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1. The problem

Suppose that a company has a number of vehicles which have m wheels in all. The
problem is to predict, at the given moment ¢y, the minimal number n* of spare tires
needed for uninterrupted functioning of vehicles in a given time interval (¢o, to + t].

To formulate the problem more precisely, denote by N;(t) the number of tire failures
on the ith wheel in the time interval (to, to + t] and set N(t) = > 7", N;(t). We have to
find the minimal number n* such that

P(N(t) <n*) 27, (L.1)

where v is near 1.

Suppose that processes N;(-), ¢ > 1, are independent and identically distributed.
Then, for m sufficiently large, the probability in the left-hand side of (1.1) is approxima-
ted by

@(n:/%?(’:gt)), (1.2)

where @ denotes the cumulative distribution function (c.d.f.) of the standard normal law,
,u(t) = ENz(t) and O'2 (t) = Vaer- (t)
Next, suppose that the time intervals between successive tire failures on a concrete

wheel are independent and identically distributed random variables with c.d.f. F'. From
the renewal theory then follows that

u(t) = G(t) + /0 G(t — s)dH(s), (13)

and

o3(t) = 2 / u(t — s)AH(s) + u(t) — k2(2), (14)
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where
G(t) = F(to+t) — /to (1—F(to +t—s))dH(s). (1.5)

In (1.3)~(1.5), H denotes the so-called renewal function, which is defined by H(t) =
S ey Fi(t), where Fy, = F - - - * F is the k-fold convolution of the function F.

By (1.1)=(1.5), the problem of estimation of n* is reduced to estimating the renewal
function. In this paper we consider the estimation of H(t) for a fixed ¢.

Suppose that we have observed n independent random variables 11, ..., T, which
are identically distributed according to the c.d.f. F'. Then the distribution functions F}
can be estimated by corresponding empirical distribution functions

Fen@®) =n"" > 1z 1oqr, <o) (1.6)

21,...,?:k 1

Set H n(t) = rey F kn(t). The problem is to find asymptotic distribution of the random
variable

Vn(Hn(t) — H(t)); (1.7)
here ¢ is a fixed positive number.
We do not know any theoretical result about estimating the renewal function. So we

hope the following theorem is new.

Theorem 1.1. Ifthe distribution function F is continuous, then (1.7) tends in distribution
to the random variable

/ Z (k + 1) Fi(t — s)dW(s), (1.8)

O =

where W is a Gausian zero mean random process with the covariance function
EW(s)W(s')] = F(sAs') — F(s)F(s"). (1.9)

2. The proof of Theorem 1.1

The plan of the proof. Denote
Ekn = V1 (Fin(t) = Fi(2))

and &, = (£1n, &2n, &3n, - - -). The proof is performed in 4 steps.
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Step 1. We prove that £, is a random element of ¢, the Banach space of all summable
sequences £ = (xx) endowed with the norm

oo

Izl = D |zl

k=1

Step 2. We find a random element ( = ({1, (2,...) of £; such that, for all £k > 1,
(€1n, - .., Ekn) tends to ((q, . .., (k) in distribution.

Step 3. We prove that the sequence (&,,) is tight and therefore it tends in distribution
in the space ¢; to (.

Step 4. We get the assertion of the theorem by noticing that x +— Zzozl Tk 1s a
continuous linear functional on ¢;.

Step 1. If F 1 and 17‘2 are c.d.f. of two positive random variables, then

(Fy * F)(t) = /O Fy(t — s1)dFi(s1) < Fa () / tdﬁ‘l(sl) = Fi(t) Fa(t).

0

Obviously, forall kK, > 1, Fy; = Fy x F}. Therefore
Fi1(t) < Fi(t)Fi(2). (2.1)

In particular, the sequence (Fk(t) | kK > 1) is non-increasing.
Consider the sequence of random variables (Si) such that Sy, S3 — Sy, ... are in-

dependent copies of T'. Find a 6 > O such that F'(6) < 1/2. Fix an arbitrary integer
ko > t/6. Then

P{S1 > 6,52 — 51 >6,...,5k — Skg—1 > 6} < P{Sk, >t} =1— Fy,(t),
and therefore
Fro(t) <1—[1— F(6)]™ <1 - 2%
Together with (2.1), this yields the estimate
Fi(t) < gt*/*l (2.2)

(k=1,2,...),whereq =1-2"% < 1and [x] stands for the integer part of z. Therefore
(Fe(t) | k> 1) € ¢;.

It is easily seen from (1.6) that almost surely Fy,(¢) = O for k sufficiently large (and
for each fixed n). Hence &,, € ¢, almost surely.

