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1. Introduction

The logic denoted by S5 and its multi-modal version denoted by S5,, are widely recog-
nised as logics of knowledge (see, e.g., [4]).

In this paper we consider the certain extensions of the logic S5,. S5, contains an
indexed set of n independent unary modal connectives that allow us to represent the in-
formation possessed by a group of agents. We consider a family of the extensions of S5,
where these connectives are interrelated, i.e., an accessibility relation can be included into
another one. We denote a set of such inclusions by I and we denote the corresponding
extension of S5, by S5!.

In this paper, we present a prefixed analytic tableau proof system for S5! which is
a generalization of the prefixed tableau proof system described by Massacci for S5 [5].
We use prefixes reasoning about accessibility. But prefixes are more complex than in the
mono-modal case. We prove soundness and completeness of the presented system.

Some prefixed tableau systems for SS}1 are presented in [1] and [7]. Our system is
closer to that described in [7] but we do not use the side conditions on inference rules
reasoning about accessibility.

Our paper is organized as follows. In Section 2 we give syntax and semantics of the
logic S51. In Section 3 we present a tableau calculus for .S 51 . In Section 4 we sketch the
proof of soundness and completeness of this calculus.

2. Syntax and semantics of S5!

Given the set P = {p, ...} of propositional variables, the set of formulas is inductively
defined as follows:

1) any p € P is a formula and is called an atomic formula;
2) if A, B are formulas then so are =4, AA B, 0,4, ...,0,A.

A frame is a structure F =< W, R;,..., R, > such that W is a non-empty set,
whose elements are called worlds, and R; is a binary relation on W, 1 € {1,...,n}. We
write wR,w' iff (w, w’) € R;, and we say that w’ is accessible from w by the relation R;.
A model is a structure M =< F,V > such that F is a frame and V is a valuation V:
P — 2% . The satisfiability relation |= is defined inductively in the usual way:
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M,wkEp iff w € V(p) forevery p € P;

M,w = -A iff M, w £ A;

MwEAAB iff M,wk Aand M,w = B,

M,wE A iff for every v such that wR;v, we have M, v = A.

A formula A is said to be true in the model (written M = A) iff for every world
w e W M,w = A. A formula A is said to be true in the frame F (written F = A) iff
A is true in every model based on F.

Let I be a subset of the set {R;, € R,,|1 < 71,12 < n} of inclusions such that:
DR, C R;€lIforeachl <:<n;2)if Ry C Rj €land Rj C Ry € 1, then
R; C R, € L.

A frame of logic S5! isaframe < W, Ry, ..., R, > suchthat: 1) forevery 1 < i < n
R; is an equivalence relation; 2) Ry, ..., R, satisfy the property I. A formula A is said to
be S5! -satisfiable iff there exists a model M based on some frame of the logic S5! and
w € W such that M, w = A. A formula A is said to be S5} -valid iff for every frame F
of the logic S5, we have F = A.

3. Tableau calculus for S5

By Z, J below we denote subsets of {1, ..., n}. A prefix is an alternating sequence of
integers and subsets of {1, ..., n}. (This is a generalization of modal case (e.g., [2])).

DEFINITION 3.2. Tke set of prefixes X is the least set such that 1 € ¥ and if 0 € X,
Z C{1,...,n}and m is an integer, then cZm € .

Intuitively a prefix g {11, . . ., ik }m names a world accessible by relations R;,. . ., R;,
from a world named by o.

Tableaus use prefixed formulas, i.e., pairs o: A where o is a prefix and A is a formula.
A tableau T is a binary tree each node of which is labelled with a prefixed formula.
A branch B is a path from the root downwards in such a tree. Nodes are added and
labelled by applying the tableaux rules presented below. The rules are applied downwards
as defined for prefixed tableaux by Fitting [2]. A prefix o is present in a branch if there
is a prefixed formula o: A for some formula A in that branch. A prefix ¢Zn is new to a
branch if there is no prefix of a kind o Jn present in that branch.

The tableau calculus for S5! consists of the following tableaux rules.

1. Propositional connective tableaux rules:

oc:ANB o: (AN B) o: A
o: A (N) o:—A|lo:-B V) og: A =)
o:B
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2. Modal tableaux rules. Below we fixi € {1,...,n}.

2.1. m;-rule.

Let R, C R;,,...,R; C R;, be all inclusions from I where R; is on the left side of
an inclusion.

o: ;A

— : (m;), where 0{4, 11, ..., ik }n is new to the current branch.
o{i,i1,...,ik}n:0A
2.2. v;-rules:
o: ;A o:;A o: ;A oln:;A
i i 4; 4",
oln: A (K:) o: A (T2) oln:;A (4:) o:J;A (474)

Here o, cZIn must be present in the branch and 7 € 7.

