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The support of one random element
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In [2] a joint limit theorem for general Dirichlet series was obtained. Let s = ¢ + it
oo

be a complex variable, and let, for ¢ > 045, fi(s) = Y. amje™?™°, 7 = 1,..,n.
m=1

Here {am;} is a sequence of complex numbers, and {A,,;} is an increasing sequence
of real numbers, lim A,,; = 400, j = 1,..,n. We assume that the function f;(s) is

m—00

meromorphically continuable to the half-plane o > 01, 01; < 045, 7 =1,..,n,and all
poles in this region are included in a compact set. We also require that, for o > oy, the
estimates

fi(s) = O(|t|%), [t| = to, 6; >0, (1)
and
T
/ (0 +it)|2dt = O(T), T — oo, 2)
~T

hold, where 7 = 1, ..., n. Moreover, we assume that
/\mj = Cj (log m)eﬂ (3)

with some positive constants ¢; and 8;, j = 1,...,n. Denote by H(D,), D; = {s €
C:o0 > 015},j = 1,...,n, the space of analytic on D; functions equipped with the
topology of uniform convergence on compacta, and let H, = H,(D,,...,D,) =

H(D,) x ... x H(Dy). Let = ][] Ym, where v, = {s € C:|s| = 1} for all
m=1

m € N. Denote by B(S) the class of Borel sets of the space S. Then we have a pro-
bability space (2, B(S2), mgr) where mpy is the Haar measure on (2, B(€2)). Denote by
w(m) the projection of w € 2 to the coordinate space ,,,. Now define on the probability
space (2, B(§?), mg) an H,-valued random element F'(sy, ..., s,; w) by the formula

F(Sl, ceey Sns LU) = (fl(Sl,w), R fn(snaw))’

where

oo
fj(sjaw) - Z amjw(m)e—)\mjsj, Sj € Dj, 7=1,...,n.

m=1
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Let M(D;) stand for the space of meromorphic on D; functions equipped with the to-
pology of uniform convergence on compacta, and M,, = M,(D,, ..., D,) = M(D;) x
... X M(Dy). In [2] the following limit theorem on M,, was proved.

Theorem 1. For j = 1,...,n, suppose that the sets {log2} U |J {Am;} are linearly
m=1

independent over the field of rational numbers, and that for f;(s) the conditions (1)—3)
are satisfied. Then the probability measure

1
—T-meas{r € [0,T]: (f1(31 +17), ooy fr(sn + zT)) € A}, A€ B(M,),
converges weakly to the distribution Pr of the random element F'(sy, ..., sn, w).

For applications it is useful to know the support of the measure Pg, and the present
note is devoted to this problem.
We need some additional conditions on the sequences {anm;} and {.,; }. We suppose

that \pj = Am,J = 1, ...,n,and let ¢ = amje™ ™% j = 1, ..., n. Assume that there
r

exist 7 > n sets Ng, Ng, (|Ng, = @ for k; # ko, N = |J N, such that ¢, j = by for
k=1
meNg,k=1,...,r,57=1,...,n. We set

b11, ..., bin
B =

ll,l.l’ .« o e

b'r‘l, sy b‘rn

We also suppose that the sequence of exponents {\,, } satisfies the relation

r(z) = Z 1=Ciz" + B, (4)

Am T

with k > 1 and some positive C, and |B| < C5, and that

> l=rer(z)(1+0(1)), =— oo, (5)
Am <=z
mENk
with positive kg, £k =1, ..., 7.

Let N be an arbitrary positive number, and let Dy = {s € Ci0y; < 0 <
0aj, [t| < N}, j =1,...,n.Denote by F'(s1, ..., sn;w) the restriction of F'(sy, ..., sn,w)
to Hn,N = H(Dl,N) X ... X H(Dn’N).

Theorem 2. Suppose that conditions (1), (2) and (4), (5) are satisfied, and that
rank(B) = n. Then the support of the random element F(s,, ..., sp;w) is the whole

Oan,N.
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We begin with one lemma on functions of exponential type. Let v be a complex me-
asure on (C, B(C)) with compact support contained in {s € C: min (0, —04j) < 0 <

1<j<n
0, [t| < N}. Define

w(2) =/ e **dv(s), ze€C.
C
Lemma 1. Suppose that, for some k,
Z |lw(Am)| < o0.
mGN
Then [¢s'dv(s) =0, [=0,1,2,...

Proof . Since, forx > 0,

|lw(xx)] / |dv(s)],

condition 1° of Theorem 6.4.12 from [1] is satisfied with a = N. Now we fix 3 satisfying
0 < B < §,and a real number £ with

C16¢ > Co, (6)

where the constants C; and Cy are given by formula (4). Define A = {{ € N:3Ir ¢
(I —&)B, (I + £)B] with |w(r)| < r~*}. Then we have

Z )l 2 33w = 303 A0,

mEN A m ldA m

where Y~ denotes the sum over all m € N, satisfying the inequalities (I — £)8 < A <
(I + €)B. This and the hypothesis of the lemma yield

Z Z /\;lK<OO (7)

I€A meN,

witha = (I — £)3,b = (I + £)B. Summing by parts and applying (4) and (5), we find
K 1 b du

Yo X[ (X 1)g

mGNk mENk mGNk

a<Aim b a<lAm b a<lAm <u
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> (r(b) —r(a)) i;-,’g (1 +o(1))

QCll‘Lk,BRlnI{E B 2h‘,k02
> Z
g ( T e )T

as | — oo. Therefore, (6) and (7) show that

Z%<oo. (8)

IgA

Let A = {a;:l € N}, a; < ay < .... Then from (8) we find

lim 2 = 1. 9)

l— o0 l

By the definition of the set A there exists a sequence {£;} such that (a;—&)5 < & < (ai+
£)B and |w(&)| < & . This and (9) show that llim &/l = B, and lim sup log|w(é| « .

