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CTpyKTypa palyoHaJILHOBO apMMPOBAHUA KOHCTPYKIMM MOXKeT OLITL Takoi,
uto oHa Oyaer HeonHopoaHo# mo koopamHataM [1]. Ilns ompenenenus
KPUTUUECTUX HATPY30K TAKUX KOHCTPYKIMH Hellecoobpa3HO NPUMEHATL METOX
KOHEUHLIX 3JIeMEHTOB. 3a IocJjie JHHe roLl 3TOT METOX MIMPOKO NpHUMEeHseT-
cfl IJiA pelleHus pa3HLIX 3ajlau TeOpUM YNPYroCTM M Xopomo pa3paboTaHa
MeTONMKA pelleHUus 3alau yCTOWUMBOCTM yNPYrMX KOHCTpYKUMH MeTomom
KOHEUHLIX 3JIEMEHTOB. 3HAUYMTEJILHO MeHbIle paGoT Mo pPa3sBUTHIO MeTola
KOHEUHLIX 3JIEMEHTOB PUMEHUTEJLHO K 3alayaM BA3KOYNPYrOCTH, KOTOPLIE
B OCHOBHOM OTHOCATCS K Je(pOPMMPOBaHMIO MAaTePHaJIOB MM M3ruOy pasHLIX
koHcTpykuuH. Bonpocu ycrofiumBocTi obojiouek ¢ yueTOM MON3ydecTH Ma-
Tepuajla MeTOJOM KOHEUHLIX 3JI€MEHTOB MaJlo MCcleNoBaHHLI. PaccMorpum
aJITOPUTM pelleHus 3aJay AiIuTenLHo# ycTouuBocTu oGosouek M3 KOMNoO3-
HUTHLIX MATepHaJIOB METOAOM KOHEUHLIX 3JIEMEHTOB.

IIycts, o6osiouka H3 BA3KOYNPYroro KOMIO3WTa HaXOAWUTCA NOA MJIH-
TEeJLHLIM AelicTBMeM Harpy3ku M MaTepuall paccMaTpuaeMoll oGosouku cie-
ayet nuHeMHOMY 3akoMy HaclleACTBeHHOH MmojsyyecTn

t
0" (t) = AMep(t) - / RM(t — r)ew(7)dr, )
0

rae AYK! _ KOMDOHEHTLI TeH30opa YympyrocT kommo3sura, R7X(t — 1) — Ten-
30p UeTBEPTOro PaHra, KOMIOEEHTaMH KOTOPOTO SABJIAIOTCA AAPa pPeJIaKCaluH
Matepuana. Pusnueckoe ypaBHenue (1) mpencraBum B Gosnee koMmakTHOM
3anucu

o' (t) = AT (egy), ()]

rae nuvHelHm# omepatop AY* ompenemenm kak uHTerpanLHHEIK omepaTop
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BoanTeppa

t

Zijkl("lkl) = Aijklnkl(t) - /Rijkt(t = )Nk (7)dT. 3)
0

Ilpy onucaHMHM 3aKOHa W3MeHEHMA IepeMelleHuit mo ronmuue o6oNOUKM
npuMeM, YTO HOPMaJlLHEIE K CPeJNHHOW IOBePXHOCTM BOJIOKHA mpH Aedop-
MaIuu oBOJIOUKM M3MEHSIOT CBOIO NJIMHY, OCTAlOTCA NpAMoJuHeWHLIMM, HO
He NepleHIVKYISPHLIMU K JedpopMupoBaHHolt cpeluHHOM noBepxXHOCTH, T.€.,
npu nedopmauun o6oJI0UKa MMeeT MIeCTh cTeleHelt cBoGoAL.