A branch B is closed if it contains some prefixed formula o: A and also 0: ~A. A
tableau is closed if every branch of it is closed, otherwise it is open. A tableau proof for
a formula A is a closed tableau starting from 1: - A.

4. Soundness and completeness

Theorem 4.1 (soundness). If a formula A has a tableau proof, then A is a S5\ -valid
formula.

The proof of the theorem is similar to that presented in [6].
The rest of the section is devoted to the sketch of the proof of the following

Theorem 4.2 (completeness). If a formula A is a S5 -valid formula, then A has a tab-
leau proof.

The completeness proof follows the ideas of Fitting [2]: a systematic tableau construction
is presented that must produce a tableau proof if one exists and, if one does not, it will
give us the information necessary to construct a counter-model. The counter-model is
built from saturated open branches ( see definitions below).

For calculus for S51 we get a systematic tableau construction by adapting one pre-
sented by Gore in [3], page 374: instead of using -, v- rules of the mono-modal case use
m;-, vi-tules (i € {1,...,n}), respectively, of the calculus for S5!.

In order to prove the model existence theorem (see Theorem 4.9 below) which is the
basis for the proof of the completeness theorem we need some preliminary definitions
and lemmas.

Let B be a branch. We introduce the binary relations >>;, 7 € {1,...,n} over prefixes
present in B. >; is defined as follows: 1) o >; 0;2) 0 >; 0cZymy...Irmg, k 2 1,
iein..NI;3)oIlimy...Ikme>; o, k> 1,ieiN... NI, Holymy ... Iymy
>, oJiny...Jn, k> 1Ll >21,teinNn..0NI,1 € J1N...NYJ.Hereoisa
non-empty sequence.
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It can be verified
Lemma 4.3. 1) >; is an equivalence relation. 2) If R; C R; € 1, then >;C ;.
Let B be a branch of a tableau.

DEFINITION 4.4. A prefixed formula o: A is reduced by the rule (p) in B

A
e if (p) has the form ? ,then oy: A, is in B;
o1. 1;111
e if (p) has the form Uolr: yi ,then 01: Ay and 0,: A5 are in B;
P Ay
09. Ag
o: A

e if (p) has the form , then at least one of o1: A; and 09: A5 is in B.

o1: A1| o2t Ag

The formula o: A is fully reduced in B if it is reduced by all applicable rules. A prefix o
is fully reduced if all prefixed formula o: A are fully reduced.

DEFINITION 4.5. A branch B is saturated if all prefixes in B are fully reduced.
Similarly as in [6] we can prove

Lemma 4.6. Let B be a branch of a tableau. If B is saturated, then the following holds:
ifo:J;A is in B, o* is present in B, and o >; o™, then c*: A is also in B.

Now we define a mapping between names and worlds and introduce the notion of
satisfiable branch.

DEFINITION 4.7. Let B be a branch. Let < W, Ry,..., R,,V > be a model, an inter-
pretation () in the model is a mapping from the set of prefixes that occur in B to worlds
W such that for all 0 and oZn present in B one has 1(c)R;1(cZn) foreach j € T.

DEFINITION 4.8. A tableau branch B is satisfiable iff thereisamodel < W, Ry, ..., R,
V' > and an interpretation () in this model such that for every prefixed formula o: A in

B, (o) E A.

Theorem 4.9 (model existence). If B is a saturated and an open branch, then there exists
a model where B is satisfiable. \

Proof. Construct the model as follows:

W = {o| o is present in B};
oR;0™ iff o>;0", 1<i1<n;
V(p) ={olo:p e B}.
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ByLemma 4.2 < W) Ry,..., R, > is a frame we are looking for. We must show that
B is satisfiable in the model < W, R, ..., R,, V > with interpretation :() (here 2() is
the identity function): for every A we must prove o: A € B then o = A by induction on
the construction of A.

We consider only modal connectives. Let o: —-[];A € B. Then we have cIn: -A €
B for some oZn, where 1 € 7 (since o: -[J; A must be reduced by the rule (7;)). By
inductive hypothesis 6Zn = —A and o R;0Zn by construction. Therefore ¢ = —[J; A.
Let 0: ;A € B. Then by Lemma 4.5, for every o* present in B such that o >, ¢*, one

has 0*: A € B. By inductive hypothesis 0* &= A and o R;0* by construction. Therefore

The proof of completeness Theorem 4.2 is now standard (see page 410 in [2]).
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Semantinés lentelés su prefiksais Zinojimo logikos praplétimui
J. Sakalauskaité

Darbe pateikiamas semantiniy lenteliy su prefiksais skai¢iavimas daugelio modalumy Zinojimo
logikos tam tikram praplétimui. [rodomas $io skai¢iavimo neprieStaringumas bei pilnumas.



