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1. Introduction and summary

Let Xy, X1, Xo, ... be a sequence of independent random variables (r.v.) with common
distribution functionF'(z). Let v be a discount factqd < v < 1). Then we define

(o)
S’U = kaXk‘) (11)
k=0

wich may by interpreted as the present value of a sum of certain periodic and identically
distributed paymentX .. We assume that the first three momentgfare finite:

uz/oo xdF(z) < oo, 02=/w(x—u)2dF(x)<oo,
> o (1.2)

(o)
pz/ |z — p?dF(z) < cc.
—0o0
Then itis easy to see that the mean and variance of th& rare
ES, = u(1 —v)"', DS, =c%*1—-2v?)"", (1.3)
respectively. It has been shown that the normalized random variable
Zy =011 —0)% (S, — p(l —v)"Y) (1.4)
with the meanEZ, = 0 and variancdDZ, = (1 + v)~! is asymptotically normal for

v — 1. We denote the distribution function of the r&, asF,(x) and that of the normal
distribution with zero mean and variange+ v)~! by

No(z) = (1”) /_x exp{ - 1;”}y2 dy. (L5)

2m oo

-

Hans U. Gerber in [1] has proved the discounted version of the Berry—Esseen theorem: if
(1.2) holds, then for alt,

|Fy(z) — Ny(2)| < 5.4(p/0”)(1 —v)%. (1.6)
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We consider the asymptotic behaviour of probabBtyZ, > x) asz = z, — o0, v —
1, i.e., we prove large deviation theorems for the Fy. defined by (1.4) employing
the cumulant method when centered momdafX, — 1) of the r.v. X; satisfy the
generalized N.S. Bernstein condition: there exist quantitizsd and K’ > 0 such that

|E(Xo — p)°| < (s)!K* %62, s=3,4,.... (By)

2. The discounted version of large deviations

Denote

o L

) = ol N - _% v = Cy A'J_F—zva 2.1
A= g0t A0) =al) 1)

wherec, (v) = (1/6)(v2/(6(1 + U)H’V))l/(l”ﬂ anda V b = max{a,b}. In what

follows, letd with or without index denote some quantity, not always the same, not exce-
eding 1 in absolute value. Lét:] be the integer part of the number.

Theorem 1. Letidenticallydistributedr.v. X, WithEX), = pando? = E(X —u)?, k=
0,1,2,...satisfy condition (B.,). Then, for the distribution function F,(z) of ther.v. Z,
defined by (1.4) therelations of large deviations

1-Fy(z) x+1

1 )(x) = exp {L’Y(-r)} (1 + elf(x) Afu('y) )5 (2 2)
Fy(—x) z+1 '
et G G wes)

arevalidintheinterval 0 < = < A,(y). Here

60(1+ (1 +v)Ai(exp { — (1 —2/A()VA(M)})
(1—z/Au(7)) ’

L@)= Y Nab+0(2z/A(). p= { W/ +2 >0,

0 =0.
3<k<p ’ v

(2.3)

The coefficients )\, are expressed interms of cumulantsof ther.v. Z, given by the formula
A = —bi_1/k, where by, are determined recursively from the equations

Yiraz) ¥ Hbﬁ{é: e (2.4)

r=1 Jreetir=j i=1

In particular,

1
b =031 (Z) =1+v, by=—5(1+v)Ts(Zy),
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1
b3 = _6(1 + U)4 (F4(Z’U) - 3(1 + U)Fg (Z'U))a

by = _i(l + U)S(FS(Zv) —10(1 + v)['5(Z,)Ta(Zy) + 15(1 + U)QF§(Z1,)),

where T'y(Z,), k = 2,3, ..., are defined by formula (3.3). For the coefficients A, the
estimate

k—2
| < 2(1];“’) (16(1A+ ”)> (k+1))7, k=34,... (2.5)

holds, and therefore

2 3
. (1+v)z x < (1+v)x

L,y(x) NS 9 T+ SA,U(’)/), Lfy(—lf) = —m. (26)

Theorem 2. Letarv. X, k =0, 1,2, ... satisfy condition (B,). Then, for distribution
function F,(z), therelations
F,(—x)

1—F,(x) .
lim — ) =1 2.7
o1 1= Ny(z) =1 Ny(—x) @7

hold for = > 0, z = o(AY), where A, is defined by formula (2.1)and v = v(y) =
(1 + 2max{1,~v})"L.
In particular, if v = 0, then relations (2.7)hold for z > 0, z = o((1 — v) 7).

Theorem 3. Let arv. X, k = 0,1,2,... satisfy condition (B). Then for probability
P(=+ Z, > z) of ther.v. Z, defined by equality (1.4), the estimates

exp { — gL}, 0<z< <H1%+7A1))1/(1+27),
P(+Z, > z) < ! e . (2.8)
exp { = 3(zA) T} w = (HYTA) T
arevalidwith H, = 217 (1 + v +v?)tand A, = =2 —(1 —v)" 2

3. Proof of Theorems 1-3

The theorems are proved by the cumulant method which was proposed by V. Statislevi™
and extended by R. Rudzkis, L. Saulis, V. Statutas’in [3]-[5]. Denote the characte-
ristic function of the r.vXy, by f(¢t) = Eexp{itX)}. Then, recalling that the r.%, was
defined by equality (1.1) and taking into consideration that theX.k = 0,1,2,...

