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Dovilė DELTUVIENĖ, Leonas SAULIS (VGTU)
e-mail: l.saulis@fm.vtu.lt

Let ξ(n)
j , j = 1, 2, . . . , n, be a triangular array of independent random variables (r.v.)

with meansEξ
(n)
j = 0, and variancesσ(n)

j

2
= Eξ

(n)
j

2
> 0, j = 1, n.

Put

Sn =
n∑

j=1

ξ
(n)
j , B2

n =
n∑

j=1

σ
(n)
j

2
, Zn = B−1

n Sn, (1)

FZn(x) = P(Zn < x), Φ(x) =

∫ x

−∞
ϕ(y) dy, (2)

ϕ(x) =
1√
2π

exp
{
− 1

2
x2

}
, ψ(x) = ϕ(x)

(
1 −Φ(x)

)−1
. (3)

The target of our work is to obtain large deviation theorems and exponential inequali-
ties for the functionP(Zn � x). First we have to get the estimate of thekth-order cumu-
lantΓk(Zn) of the r.v.Zn, defined by equality (1), whereΓk(X) := 1

ik
dk

dtk
ln fX(t)

∣∣
t=0

,
k = 1, 2, . . .. HerefX(t) = E exp{itX} is the characteristic function (ch.f.) of the
r.v. X. In what followsa ∨ b = max{a, b}, a ∧ b = min{a, b}, [m] is an integer part of
numberm, andθi, i = 1, 2, . . . denote some quantity, not exceeding1 in absolute value.

Let us say that r.v’sξ(n)
j , j = 1, 2, . . ., n, are subject to condition(Bγ), if there exist

quantitiesγ � 0 andK(n)
j > 0 such that

∣∣E(
ξ
(n)
j

)k∣∣ � (k!)1+γ
(
K

(n)
j

)k−2
σ

(n)
j

2
, k = 3, 4, . . . . (Bγ)

In order to obtain the asymptotic expansion of the distribution functionFZn(x) of
the r.v.Zn defined by equality (1), in large deviation zones,according to the General
Lemma 1 [4], one must have the estimates ofkth-order cumulants of the r.v.Zn.

PROPOSITION1. If for r.v. ξ(n)
j , j = 1, n, condition (Bγ) is fulfilled, then for the kth-

order cumulant Γk(Zn) of the r.v. Zn, the estimate

∣∣Γk(Zn)
∣∣ � (k!)1+γ∆2−k

n , k = 3, 4, . . . , (4)
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∆n = K−1
n Bn, Kn := 2 max

1�j�n
(K

(n)
j ∨ σ

(n)
j ), (5)

holds.

Proof of the Proposition 1 is obtain in [2]. Next, suppose that the r.v.ξ
(n)
j , j = 1, n,

densitiespξj(x) are bounded, i.e.,

sup
x

pξj (x) � C
(n)
j < ∞. (D)

Let ξ(n)
j (h) be a r.v. conjugate to theξ(n)

j , j = 1, n, with the distribution den-

sity pξj(h)(y) := ehypξj (y)
( ∫∞

−∞ ehypξj (y) dy
)−1

. DenoteSn(h) =
∑n

j=1 ξj(h),

Zn(h) = B−1
n (h)

(
Sn(h) −Mn(h)

)
. Then, it is easy to check that

Mn(h) =
∞∑
k=2

1

(k − 2)!
Γk(Sn)hk−1, B2

n(h) =
∞∑
k=2

1

(k − 2)!
Γk(Sn)hk−2, (6)

where the quantityh = h(x) is the solution to the equationx = Mn(h)/Bn. Since the
r.v’s ξ

(n)
j , j = 1, n, are independent, we have

fZn(h)(t) = E eitZn(h) = exp

{
−it

Mn(h)

Bn(h)

} n∏
j=1

fξj(h)

( t

Bn(h)

)
. (7)

Let us denoteRn,γ =
∫ Tn

Tn,γ

∣∣f∗
n,γ(t)

∣∣dt
t , where

f∗
n,γ(t) =




s∑
k=0

(
3

2

)k
xk

k!
f

(k)
Zn

(t), γ > 0,

fZn(h)(t), γ = 0,

(8)

s = 2[(1/2)(∆2
n/18)1/(1+2γ)] − 2, f(0)

