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Let
a b
SL(2,Z) = {(c d) :a,be,d,€Z, ad—bec = 1}

be the full modular group. A holomorphicon Sz > 0 function F'(z2) is called a cusp form
of weight  for the full modular group SL(2,Z) if

F(az+b

cz+ d) = (e +d)°F(3)

for all

(z 3) € SL(2,Z).

We assume additionally that F'(2) is a normalized Hecke’s eigenform. Then F'(2) has the
Fourier series expansion

o o]
Z c(m)e?™™= (1) =1.
m=1

E. Hecke introduced the zeta-function ¢(s, F'), foro > ﬁzf—l given by absolutely conver-
gent Dirichlet series with coefficients c(m):

o(s,F) = Cr(::) :
m=1

The function ¢(s, F) is analytically continuable to an entire function. Moreover, for o >
(k 4+ 1)/2, ¢(s, F) has the Euler product expansion

- 1(-)”"(-2)

p
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with
c(p) = a(p) + B(p)-

Let
vr(...) = %meas{f €0, T): ...}

where meas { A} denotes the Lebesgue measure of the set A, and in place of dots we write
a condition satisfied by 7. Denote by H (D) the space of analytic on D={s€Z: o>
x/2} functions equipped with the topology of uniform convergence on compacta. Let v
be the unit circle on Z, and

Q= H’yp, ~yp =+ forall primes p.
P

Then § is a compact topological group, and on (£2, B(€)) (B(S) stands for the class of
Borel sets of the space S) the probability Haar measure mpy exists. This gives a prob-
ability space (§2, B(2), my). Define on this probability space an H(D)-valued random
element (s, w; F)) by

where w(p) is the projection of w € Q2 to the coordinate space 7. Let P, be the distribu-
tion of the random element (s, w; F'). Then in [1] the following statement was proved.

Theorem A. The probability measure
vr(p(s +ir, F) € A), Ae B(H(D)),

converges weakly to P, as T — oo.

The aim of this note is to present a limit theorem for the function (s, F) in the space
of continuous functions C(R) equipped with the topology of uniform convergence on
compacta. Let w be an arbitrary complex number and ¢ > (x + 1)/2. Define a branch of
the multi-valued function ¢* (s, F') by

(5, F) = exp {wlog(s, )} = (1-22) " (122

Hence we deduce that, for o > (k +1)/2,

(s, F)=1]>_ g"}'g‘) =y edm)

ms
p k=0 m=1
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where
w(pk) = E dw(pl)al(P)dw(Pk_l)ﬂk‘l(P),
p!|p*
do(pt) = LED-wrk=b) oy

k! ’

and g,,(m) is a multiplicative function.
Let 8 > 1/2/2 be fixed,

+ 6(loglog T)3/2

K
——yp = o/ — (27 11oglog T)~1/2.
2 lOgT ’ ( Og Og )

Similarly as in the case of the Riemann zeta-function [2] it can be proved that

Z gnrniz'?izm), w(m) = H w*(p)

mgT pe|m
for almost all w € € converges uniformly in t on compact subsets of R to some function
S(t,w) as T — oo. Therefore the limit function S(t,w) is a C(R)-valued random ele-

ment defined the probability space (€2, B(€2), my). Denote by Ps the distribution of the
random element S(t, w). ‘

Theorem. Suppose that the function (s, ') has no zeros in the region ¢ > k/2. Then
the probability measure

Pr(A) Y vr(o" (o +it +ir) € 4), A€ B(C(R)),
converges weakly to Ps as T — oc.

Here we will give a sketch of the proof of the theorem.
First we consider the Dirichlet polynomial

Su(s) = 3 frxlm)

ms
mgu

Define on (C(R), B(C(R))) the probability measure
Prs.(A) = VT(ST(UT +it +i7) € A).

Lemma 1. The probability measure Pr s, converges weakly to the measure Ps
as T — oo.
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Proof. First we prove the existence of a probability measure P on (C(R), B(C(R)))
such that the measure Pr s, converges weakly to P as T — oo. This is a consequence
of the relation

lim G (M) (m) = S(t,w),

T—0 meT +it
m<T

which is valid for almost all w € € uniformly in t on compact subsets of R, of properties
of the weak convergence and of a limit theorem for the probability measure

vr((p7*",p3",..) € A), AeB(%),
where p,, denotes the mth prime number, see [2].
The sum St(s) is too long, and we will change it by a shorter one. Let
r=T5/2  er =(loglogT)™!
Lemma 2. The probability measure Pr,s,, . converges weakly to PsasT — oo.