are independent, we obtain the expression of the characteristic furfgtion of Z,

fz,(t) = Eexp{itZ,} = Eexp {itc™"(1 — v)%(Sv —u(l— v)_l)}
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= exp{ —itpo~ (1 —v) }Eexp{zta (1-v) Sv}

zexp{—ituo (1—-wv)" }Hf _11—11 yzoP ) (3.1)
Then
In fz, (t) = —itpo (1 —v)"1/2 + Zlnf Y- v)zvkt) (3.2)
k=0

The s-th order cumulant of the r.\Z,, is defined by
1 d9

So=lnfa )| o os=12... (3.3)

T (Z’U) = =0’

Next, employing (3.2), we obtaifi, (Z,) = EZ, = 0,

rs(zi,)z((l_:)my L (Xy), s=2.3,.... (3.4)

1—0s
In particular,l'»(Z,) = DZ, = (1 +v)~! and

(1-v)'? T5(Xo) _ (1-v)'? E(Xo—p)°

1+v4+02 o3  14+v402 o3 (3.5)

goee e .

FB (Z’U) =

Our next step is to obtain the majorating upper estimates fa-therder cumulants
Is(Z,), s=3,4,...oftherv.Z,.

ProPOSITION3.1. Ifforarv.X;, k =0,1,2,...withEX;, = pando? = E(X;, —pu)?
the condition(B,) is fulfilled, then

1 (shity

Tfot0? AT 2 s=3,4,... (3.6)

ITs(Zy)] <

whereA, is defined by (2.1).
Proof. Making use of Lemma 3.1 in [3] or [4] and noting thBt(X, — EX,) =
I's(Xo), s =2,3,..., from condition(B,) we obtain

ITs(Xo)| < ()" (2(K Vo)) 0% s=3,4,.... 3.7)

Now, applying expression (3.4) of cumulafitgZ, ), s = 3,4, ..., we obtain
NI+ /(1 — )1/2\ ¢ s—
Ty(z,)| < & (( v) ) (2K v o))" 202

1—wvs o

1—0)¥2(sHH+Y (2(K Vo)) 2 1 sHLHY
< ( )_ (3 s!) ( ) _ 2( 1_2 , (3.8)
1—w o 1+v+4+v2 AS

whereA, is defined by (2.1).
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Proof of Theorem 1. First note that?, () = P(Z, < z) = P(Z} < z,), where
Z¥ = (DZ,)"Y?Z, = (1 +v)'/?Z, andz, = (1 + v)'/2z. Having in mind that
EZ: = 0,DZ; = 1 andT,(Z¥) = (1 4+ v)*/?*Ts(Z,), s = 1,2,... and applying
estimate (3.6), we obtain

(14+0v)*/2 (sHTY  (sHTY

N < = .
|FS(Z’U)| N 1+U+U2 A:?,_Q X (A,T))S_Q, S 3)4) b (3 9)
whereA* = (14 v)~/2A,. Itis obvious that
_igp [T Lo,
q)(x'u) = (277) €xXp { - 5 Yy }dy = N’U('r)) (310)

whereN, (z) is defined by (1.5). Hence, the r§.= Z; satisfies the conditio(iS.,) in
Lemma (2.3) (see [3], [4]) a& = A% = (1 +v)~'/2A,,. Consequently, basing on this
lemma and relations (3.7), (3.8), we arrive at the statement of Theorem 1.

Proof of Theorem 2. At first note that

o 1

A’U =
2(KVo)(l—uv)/2

— 00, v—1. (3.11)

Now, relying on the statement of Theorem 1, we can get convinced that far all
o(AY), wherev = v(y) = (1+ 2max{1,7})~",

A_l('y)x — C,;l(’y) O(Ai(’)’—max{l,’)’})/((1+2’Y)(1+2max{lﬁ}))) -0, (312)

because; — max{1,~} < 0forall v > 0. So, according to Theorem 1 we need to prove
thatL. (z) — 0 for all z = o(AY). Recalling expression (2.3) df,(z) and making use
of estimates (3.5) of the cumularits(Z,), we derive

1+v)267 o
A,
_ (1 + U)2 6y O<A12)(1—max{1,fy})/(l+2 max{l,fy})) N ,

Psa?| = 2(1+0)° [Ts(Z)e?] < (a%)

becausd — max{1,~v} < 0.

Proof of Theorem 3. First, note thal'»(Z,) = DZ, = (1 +v)~! < H,, where
H, = 2'77(1 + v + v?)~ 1. Then, using estimates (3.5) of tkeh order cumulants
Is(Z,), s > 3, of the r.v.Z, with the mearEZ, = 0, we obtain

N H,
S—) ! s=2,3,.... (3.13)

< v
@< (3) A
Thus the r.vé = 7, satisfies condition (2.12) of Lemma 2.4 in [3] or [4] Bs= H, and
A = A,, whereA, is defined by (2.1).
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Diskontavimo ribin'es teoremos atsizvelgiantdidziuosius nuokrypius
L. Saulis, D. Deltuviep’

Darbe gautos atitinkamai normuotos sunsgs= ZZ":O 8 X, 0 < v < 1 skirstinio didZijju
nuokrypi teoremos ir eksponengs nelygyles, kai atsitiktiniaidydziai Xo, X1, X2, ... tenkina
N.S. BernSteinoayga.



