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1. Introduction

Let f, be aset (z > 2) of integer-valued strongly additive functions (s. a. f) and fz (p) €
{0, 1} for each prime number p. Let

ve (fo(m) < u) = [g] ' #{m < z, fz(m) <u}

be the distribution function of a &, a. f. f from this set. The distributions vz (fz(m) < u)
we will call having finite support if

zll.n;lo Vg (f.‘l:(m) > C) =0,

for some constant c.

In this work we will show that finite support of distributions v (fz(m) < u) separate
the values f(p) for small primes p (p < const) from the values f;(p) for large primes p
(p > z%).

Theorem. Let f, T > 2, be a set of s. a. f, fz(p) € {0, 1} for each prime number. The
next two conditions are equivalent.
(a) It exists a constant ¢ such that

zlivngo vz (fz(m) > c) =0.

(b) There exists constants D and o € (0, 1] for which

. 1
fim Y, =0
D<p<Lz>
f=(p)=1
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2. Preliminary results

Lemma 1[1]. Let h(m) be an arbitrary real-valued additive function. There is an abso-
lute constant ¢y such that ' ‘

1< 611(2%)—1/2.

mgr p<zT
h(m)=a h(p)#0

Lemma 2 [2]. Let f beaset of s. a. f. and fz(p) € {0, 1} for each prime number p. Let
&,, be an arbitrary unbounded increasing sequence. The distribution vi (fz,(m) < u)
converges weakly if and only if the limits

. * * * * 1
lim E E e E E —_— =g
n—oo < < . - 1P2 ...
P1<Zn p2<in pr-1<Zn P<En Pip2---Pu

P2#P1 Pl_17P1,P2,--Pl—2 P1P2..-PI1<En
PI#P1:P2: - Pl-1

exist for each natural number l. Here the superscript * over the sign of sum means that
the summation is expanded over primes for which fz,.(p) = 1. Moreover, the limiting
distribution has characteristic function

Let —1)',

1+ i

M8
=|e

1

3. Proof of Theorem

I. Suppose that condition (a) is satisfied. Let z, be unbounded increasing sequence. There
exists a subsequence #, such that vz (fz, (m) < u) converges weakly to some distribu-
tion function F(u). From Lemma 2 we obtain that limits

. * * * * 1
lim E E .. E E —_— =
n—oo “cee
P1<in P2<in pLo1<in pi<in ~ PWP2P

P2#£P1 Pl—1#P1,P2y.-Pi—2 P1P2---PISEn
PI#P1 P2y PI—-1

exist for each [ = 1,2, ..., and F(u) has the characteristic function

1+

M8

Pl 4 l
—“—(et——l) .

~
Il

1

It follows from condition (a) that for L = [c]

4PL+l:‘PL+2=~~=O-
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Hence

. * * * * 1
lim E E N E E —_=0.
n—o0 oo
P1<En P2<iEn PLSEn PLr1<En P1p2---PL+1

pP2#P1 PL#P1,P2,---PL-1 P1P2..-PLPL+1S$En
PL41#P1:P2:- PL

Since z,, is an arbitrary unbounded increasing sequence, we obtain

* * * * 1
lim > )" ... > Y. - =0 (1)
T pisz pasa pL<z pLi1<z P1pP2---PL+1

P2#P1 PL#P1,P2,--»PL—1 P1P2-.-PL+1ST
PL4+1#P1:P2:--PL

Here and later the superscript * over the sign of sum means that the sumation is expanded
over primes for which fz(p) = 1.
Let now d be natural number and

aq =limsup#{p < d: f.(p) = 1}.

r—00

If dL+! < z, we have

Y YT —
p1<d p2<d pL+1<d P1p2---PL+1
P2#P1 PL4+1#P1,P2,---,PL

* * * * 1
33 DD SUND DL
pi<z p2&z pL<Z PL+1€Z hp2---PL

P2#p1 PL#P1,P2,--»PL—1 P1P2...PL+1KZT
PL41#P1:P2:-PL

Hence from (1) we obtain
i Y Y =0
z_.wplsd ngd PL+1<d p1p2"'pL+l

p2#p1 PL+1#P1,P2,.-,PL

It follows from the last equality that ag < L. The sequence agq is not decreasing and
bounded. Consequently, it exists

lim a4 = a*.
d—oo

Since the sequence ag is integer-valued, there exists a natural number D for which
aq = ap = a* ifd > D. Hence for each d > D we have

limsup#{p < d: fz(p) =1} = limsup#{p < D: fz(p) =1} < L.

