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On the denseness in the space of analytic functions
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For any region G on the complex plane, by H(G) we denote the space of analytic
on G functions equipped with the topology of uniform convergence on compacta. Let
Gy, ..., G, be simply connected regions on C, and H(Gy,...,Gn) = H(G1) x ... %
H(G,). In the theory of zeta-functions we have often to consider the denseness in
H(G4y,...,Gr) of some series. For this aim the following statement is useful. Denote
by B(C) the class of Borel sets of C.

Theorem. Let {im} = {(fim,- - -, fam)} be a sequence in H(G1, ..., Gy) which sa-
tisfies: :

1° If wy, . . ., pun are complex measures on (C, B(C)) with compact supports contai-
ned in Gy, .. ., G, respectively, such that

Y. Z/f,-mduj
m=11;j=17C

< 00,

then ‘
/ s"dpi(s) =0
c v

fori=1,...,n,7=0,1,2,...;
20 The series

PIEM
m=1

converges in H(Gq, .. .,Gr);
3% For any compacts K1 C G1,...,Kn C Gy,
o0

S sup [fim(s)] < oo

m=1j=1 €Ki

Then the set of all convergent series

[+
> ant,,
m=1
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with lam| =1, m = 1,2,.., isdense in H(G1,...,Gp).

Note that the case n = 1 was considered in [2], Theorem 6.3.10,and for G; = ... =
G, the theorem was obtained by B. Bagchi [1]. However, for example, the investiga-
tion of the joint universality of zeta-functions attached to cusp forms of different weight
require to consider the case of the space H(G1, ..., Gr).

Proof of the theorem. Let K be a compact subset of G, j = 1,...,n. We choose a
simply connected region V; such that K; C V;, the closure V; is a compact subset of G
and the boundary 8V} of V;, j = 1,...,n, is an analytic simple closed curve. Consider
the Hardy space H?2(V;), see the definition in [2], Section 6.6.3, which is an Hilbert
space, j = 1,...,n. Now let

H2(Vy,..., V) = H* (V) x ... x HY(V,).

Define for f = f(f1,...,fn)s 9= (g1,-.-,9s) € H*(Vi,...,Vy) the inner product by

n

(f,’ Q) = Z(fj’ 9i)s

=1

where (f;,9;) is the inner product on H3(V;), j = 1,...,n. Thus we have that
H?(Vy,...,Vy) is an Hilbert space again. By the proof of Theorem 6.3.10 from [2] we
have

I£, 1% =(£,., Z(f,, i) = Z 1517 = BZ sup |3 ()2
i=1

Here B is a quantity bounded by a constant. Therefore in view of the condition 39, by the
choice of Vj,

00
> P < oo
m=1

Now let g € H%(V4,..., Vy) be such that

oo

S 1,0 9)] < oo )

m=1

Using the formula for the inner product in H3(V;), see [2], Section 6.6.3, we obtain
that there exists a complex measure p; on (C,B(C)) with support contained in 9Vj,
7 =1,...,n,such that

9= / fim dis.

ch
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Hence by (1)

d[.tj < 00,

and therefore by the hypothesis 1° of the theorem

'/Srduj=0
[o}

forj=1,...,n,7=0,1,2,.... This means that g; is orthogonal to all the polynomials,
j = 1,...,n. Since the polynomials are dense in the topology of H2(V;), hence we
obtainthat g; = 0,5 = 1,...,n,and g = 0. Consequently,

El(f .9)|

m=1

for0 # g € H*(V,...,V;). Therefore by Theorem 6.1.16 from [2] we obtain that the
set of all convergent series in H2(V},...,V,,)

oo
> anf,
m=1

with |o| = 1, m = 1,2,..., is dense in H3(Vy,...,V,). Let f = (f1,...,fn) €
H(G,...,Gy) and € > 0. Since the convergence in the H?(V;) topology implies the
uniform convergence on compact subsets of V;, j = 1,. .., n, hence we deduce that there
exists a sequence {@m, |am| = 1} such that the series

Z amfjm

m=1

.

convérges uniformly on K forall j = 1,...,n,and

n

Z sup

1 S€EK;

Z amf]m fj(s) <

m=1

£
T

Hence there exists a natural number M such that

= €
Z sup Z am fim(s) = fi(8)] < @
sEK, me1
and, in view of the hypothesis 2° of the theorem,
el 3 fimte)| <5 )
i=1 s€K; 2

m=M+1
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am, 1<m<M,
Ay =
1, m > M.

Then (2) and (3) yield

n

2 sup

—1 %€K;

Z amfim(s) — fi(s)| <&,

m=1

and the theorem is proved.

Let Fj(z) be a holomorphic cusp form of. weight «; for the full modular group
SL(2,Z), and we assume that F;(2) is a normalized eigenform, j = 1,...,n,n > 2.
Consider the zeta-functions '

oto5) = 3 ctmm= =T (1- 220) " (1- 20) m> 5

j =1,...,n, and their analytic continuation. Here c;(m) denote the coefficients of the
Fourier series expansion for F;(2), and ¢;(p) = a;(p) + Bi(p). i =1,...,n
Let, for |z| =1,

22 28
log(1 =z——+=—...,
og(l+2)=z 2+3

and define

£ (1, v8m,0) = (—1og(1-3‘](%)“£> ~lo (ﬂlz()s? )
o (22427 -1 (@M)),
P o

where |a,| = 1 for all primes p, and for some N > 0,

- 1
SjEDj‘N={S€CZ£2:L<§RS<K];- ,|t|<N}, i=1,...,n

Then the theorem can be applied to prove that the set of all convergent series

Zip(sl,...,sn,ap)
P

isdense in H, = H(Dy N) X ... X H(Dn n).
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Apie tir§tuma analiziniy funkciju erdveje
A. LaurinCikas

Nurodyta pakankama salyga, kad konverguojanciy eilu¢iy aibé analiziniy funkcijy erdvéje bty
tir§ta toje erdvéje.



