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On weak convergence of an approximation of a
fractional Brownian motion

Kestutis KUBILIUS (MII, VGTU)
e-mail: kubilius@ktl.mi.lt

In this paper we consider a problem of approximation of a fractional Brownian motion
(fBm). Several schemes of such approximations are considered in [1,2,3,5,6]. In this note
we extend Sottinen’s result [5].

A fBmwith the HurstindeX) < H < 1is a centered Gaussian procéss= { X;,t >
0} with X, = 0 and with the covariance

Cov(Xy, X,) = %Var(Xl)(tQH + 2 — |t — 5|2,

forall t,s > 0. If Var(X;) = 1, we write X = BY.If H > 1/2, then we have the
following kernel representation @’ with respect to the standard Brownian motion

t
B{{:/ Ky (t,s)dW.
0

with a deterministic kernel

¢
Kg(t,s) = cHsl/Q_H/ w2 (g — 5)H=3/2 gu,

S

wherecy is the normalizing constant

B H(2H —1)
M=\ B —2H,H-1/2)

B(-, ) is the beta function.
Let »™ = {t}: 0 < k < n} be a sequence of partitions of the interjgall] such that
ty = k/n. Denotep™ (t) = [nt]/n. Define

[nt] [nt]

An ZKH n tn \/ﬁ, an_\}_Zg,

where[nt] denotes the integer partof, {{}} is an i.i.d. random variables with¢} = 0
andD¢! = 1.
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From the equality

KH(t,s)ch(t—s)a/Ol [(E—l)v—l-l]ava_ldv, s < t,

S

we see thaf{y (¢, s) is continuous if0 < s < t}, Ky (-, s) is increasing and(y (¢, -)
is decreasing, where = H — 1/2.

Lemma 1. (cf. [5]) Thefinite-dimensional distributionsof (A™, A™) converges to those
of (W, BH).

Proof. Let A, ur, € Rfor1 < k < m andty,...,t, € (0,1] be arbitrary. We want to
show that

m

X" = 3" (MM (t) + A (4:))

=1

converges to a normal distribution with variance

E{ i: (MW () + mBH(ti))}Q.

i=1
Note that
m [nt,',] n 2
DX" = E{ ()\i + mKH(p"(ti),tﬁ)) \/—’%}
i=1 k=1
1 m [n(tint;)]
= ()\z’ + i K (p" (), tﬁ)) ()\j + 1 K (0" (t5), tﬁ))
ij=1 k=1
m m [n(t,',/\tj)]
n(t; Nt; 1
= )\i)\jM + ﬁ Z /M)\j Z KH(pn(ti),tZ)
ij=1 ij=1 k=1
1 m [n(tint;)]
=D mh D Ku(p"(t), 1)
= k=1
1 m [n(tint;)]
= > gy K (p" () ) K (0" (t5), 1) (1)
ij=1 k=1
We have
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Lets e (t7_,,t}]. Then
[ Kn (0" (1), 17) — Kn (" (1), 5)]
<enl(" =)= ("0 =) | 1 (52 = 1) +]"u e

—l—cH(p"(t) — S)a/ol [ p:f(f) — l)v—l— 1]
_[(P"S(t) ~1)o+1] | o= 1 4 b

Further

1
¢ 3 “ a1 CH 1\«
I <cH(t?—s)f’/0 [(ﬁ—1)v+1] v ldo < I [(E) +1],

1
IQSCH/
0

Assume thas > p"(¢). Then

P )

n
t; S

av2(x—1dv g C_H (p"(t)(t? — S))O( < CH (t

< z
st} an® \s

[nt]

‘KH(t, = > Ku(p"(0. 1)1 (5)
i=[ne]+1

Note that
o

|Kp(t,s)| < cpa “lsT.=Cys

Lete < ¢1. From (2) and (3) we get

1 [n(tint;)] tint;
— Z Ku(p"(t:), t}) — / Ky (ti,s)ds
=1

P (6)
‘/ m(t;, s)ds

1
= K n tn
o 2K

k=1
[n(tintj)] n
o Y R rarens) - [0 Kutsas
k= [7Le]+1 Ty
t,/\t,
—l—‘ Ky (ti,s)ds
n(t /\tJ 1/n
CH 1 @ ~ _1 1
<2 {3( ) 1} 1- .
cH 1 -« + an® p™(e) tlpt+en(l=a) nl-e

Thus the term on the left-hand side of the above inequality vanishes-asc.