Ilanee pacCMOTPUM KMHEMATHYECKHE COOTHOIIEHUA ¥, KOHEYHO, 3JIeMeHT-
Hyl0o (GOpMYJMPOBKY NOCTaBleHHo 3amaum. PacmonoxuM Ha cpemuHHON
NOBEPXHOCTH OGOIOUKM CHCTeMY KpUBOTMHeHHLIX koopauHaT {z%, z3} ¢ Gasu-
coM {@q,d3} Tak, uTOOLI GasuCHHN BekTOp @3 GLUT HampaBJieH B CTOPOHY
BHelIHe}#i HOpMaJiM NMOBEPXHOCTH M IpPHMeM, 4YTO O00OJIOYKa IO TOJIIMHE
¥MeeT MHOrOCJOWHYIO CTPYKTYPY C KYCOUHO-IOCTOSTHHOM >XeCTKOCTLIO M
NnepeMemeHUss MO TOJIUHe OOOJOUYKM IJIA BCero IakeTa CJO€B B IejoM
pacipe neJISIOTCA COTJIacHO runorese Tuna TuMomeHnko Buaa (2]

{u(z*,t)} = {v(z*,t)} + z* {7(z*,1)}, 4)

rae {u(z®,t)} - BekTOp monHLIX mepememenuit, {v(z*,t)} = v (x*,t) x dg +
w(z®,t) * @3 — BeKTOp NepeMemeHu#t cpeauuHolt mosepxmoctH, {y(z*,t)} =
¥B(z*,t) * @ + v(z*,t) * G3— BeKTOpP MOBOPOTA M YMJIMHEHMs HOPMAaJLHOTO
anemenTta. Jlna onpenenenusa moiHuix AedopManuit uUcnosib3yeM COOTHOmIe-
Hne I'puna

2% e;j(z%,t) = u(z®,t) i * §j + u(z®,t) j * G + u(z®,t) : % u(z,1),;, )

M BLIpa3UM C NOMOMmKLIO runmore3n (4) TpexmepHule Aepopmanuti (5) uepes
meyMmepaiule. B (5) §; — BekTopn npocTpaHcTBeHHOro 6a3uca ¢ METPUYECKMM
TEH30pOM gij = §i * §j. Cnenysa [2], nony4aeM caelyiomue COOTHOUEHUS NI
nonHLIx aedpopmanuit obosouek coriacHo runorese TUMomeHKO:

e,\,,(g:"‘,t) = Q,\”(x", t) +zx* Xz\p(xa’ t)+ 22 % ¢Au(xa’ t)s
exs(z*,t) = Qaz(z, t) + z * xa3(z, t), (6)
e3s(z”,t) = Q33 (z°, t).
Bripaxkenus 31eCh HCHOJb30BAHHLIX ABYMEPHHIX TEH30POB ¥ BEKTOPOB MOYKHO
Haittu B (2, 3]. Ilna oGosouek ¢ 3alaHHLIM NEPBLIM Qa3 U BTOPLIM bag

TeH30paMy IOBEPXHOCTH, BLIpaXKasg TEeH30PHLIE KOMIIOHEHTHI JedopManuif,
ucKpuBJeHu# ¥ nepememernuit uepes ¢pusnyeckue, MoxkeM 3alUCATL

{E(Iavt)} = [L]{u(:t“,t)}, O]
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roe {u(z*,t)}7 = {u(z™t),v(z%,t),w(zt), (2%, 1), v2(z%, 1), v(z*,t)} -
BEKTOP (M3NUUECKUX KOMIOHEHT oBobmeHHLIX nepememenuti, {e(z*,t)}T =
{0 (2, t), xau(z*, ), Qas(z®, t), xa3(z*, t), Q33(z®, t)} - BekTOp NMHERHEIX ne-
¢popmanutt, L] — oneparop au¢pepeHUMPOBaHNUS, 2IEMEHTLI KOTOPOTO BLIpa-
aloTcs yepes cuMBoianl Kpucroddens, KOMIOHEHTLI IEPBOrO U BTOPOTO TeH-
30pOB NOBEPXHOCTH M ONEPATOPOB YACTHOIO AU (PepeHIMPOBAHUA O KOOP-
nuHaTaM nosepxHoct. OBosouka pa3buBaeTca Ha M KOHEUHLIX 3J1€MEHTOB.
O6o3naunM BekTOp 0BOBIMIEHHLIX Y3/IOBLIX Nepememenutt anementa {¢(®)(t)}
¥ NOJHLIY BeKTOp 0GOGIIEHHLIX y3I0BLIX epeMelnenuit Bcel oGomouku {q(t)}.
[TepeMeluenus BHyTpHY 3JIeMeHTa BLIPAXKAIOTCA Uepe3 Y3JOoBLIe MepeMemeHus
¢ MCNOJIL30BaHMeM (QYHKUMU GOPMLI aeMeHTa [3]

