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Asymptotic expansions in the large deviation zones
for the distribution function of sums of random
variables in the series scheme
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Let 5](-"),]' =1,2,...,n, be atriangular array of independent random variables (r.v.)

2 2
with meansE¢(™ = 0, and variances!™” = E¢\™” > 0, = T, n.
J J J

Put
n n 2
Sn = Zgj('n)a B72; = Z 0']('7)/) ) Zn = Bglsm (1)
j=1 =1
T
Fz.(2) = P(Z, <), ®(z)= / o(y) dy, @)
—o0

—1

o) = Z=ew { =32} U@) = e(@)(1 - 9(a) ©
The target of our work is to obtain large deviation theorems and exponential inequali-
ties for the functiorP (Z,, > x). First we have to get the estimate of #td-order cumu-
lantT'x(Z,) of the r.v.Z,,, defined by equality (1), whefg, (X) := %i—i In fx (t)|t=0,
k = 1,2,.... Here fx(t) = Eexp{itX} is the characteristic function (ch.f.) of the
r.v. X. In what followsa V b = max{a, b}, a A b = min{a, b}, [m] is an integer part of
numberm, andd;, i = 1,2, ... denote some quantity, noteeedingl in absolute value.
Let us say that r.v’zgj(."), j=1,2,...,n, are subject to conditiofB, ), if there exist

quantitiesy > 0 andK](-") > 0 such that

IE(™)"| < (k!)”’V(KJ(-"))k_Qa](-")Q, k=34,.... (B,)

In order to obtain the asymptotic expansion of the distribution funcfipn(z) of
the r.v. Z,, defined by equality (1), in large deviation zonesgcording to the General
Lemma 1 [4], one must have the estimateg&ibf-order cumulants of the r.\¥,,.

ProPOSITIONL. If for rv. £, j = T,m, condition (B,) is fulfilled, then for the kth-
order cumulant T'x(Z,,) of ther.v. Z,,, the estimate

ITk(Zn)| < (R)'TTAZF, k=3,4,..., (4)
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A, = Kngn; K, :=2 121;2{" (K](n) \ (n)) (5)

holds.

Proof of the Proposition 1 is obtain in [2]. Next, suppose that theﬁﬁff)., j=1,n,
densitiegy, (x) are bounded, i.e.,

sup e, (r) < C'](-") < o0. (D)
x
Let §J(.")(h) be a r.v. conjugate to thej(."), j = 1,n, with the distribution den-

—1
sity pe; () = e"p, (y)(jf‘;o g, (y) dy) . DenoteS,, (h) = >°7_, & (h),
Zn(h) = B, ' (h)(Sn(h) — My (h)). Then, itis easy to check that

Z n)hk 1, Z

k=2 k=2

k(Sn)h 72, (6)

Where the quantityy = h(x) is the solution to the equation= M,,(h)/B,,. Since the
rvsg ),j =1, n, are independent, we have

i n(h)
Fz. () = EeZn(h) = exp { 0 } H fg,(h)( ) (7)
Let us denoteR,, - = [" | f* . (t)| 4, where
Y Th,~ n,y t
s 3> k .Ik *)
. ) o fz @), v >0,
Frat) = ,; (2 M (8)

Iz, m) (1), v =0,
= 2[(1/2)(A2/18)/+20] — 2, fP(t) = f5, (1) = Eexp{itZ,} and

Topy = (3/8)(1 — x/Anxy)Anm 0<z <Ay y,

9)
Ay = CWA:L/(1+27)’ Cy = (1/6)(\/5/6)1/(1”7),
PrROPOSITION2. If for ther.v. gj(."),j =1, n, with Egj(.") 0 and o(") >0,j=1,n,
condition (B.,) isfulfilled, then for each integer I, [ > 3 and T,, > Tnﬁ in the interval
0 <z <A, therdation

LB o (1 >}{¢(% (1+2Pynun )) +r6e

y (c(l, , x) 285A,, eXp{ — x/Anﬁ \/ nﬁ}

+ — 4+ R, 10
AL2 <1—x/AM> tpt >} (10)
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holds. Here

nm Z)\knx m:{(l/')/)“'l_l; v >0, 1)

o0, v =0.