r—00
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Using the last equality we obtain that
lim f.(p)=0
r—00
for each fixed prime number p > D. Thus

) 1
lim max - =0. 2)
T—00 D<pLr P

Fr(p)=1

Let as above T, is the unbounded increasing sequence. There exists a subsequence
&, such that vz, (fz, (m) < u) converge weakly. According to the Lemma 1

vi, (fi,(m) =1) < ( Z l)_1/2.

p<in P
fi,, (P)=1

forl =0,1,..., L.
From (a) follows the existence of I* for which

Jim vz, (fz,(m) = ) > -L—i—l

Consequently,

1
lim sup Z S« (L+1)2
T pgia

fin (P)=1

Since z,, is an arbitrary unbounded increasing sequence, then the last inequality im-
plies

Ir—00

*1
lim supz ’ < (L+ 1) 3

P
Using the equality (2) and the estimation (3) we have
lim sup Z* . z*

T—=00 D<pi<zl/L+l D<piKxl/LH D<p;<gV/L+l D<ppiq <t/ Lt
P;=Pi

* * 1
P1pP2 - -PL+1
1 *1\L
< limsup max —(Z -) =0
r—oo D<pST D < p
fz(p)=1 PST

for every pairi,j, 1 <1 < j < L + 1. Thus we get that
1y L+1

lim sup ( Z* p)

Fee D<p<al/L+1
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hm sup Z Z ) 1

pr<a/ L+ p2<11/b+1 pLe1<et/ B+ Pip2.--PL+1
P2#P1 PL+17P1,P2y.--,PL

. * * 1
ghmsupz* )IRTTEDS PiP2-.-PLt1

r—o0
p1<T p2KT PL+1SZT
P2#P1 PL+1FP1,P2,.-PL
P1P2...-PL+1KZT

The condition (b) follows now from the last estimation and equality (1).

II. Suppose now that condition (b) holds. Let | be a natural number. For large =
(D' < z) we have

Z 1 < l'Zfz f:c m)_l) (f:v(m)_l+1)

m<z m<z
f:r.(m)>l
* * 1
B S5 NS SN DU
p1<T P27 pi_1<z i<z pip2...Dt
P2#P1  PI—17P1,P2,..,Pl—2 PIP1,P2y.-,Pl-1
P1P2...-PIST
«3 (2 N(m(zt )"
j=1 “D<pgz® p<D P z"<P<::
! . . . .
3D NP VIS M T
=0 p1<D p2<D p;i<D P1p2---Pj
P2#PL  Pi#EP1P2.-Pi-1
* * 1
D N S T
20 <pip1 <z 2o <pi<z Pj+1.--Dl
P1P2...PIST
Since
*1 «1 1
Z - < Inln D, Z _<<an’
PSD p x°<p<: p

then the last estimation and condition (b) imply that

lim sup vz (fz(m) > 1)

Ir—00

. 1
«,lemsupz Z E p1P2 - - . Dj

=0 7% pi<DpagD pi<D
p2#P1 Pi#P1,P2se-sPj—1

* * 1
zo<pi41€T zo<p<T Pj+1---Pl
P1P2...PIST
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If | = 2(max(m(D), [%]) + 2) all terms of the last sum are equal zero. Hence the
condition (a) holds with ¢ = 2(max(m(D), [£]) + 2). This proves the theorem.
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Adityviuju funkcijy skirstiniai su baigtinémis atramomis
J. Siaulys

Darbe tiriama, kokia itaka skirstiniy vz(fz(m) < u) koncentracija baigtinéje gardeléje turi
stipriai adityviyjy funkcijy $eimos f; reikmeéms pirminiuose skaitiuose. Nagrinéjamos tos stipriai
adityviosios funkcijos, kurioms fz(p) € {0,1} visiems pirminiams skai¢iams p.



