t − An
r |

+|An
r − An

s ||Mn
t −Mn

r | + |An
r −An

s ||An
t − An

r | � λ2
)
.

Let β > (2α)−1. By inequality (6) and the fact that the increments of the processMn are
independent and Gaussian we get

I := E|Mn
r −Mn

s |2E|Mn
t −Mn

r |2 + cEβ/2|Mn
r −Mn

s |2E1/2|An
t − An

r |2β

+cE1/2|An
r − An

s |2βEβ/2|Mn
t −Mn

r |2 + E1/2|An
r −An

s |2βE1/2|An
t − An

r |2β

� C̃

(
[nt]

n
− [ns]

n

)2αβ

,

wherec = c(β), Ĉ, andC̃ are constants. If nowt− s � 1/n we have

I � C̃ |2(t− s)|2αβ. (8)

If on the other handt− s < 1/n then eithers andr or r andt lie in the same subinterval
[i/n, (i+ 1)/n) for somei. ThusI = 0. Therefore (8) holds for alls < r < t. Thus for
some constantC we obtain

P
(
|(Mn

r , A
n
r ) − (Mn

s , A
n
s )| � λ, |(Mn

t , A
n
t ) − (Mn

r , A
n
r )| � λ

)
� C(λ−4 ∨ λ−2β)(t− s)2αβ.
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Trupmeninio Brauno judesio aproksimacijos silpno konvergavimo
klausimu

K. Kubilius

Naudojantis trupmeninio Brauno judesio išraiškaBH
t =

∫ t

0
KH(t, s) dWs, čia W – stan-

dartinis Brauno judesys,KH(t, s) – neatsitiktinis branduolys, sukonstruota pakankamai paprasta
aproksimacija, kuri silpnai konverguoja↪i trupmenin↪i Brauno judes↪i.