The coefficients\; ,, are found by formulg6) [4] and expressed by cumulants of
r.v. Z,. For this coefficients the estimas, ,,| < (2/1<;)(16/An)’“‘2((k +1) k=
. holds. The quantity, (z) = x(l 4 U ot + B0t (1) (/A 2),
wherec*(1,~) = 7361(1 — 1) (7/2)'2(1!)” and the coefficients; ,, are expressed by the
cumulants of the r.vZ,, and found by formuld11) [4].
PolynomialsP, ,, (u,(z)) are determined by relatiofi04) [4]. In particular,

Pl,n(un(x)) = _%FB(Zn)i + 2(2F4( ) SFQ( )) + %(72F5(Zn)

—394T3(Z)T4(Zn) + 26705(Zn) ) + . (12)
Paon(un(@)) = 57 (3La(Z0) = 5T3(Z,)) + ﬁ@FS(Z")

—16T5(Z)T4(Zy) + 1505(Zp) )z + . . ..

Full expressions of the quantitiel, v, ) and ¢ are obtained by (9) and (58) [4],
respectively.

Notice, that the proof of Proposition 2 can be easily derive on the basis of the proof
of Proposition 1], p. 294.

According to Proposition 2, we have to estimate the intefral, defined by relation
(8) forv = 0 andy > 0, respectively. The known estimates for characteristic functions
and employment of condition (D) (V.Statuleuiis [5]) will help us to achieve this aim.
According to the definition of the quantit,, ., by relation (9) in the case = 0, we
have

Tn,O = (1/8) (1 - -r/An,O)An,O; An,O = COAn; Co = (1/6)(\/5/6) (13)

Theorem 1. If for ther.v. g(") W|thE§(") 0 and a(") > 0,7 = 1, n, conditions(B,)
withy =0 and (D) are fulfllled then mthe Cramer zoneO x < Ay, 0, the asymptotic
expansion (10) holds. Moreover,

1 — 1
Ryo < 684 e*1V2r K, max HC’l/4exp{ }

<rikn

72 1,5
+2T 5 expq — ﬁTmO . (14)
n,

Theproof of Theorem 1 is obtained in [6].
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Theorem 2. Let for ther.v. g(") with Eg(") 0 and a(") > 0, j = 1, n, conditions
(B,) withy > 0, (D) and
li L L L d S
A VA K ch >0 )

be fulfilled. Then in the Linnik power zones0 < = < A, ., the asymptotic expansion
(10) holds. Moreover,

5d <~ 1
Ry < ca(7)(Kn/An) max c;/4{ }
! ( H | 2K2 &~ C?

1< r7<n o

1 5m2a? 1
+T3,fy exp{ - @Ti'y} =+ TT"/Y exp{ - PTg,'y}a (15)
where T,, ., K, are defined by equalities (9), (5), and c4(7y) = 192 V27 - 247,

To prove Theorem 2, it is necessary, by Proposition 2, to estimate the infggral
which is defined by equality (8), with > 0. Follow to the proof of the Theorem 2 [1],
we get inequality (15).

Theorem 3. For ther.v. Z,, defined by equality (1), exponential inequalities

eXp{—(S-Q’Y)—le}, 0< <2(272An)ﬁ,
P{+7,>u1)= 1 e )
exp{—i(xAn)m}, T > 2(27 An) =2

If inequality (4) is valid, thenT'x(Z,)| < (k!/2)1+721+7A%—’f. The proof follows
from this inequality and Lemma 2.4 [3].

EXAMPLE. Letgj(-") := a,;&;, Wherea,, ; are nonnegative quantities, afidare noniden-
tically distributed r.v’s withE¢; = 0 ando? = E¢?, j = 1,n. Now S, = > 5= anj&jy
Z, = B;'S,, whereB2 = Z] a? Ja Suppose that themxist quantitiesy > and

=1 ""ny

K > Osuch thatE¢| < (k!)'t7K* 0%, k = 3,4,.... Further, suppose that for r&;
there exists density, (r) < C; < ooc. In this case, in COﬂdItIO(ley) (") = an,; K,

(n)

ando;" = anjo;. Then the quantities defined by equalities (4) &y are
(n) -
K, = 2121]agxna"j{[( Vo,}, C’j" = n}C’ a7
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Atgitiktininiu dydziu sumos seriju schemoje pasiskirstymo funkcijos
asmptotiniai skleidiniai didziuju nuokrypiu zonose
D. Deltuvierg, L. Saulis

Darbas skirtas nepriklausanatsitiktiniy dydziy (at.d.)gj(."), j=1,nsu vidurkiaisEgj(.") =0

2 2 . . . P
ir dispersijomisfr](.") = Egj(.") < oo sumos pasiskirstymo funkcijos asimptotirskleidinu

gavimui didZuju nuokrypiy Kramerio ir laipsniese Liniko zonose. Rezultatas gautas remiantis
L. Saulio bendgja Lema 1 [4], apjungiant charakteristirfunkciju ir kumulianty metodus. Darbas
atskiru atveju praplgd at.d. sumavimo rezultatus gautus S.A. Book [7].