Zn
(t) = fZn(t) = E exp{itZn} and

Tn,γ := (3/8)(1 − x/∆n,γ)∆n,γ , 0 � x < ∆n,γ,
(9)

∆n,γ := cγ∆1/(1+2γ)
n , cγ = (1/6)(

√
2/6)1/(1+2γ),

PROPOSITION2. If for the r.v. ξ(n)
j , j = 1, n, with Eξ

(n)
j = 0 and σ

(n)
j

2
> 0, j = 1, n,

condition (Bγ) is fulfilled, then for each integer l, l � 3 and Tn � Tn,γ in the interval
0 � x < ∆n,γ , the relation

1 − FZn(x)

1 −Φ(x)
= exp

{
L∗
n,m(x)

}{ ψ(x)

ψ
(
un(x)

)
(

1 +
l−3∑
ν=1

Pν,n

(
un(x)

))
+ θ1(x + 1)

×
(
c(l, γ, x)

∆l−2
n

+
285∆n exp

{
− (1 − x/∆n,γ)

√
∆n,γ

}
(1 − x/∆n,γ)

+
6q

Tn
+Rn,γ

)}
(10)
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holds. Here

L∗
n,m(x) =

m∑
k=3

λk,nx
k, m =

{
(1/γ) + l − 1, γ > 0,
∞ , γ = 0.

(11)

The coefficientsλk,n are found by formula(6) [4] and expressed by cumulants of
r.v. Zn. For this coefficients the estimate|λk,n| � (2/k)(16/∆n)k−2

(
(k + 1)!

)γ
, k =

3, 4, . . . holds. The quantityun(x) = x
(
1 +

∑l−3
k=1 ck,nx

k + θ2c
∗(l, γ)(x/∆n)l−2

)
,

wherec∗(l, γ) = 736l(l− 1) (7/2)l−2(l!)γ and the coefficientsck,n are expressed by the
cumulants of the r.v.Zn and found by formula(11) [4].

PolynomialsPν,n

(
un(x)

)
are determined by relation(104) [4]. In particular,

P1,n

(
un(x)

)
= −1

2
Γ3(Zn)

1

x
+

3

2

(
2Γ4(Zn) − 3Γ2

3(Zn)
)

+
1

48

(
72Γ5(Zn)

−394Γ3(Zn)Γ4(Zn) + 267Γ3
3(Zn)

)
x + . . . ,

(12)
P2,n

(
un(x)

)
=

1

24

(
3Γ4(Zn) − 5Γ2

3(Zn)
)

+
1

24

(
3Γ5(Zn)

−16Γ3(Zn)Γ4(Zn) + 15Γ3
3(Zn)

)
x + . . . .

Full expressions of the quantitiesc(l, γ, x) and q are obtained by (9) and (58) [4],
respectively.

Notice, that the proof of Proposition 2 can be easily derive on the basis of the proof
of Proposition 2[1], p. 294.

According to Proposition 2, we have to estimate the integralRn,γ defined by relation
(8) for γ = 0 andγ > 0, respectively. The known estimates for characteristic functions
and employment of condition (D) (V.Statuleviˇcius [5]) will help us to achieve this aim.
According to the definition of the quantity∆n,γ by relation (9) in the caseγ = 0, we
have

Tn,0 =
(
1/8

)(
1 − x/∆n,0

)
∆n,0, ∆n,0 = c0∆n, c0 = (1/6)(

√
2/6). (13)

Theorem 1. If for the r.v. ξ(n)
j , with Eξ

(n)
j = 0 and σ

(n)
j

2
> 0, j = 1, n, conditions (Bγ)

with γ = 0 and (D) are fulfilled, then in the Cramer zone 0 � x < ∆n,0, the asymptotic
expansion (10)holds. Moreover,

Rn,0 � 684 e4π
√

2πKn max
1�ri�n

4∏
i=1

C1/4
ri

exp
{
− 1

24K2
n

n∑
k=1

1

C2
k

}

+
π2

2Tn,0
exp

{
− 1

π2
T 2
n,0

}
. (14)

Theproof of Theorem 1 is obtained in [6].
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Theorem 2. Let for the r.v. ξ(n)
j , with Eξ