Proof There exists a sequence {K; } of compact subsets of R such that
(o]
U i, Kj C Kj1,

and if K is a compact subset of R, then K C K; for some j. Let
o;(f.9) = sup d(f(t),9(t), f.9€CR).

Then

oo

7 Q] fv
Z 1+QJ fa )

is a metric in C(R) which induces its topology. Here d is the spheric metric on the Rie-
mann sphere. Let

. Irr (M)
Zr (lt, T) = Z W .
np<m<T

Then, using the contour integration and the Montgomery—Vaughan theorem, we find for
any compact subset K of R that

. BlogT g2, (m)
vr ( fg[g |ZT(Zt, T)I 2 ET) = 2 z maT’g/ log T

ér nr<m<T
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3/2 _ d?
Blog T - 8(log lcigT% 2 Z Bona(m) _ o(1),
eT g nr<mgT m

as T' — oo. This and the definition of the metric o yield

VT(Q(ST(U +it +i7), Spp (0T + it + 7)) > e)

T 2 sup | Z (i, T)|
< 1 s€K;

il -Jj_
S e ;2 142 sup | Zr(it, ‘r)]

(>

T T 2 sup |Zr(it, T
—1i2-z‘l / + / A dr=o(1)
Y. T 142 sup |Zr(it,7)| 7

0 0 teK;

sup |Zp(it,7)|Ser sup |Z7(it,7)|>eT
teEK; teK;

as T' — oo. Hence in view of the well-known properties of the weak convergence the
lemma follows.

Now let
9(s) = ¢"7(s, F) = Sny(s).
Our next aim is to obtain the following assertion.

Lemma 3. Letep = 1/logT, andlet K be a compact subset of R. Then

VT(sup |g(aT + it + zr)| > £T> =0(1)
teK
as T — oo

Proof. We apply the moment method developed in [2]. Let

- / lo(o +it)|*w(t) dt,

with

T/2
w(t) = / exp{ —2(t —27)}dr.

log2 T
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Then similarly as in [2] we obtain that, for k[2<0< 02 < k/2+1/16 and T > To,

n43—dog—day —oq)
I\’(ag) _ B(]\’(o-l))4 ::+3230:a (Tl—cm-r)ﬁ',—’,%—';};
4x+3—8a

+B(K(0y)) %1 exp { — ca(02 — 1) log® T}

Further, we define
L(o) = / |Sur (0 +it)|/"Tw(t) dt
—o00
and
[o o]
= / (o + it, F)[ w(t) dt,

and prove that, for T' > To,

_"':_ _l_ _ 14¢
L(2+logT)—BT(logT) . >0,

J(% + Egl'T) = BT log"T.

From this and (1) we deduce that, foroT — ﬁf Lor<or+ Tgél—f and T > To,

K(67) = BT exp { — c3(log logT)S/Z}.
Now by Chebyshev’s inequality, using the contour integration, we find

1 2
su or + it +1i7) sT)g—/supgaT+it+ir dr
( 6[13|g( | > 2T cexl ( )

= BlogT/ Ig(aT + it + i7')|2 dt = BT exp { — 03(10g10gT)3/2},
0

This and (2) prove the lemma.
Proof of the Theorem. Let € be an arbitrary positive number. Then

vr (g(cp"T (o + it +i7), Sur(orT +it + it)) > s)
2 sup |g(o + it +i7)|

o0
teK;
iz
ZQ /1+25up |ga+zt+rr)|
j=1 teK;

mlv—-

8))

2
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T 2 sup |g(o+it+iT)]|
1 ;1 tek;
== R il ? dr=o0(1
522 T( / + / )1+2 sup |g(o+it+iT)| 7=o(1),
=1 0 0 teK;

sup |g(o4ittit)|<ep sup |g(otitkit)|>ep
teK; tEK;

as T — oo by Lemma 3. Hence the theorem is a consequence of Lemma 2.
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Ribiné teorema normuoty paraboliniu formu dzeta funkcijoms
A. LaurinCikas

Straipsnyje irodyta ribiné teorema silpno maty konvergavimo prasme normuoty paraboliniy
formy dzeta funkcijoms tolydZiy funkcijy erdvéje.