€t
l—o0
Moreover, in view of (9) |£,, —&n| > |am —an |6 = 6|m —n| with some positive constant

b. therefore, applying Theorem 6.4.12 [1], we find that

lim sup log ()

r—00 T

< 0. (10)

On the other hand, by Lemma 6.4.10 [1], if w(s) # 0, then lim sup lﬁg—'}f’ﬁﬂ > 0, and

r—00
this contradicts (10). Consequently, w(s) = 0, and the lemma follows by differentiation.

Proof of Theorem 2. Let, form = 1,2, ...,

[ (81, 8n;w(m)) = (fn(51,W), ey fu(sn,w))

)e—)\msl —)\msn)‘

= (amiw(m s eeey Amnw(m)e
From the definition of it follows that {w(m)} is a sequence of independent ran-
dom variables with respect to the measure mpy. Hence {f (s1,...,sn;w(m))} is a
sequence of independent H, n-valued random elements defined on the probability
space (2, B(?), mg). The support of each random variable w(m) is the unit circle
7. Therefore, the set {f (s1,...,Sn;@):a € 7} is the support of the random element
f(s1,---, Sn;w(m)). Hence in virtue of Lemma 5 from [3] the closure of the set of all
gonvergent series

oo
Z _f;m(sla ceey Sny am), am S v,

m=1

is the support of the random element F (s1, .-, Sn; w). To prove the theorem it remains to
check that the latter set is dense in H,, . For this we will apply Lemma 6 from [3].
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Let py, ..., n be complex measures on (C, B(C)) with compact supports contained
in Dy n, ..., D N, respectively, such that

5|3 [ amseran(o
m=1"j5j=1

Now let hj(s) = s — 045,7 = 1, ...,n. Then we have that u;h~1(A) = uj(hj_lA), Ac
B(C), is a complex measure on (C, B(C)) with compact support contained in D; y =
{s€C:o1j < 045 <0 <0,]|t|] < N} Now (11) can be rewritten in the form

Z Zch/ *m2duihs(s)

m=1"'j=1

< o0. (11)

< Q.

This together with hypothesis on c,,; leads to

(o o)
m=1
mENk

n

D> b / e % dpjhi(s)

71=1

<oo, k=1,..,7 (12)

Taking px(A) = Z bjpih; 1(4), A € B(C), w(z) = Jce **dui(s), 2z € Ck =
j=
1,...,7, we write (12) in the form

o0

Y Jwe(Am)| <00, k=1,..,rm

m=1

mENk
Now Lemma 1 shows that vg(z) = 0, and therefore [ s'dfik(s) = 0,1 =0,1,2,..,
k = 1,...,r. Hence, using the definition of i; and the properties of the matrix B, we

obtain that [ s'du;h;'(s) = 0,1 =0,1,2,..,5 = 1,2,...,n, and this together with
definition of the function h; implies the relations

[Cs‘duj(s)=o, 1=0,1,2,..., j=1,2 ...n. (13)

Moreover, we have [4] that there exists a sequence {bm:bm € ~} such that

Y. f _(s1y.-s8n;bm) converges in H, y, and Z ZsupseK | fmj (8, bm)|? < 0.
m=1"""

m=1 j=1
Since |b,,| = 1, condition (13) remains also valid for f(sy, ..., Sn;bm). Thus we have

that all conditions of Lemma 6 [3] are satisfied, and therefore the set of all convergent
series

00
Z a:n_f_m(sla“'asn; bm)a a:n €,
m=1
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is dense in H,, . Hence the set of all convergent series

oo
Zim(sla---asn;am), am E’Ya
m=1

is dense in H,, y, and the closure of this set is the whole of H,, . The theorem is proved.

References

[1] A. Launin&ikas, Limit Theorems for the Riemann Zeta-Function, Kluwer, Dordrecht (1996).

[2] A. Laurindikas, J. Steuding, A joint limit theorem for general Dirichlet series, Lith. Math. J., 42(4), 355-363
(2002).

[3] A. LaurinCikas, K. Matsumoto, The joint universality of zeta-functions attached to certain cusp forms, Proc.
Sc. Seminar Faculty Phys. Math., Siauliai Univ., 5, 58-75 (2002).

[4] A. LaurinCikas, W. Schwarz, J. Steuding, Value distribution of general Dirichlet series, “.III, in
Anal.Probab.Methods Number Theory, Proc. Third Intern. Conf. in Honour of J. Kubilius, Palanga (2002),
A. Dubickas et al. (Eds), TEV, Vilnius, pp. 137-156.

Vieno atsitiktinio elemento atrama

A. LaurinCikas

Nagrinéjamas atsitiktinis elementas, igyjantis reikSmes daugiamatéje analiziniy funkcijy
erdvéje ir irodoma, jog $io elemento atrama yra visa minéta erdve.