(n)
j = 0 and σ

(n)
j

2
> 0, j = 1, n, conditions

(Bγ) with γ > 0, (D) and

lim
n→∞

1

(1 ∨ L1,n)∆n,γ

1

K2
n

n∑
j=1

1

C2
j

� d > 0 (S)

be fulfilled. Then in the Linnik power zones 0 � x < ∆n,γ, the asymptotic expansion
(10)holds. Moreover,

Rn,γ � c4(γ)
(
Kn/∆n

)
max

1�ri�n

4∏
i=1

C1/4
ri

{
− 5d

2K2
n

n∑
k=1

1

C2
k

}

+T 2
n,γ exp

{
− 1

16π2
T 2
n,γ

}
+

5π2x2

8
Tn,γ exp

{
− 1

π2
T 2
n,γ

}
, (15)

where Tn,γ, Kn are defined by equalities (9), (5), and c4(γ) = 192 e2
√

2π · 24γ .

To prove Theorem 2, it is necessary, by Proposition 2, to estimate the integralRn,γ,
which is defined by equality (8), withγ > 0. Follow to the proof of the Theorem 2 [1],
we get inequality (15).

Theorem 3. For the r.v. Zn defined by equality (1), exponential inequalities

P
{
± Zn � x

}
=




exp
{
−(8 · 2γ)−1x2

}
, 0 � x � 2

(
2γ

2

∆n

) 1
1+2γ ,

exp
{
−1

4

(
x∆n

) 1
1+γ

}
, x � 2

(
2γ

2

∆n

) 1
1+2γ ,

(16)

If inequality (4) is valid, then
∣∣Γk(Zn)

∣∣ �
(
k!/2

)1+γ
21+γ∆2−k

n . The proof follows
from this inequality and Lemma 2.4 [3].

EXAMPLE. Let ξ(n)
j := anjξj , whereanj are nonnegative quantities, andξj are noniden-

tically distributed r.v’s withEξj = 0 andσ2
j = Eξ2

j , j = 1, n. NowSn =
∑n

j=1 anjξj,
Zn = B−1

n Sn, whereB2
n =

∑n
j=1 a

2
njσ

2
j . Suppose that thereexist quantitiesγ � and

K > 0 such that|Eξkj | � (k!)1+γKk−2σ2
j , k = 3, 4, . . .. Further, suppose that for r.v.ξj

there exists densitypξj (x) � Cj < ∞. In this case, in condition(Bγ) K
(n)
j = anjK,

andσ(n)
j = anjσj. Then the quantities defined by equalities (4) and(D) are

Kn = 2 max
1�j�n

anj{K ∨ σj}, C
(n)
j = a−1

nj Cj . (17)
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[2] D. Deltuvienė, L. Saulis, Asymptotic expansion of the distribution density function for the sum of random
variables in the series scheme in large deviation zones,Acta Appl. Math., 78, 87–97 (2003).

[3] L. Saulis, V. Statuleviˇcius,Limit Theorems for Large Deviations, Kluwer Academic Publishers, Dordrecht,
Boston, London (1991).

[4] L. Saulis, Asymptotic expansions in large deviation zones for the distribution function of random variables
with cumulants of regular growth,Lith. Math. J., 36, 365–392 (1996).
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Atsitiktinini ↪u dydži ↪u sumos serij ↪u schemoje pasiskirstymo funkcijos
asimptotiniai skleidiniai didži ↪uj ↪u nuokrypi ↪u zonose

D. Deltuvienė, L. Saulis

Darbas skirtas nepriklausom↪u atsitiktini ↪u dydži↪u (at.d.)ξ(n)
j , j = 1, n su vidurkiaisEξ

(n)
j = 0

ir dispersijomisσ(n)
j

2
= Eξ

(n)
j

2
< ∞ sumos pasiskirstymo funkcijos asimptotini↪u skleidini ↪u

gavimui didži↪uj ↪u nuokrypi↪u Kramerio ir laipsnin˙ese Liniko zonose. Rezultatas gautas remiantis
L. Saulio bendr↪aja Lema 1 [4], apjungiant charakteristini↪u funkcij ↪u ir kumuliant↪u metodus. Darbas
atskiru atveju prapleˇcia at.d. sumavimo rezultatus gautus S.A. Book [7].