)"

s ozcsa {S(pnl(a))a_‘_l}' @

3)
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Similarly one can prove that the second and fourth terms in (1) converges to the cor-
responding integrals. Thug! := DX — D 7" (AW (t;) + s B (t;)) asn — oc.
Let us writeX™ as a sum irk. Denote

L 1, k S [nti],
ki = 0, k> [nti].

Note that the functiod(y (¢, s) = 0if s > ¢t. Then

[ntm] m "fm
X0 = S (e b (0. 13)) -3 X
k=1 1=1
Now we verify the Lindeberg’s condition
[ntm]
. 2 o
nh—>nolo g'_% }; E(XI?) 1{|X,:7'|>ean,} =0,

wheres > 0. Using the properties of the functidiiy (-, -) we get
(X \ {Z)\ +KH m tn ZM'L}
2
2 #{ (ZM) + (Zm) K%(p"(zfm),tZ)}
1=1 1=1

<24 G (1 (7 (0,0.07) 1) = 2408, @
where
e (A (E)) - i
We obtain
[X7] > c0,) C {2A(60)26, > €202} =1 A™(€D). (5)

Using inequality (4) and the inclusion (5) we obtain
E(XE)*1{xp15e00) < 0 kE(E)* Lan(ey) = 0 ;EE L an,
where¢ := ¢, A" := A™(¢}), andoy, , = DX} Thus
[ntm]

1
= > EX) 1 xp(50,) <

" k=1

2 2
Un,l +-to

n [ntm]
2

O-H

E€21 40 = E€21 4.
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Sinceé,, — oo asn — oo, thenE¢?1 4» tends to zero. Thus we obtain the convergence
of corresponding finite-dimensional distributions. [

For weak convergence ¢f\/™, A™) to (W, Bf) it remains to prove the tightness of
(Mn An).

First we prove the following lemma.

Lemma2. Assume that {¢;'} are standard normal random variables. For every n > 1,
B8>1,and0 < s < t thereisa constant C = C'(H, 3) such that

[nt]  [ns] ) pUH=1/2) ©)

E|lAn(t) — A"(s)|” < C(T - =

Proof. Note thatA™(t) — A™(s) is a centered Gaussian random variable for ewely 1.
Thus itis enough to prove that for some constant

E|A™(t) — A™(s)]” < 01(@ - @)w—l. 7)

By simple calculations we get

B[4 - A 6) = - KR (0 0.4)

k=1
pH-1 [t p" (1) 2
< X @ [ g
k=[ns]+1 ty
tQH_l [ns] p"(t) 2
D DI ) TS
n k=1 pr(s)
26%{ 1 2
< Z5H n _.n )
<2 L () - p(9)

Lemma 3. Under conditionsof Lemma 2 the sequence {(M™, A™)} istight.

Proof. We shall use the tightness criterium formulated in Theorem 6.4.1 [4]. From
6 8]\ 2«
EIMp — MpP + A7 — Az < 1y C(M)
n n
we get

lim lim sup P(|(M', A7) — (Mg, 45)| > ¢) = 0

n

forall e > 0. Itis evident that for every\ > 0, s <r <t
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P(|(M], AY) = (M, AD] = N (M AY) = (M1, A7) 2 )
< P(IM = MM — M| + | M — M| Af — A7
H AL — AL[M] — M| + AT — AT||A} — A7 > ).

Let 3 > (2«)~!. By inequality (6) and the fact that the increments of the progé8sare
independent and Gaussian we get

I := E|M! — M'PE|M] — M + cEP/?|M!" — MI'[PEV/?| A7 — A7 2P
: T S L T T S L T
OBV AR — AYPOECR MY — MY+ EVEIAT - AYPPEV2 AR - AR
_ 200
< ol D)™

n n
wherec = ¢(3), C, andC are constants. If now— s > 1/n we have
I < C2(t — s)|20. (8)

If on the other hand — s < 1/n then eithers andr orr andt lie in the same subinterval
[i/n, (i+ 1)/n) for somei. ThusI = 0. Therefore (8) holds for a# < r < ¢. Thus for
some constant’ we obtain

P(|(M AY) — (M2, AD)] = A\ [(M AY) — (M, AR = X)
< CANTHV AT (t — 5)298,
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Trupmeninio Brauno judesio aproksmacijos silpno konvergavimo
klausmu
K. Kubilius

Naudojantis trupmeninio Brauno judesio israisRa = fot Kx(t,s)dWs, Cia W — stan-
dartinis Brauno judesyd{ u(t, s) — neatsitiktinis braduolys, sukonstruota pakankamai paprasta
aproksimacija, kuri silpnai konverguagj&rupmenin Brauno judes