Step 2. Suppose that F' is continuous and define ﬁn = F in, Where F 1n 1S given by
(1.6). It is well-known that \/'ﬁ(ﬁn — F') tends in distribution in the Skorokhod space
D[0; o0) to the continuous zero mean Gaussian process W with the covariance function
(1.9). Therefore by Theorem 5.5 of [1] we get the following result.
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PROPOSITION. Let ¢ be a Borel function defined on some Borel subset D C D[0; 00)
with values in R*. Suppose that

Vn(p(F™) — o(F)) — ¢'(AF)

for each sequence (F(™)) C D such that AF(™ converges to A F uniformly on bounded
subsets of [0; 00); here AF(™) = \/n(F(™) — F), AF € C[0;00) and ¢’ is some Borel
function on C|[0; o0). Then

Va(p(F™) = o(F)) 5 ¢/ (W).

We apply this result to the function ¢ = (¢, ..., @) defined as follows. Let D be
the set of all distribution functions correspondmo to positive random variables and, for

F e D, p;(F) = (F* * F)(t), j = , k. Suppose (F(™) ¢ D, AF(™ =
gtlmes |

Jr(F™ — F) and AF(™) converges to some continuous function AF' uniformly on
compact subsets of [0; 00). For 7 > 1 denote F( ™ = E(") S RERE F(")J and set FO(") =

j times
Fo = I, where I(t) = 1[p,00)(t) (this is the distribution function of the degenerate at
point O random variable). Obviously,

V(i (F™) - Afz Fi™ x Fy_i)(t) = (F2 * Fj—ipa)(8))

=ZL%@Mﬂ@

where, for s € [0; ],

fin(s / AFM(t — s — ')dF;_y(s").

Moreover, fin(s) — fi(s) uniformly in [0; t], where

t—s
=/ AF(t —s—s)dF;_i(s").
0

Notice that, since AF is bounded on [0; t], f; is continuous at each point s € [0; t].

Let T(™) denote the random variable with the distribution function F(™ and let
Tl("),Tz(n), ... be its independent copies. Since F(™(t) — F(t) for all t, T(") 4T
and therefore Tl(n) + -+ Ti(fi 4 81 By continuity of f;,

/Ot fi(s)dF™M (s) — /Ot fi(s)dFi_1(s).



Asymptotic distribution of a renewal function estimate 461

On the other hand,

< sup |fin(s) — fi(s)] — O.
s€[0;t]

/ Fin(s)AF™) (s) / fi(5)dEL™) (s)
0 0

Hence

t t
/0 Fin(8)AES) (5) — / fi(s)dFi-1(s),
and therefore

Vi (0;(F™) — o(F)) — @ (AF),

where

FaR =3 | 004Fis(s) = 3 [ AF(E= )i (0)

Forj > lset(; = jfot W(t — s)dF,_1(s) and let { = ({3, (2, - - .). By Proposition,
2

forall k > 1, (€1n, - - ., &kn) 4, ({1, ...,Ck) and it remains to prove that ¢ € ¢; a.s. This
follows from (2.2) and the estimate

(il < sup [W(s)|jFj-1(?).
s€[0;t]

Step 3. Similarly as above we get

k t t—s
Ekn| = \/EZ/dFj_l,n(s)/ (Fr(t—s—s")=F(t—s—s"))dFi_;(s")
=170 0
k ~~
< An ) Fj_1a(t)Fejs(t), (2.3)
j=1

where A, = \/nsup,¢oy ‘F\n(s) — F(s)‘. It is well-known [1] that A,, tends in distri-
bution to sup,¢(o.,) |W (s)| and therefore it is bounded in probability:

sup P{A,, > ¢} — 0,

as ¢ — OQ.

Fix ane > 0 and find a ¢ < oo such that P{A, > ¢} < e forall n. Let 6, kg and q be
the same as in Step 1. Find ng such that, for all n > n,

P{F,(6) <1/2} >1—¢.
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Similarly as in Step i we get that inequality F,,(8) < 1/2 implies Fxn(t) < gl%/*o] for
all k. Hence, for all n > no,

P{Vk > 1 Fin(t) < g¥/%l} > 1—¢
and, by (2.3),
P{Vk > 1 |€cn| < ckql(F=2/Ckol} > 1 _ 9¢,
Set
K={zet;|Vk>1|zk| < ckqlk=2/Ckoly,

Then P{¢, € K} > 1 — 2. On the other hand, K is a compact subset of £;. By the
Prokhorov theorem, the sequence (&,,) is tight.

Step 4. It is well-known that z — Y ,_, zx is a continuous linear functional on ¢;.

Therefore the results of Steps 1-3 imply that (1.7) tends in distribution to the random
variable

Zk/t Wt — s)dFr_1(s).
k=1 YO

By the definition of the stochastic integral, the limit random variable can be written in the
form (1.8).
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Atstatymo funkcijos ivercio asimptotinis skirstinys
V. BagdonaviCius, A. Bikelis, V. KazakeviCius

Patikimumo teorijos modeliuose, kuriuose sugedusios detalés pakei¢iamos naujomis, daugelis
patikimumo charakteristiky iSrei$kiamos per atstatymo funkcija. Siame straipsnyje pasitilytas atsta-
tymo funkcijos {vertis ir apskai€iuota to jvercio reik§més tam tikrame taSke asimptotiné dispersija.