{u@®,t)} = [N@*)] * {q )} (®)

3necn [N(z%)] - ¢ynkumm ¢opMul anementa. IloacraBnsas (8) B (7),
nojyyaeM JMHeHHLIE KMHEMAaTUYeCKUE COOTHOWIEHUA IJIs KOHEUHOIOo alle-
MeHTa

{e(z®,0)} = [B(x")} * {¢ (1)} )

3nect [B(z®)] - maTpuua cBs3n nepopManuit sieMeHTa C y3JNOBLIMH Iepe-
MewmveHUAMU. B obmeM ciyuae aaeMeHTH MaTpuunl [B(z*)] conepskat yacT-
HLIE€ IPOM3BOJHLIE IEPBOro MOPAAKA GYHKINU GOPMLI O r106aJLHLIM KOOp-
nuHaTaMm obosouku <.

Ina uccnenoBanus AauTenbHOM ycTrolumBocTH oBGosouku Heo6xoauMo
CONOCTABUTL TPAEKTOPDHMM €e BO3MYIIEHHOTO M HEBO3MYIIEHHOrO COCTORLI-
anuit [6]. IIpumemM, uTo oBonouka uaealLHOM popMLI , HaxoAAmMascs B Mo-
MEHTHOM MCXOJHOM COCTOSHMM, NPH 3aJaHHLIX IPaHMYHLIX YCJOBHAX B MO-
MEHT NPHUIIOKEeHUA HArPY3KM HAXOAUTCA B MOJIOXKEHMM PaBHOBECUA M, M3-3a
NOJ3yUMX CBOWCTB CBA3YIOWEro, HAUMHAET MelJIeHHO Ae(pOpMUPOBATLCA BO
BPEMeHHU. DTO ABWKEeHMe IPUHMMAeTCs 32 HeBO3MYIeHHOe, XapaKTe pU3yeMoe
nepememenmnamu v, nepopmanuAMM eg;)) u Hanpsmkenuamu o(9¥), Jlanee B
MOMEHT BpeMeHM t* 060JlouKa NoJy4yaeT BO3MyIenu e, B Bune Bekropa {b°} u
NepeXonUT B BO3MYIIEHHOE COCTOSIHNE, ONMCLIBaeMoe GpyHKIMAMY u;(t), ei;(t),-
g(t) mt € [t*,00).

Y paBHeHHe NBWKEHHUA BLIBOAUM, MCXOXs M3 npuHnuna [amuanTona

ta

/ a( V/ (gag;} *%6{u}—a‘j(t)*6e,-j(t))dV+ S/ {P}a:é{u}dS)dt:O. (10)

ty

3mect {u}T = {u(z®t),v(z t),w(zt),71(z* t), v2(z*,t),¥(z*,t)} — BexTOp
nepeMemenuti, V — obneM obosnouku, S — nonHas rpanuua obonouxu, {P}
— BEKTOp BHEIIHMX MOBEPXHOCTHLIX CHJ, ¢ — INIOTHOCTL KOMIO3MTa, 0')(t)
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onpenensercs popmynamu (1). B ycnosum (10) BapLupyioTCs NepeMelmenus, -
COBMECTHLIE C T€OMETPUUECKUMU CBA3AMH.
Wcnonn3yeM paBeHCTBa

u;i(t) = uEO) + bu;, eij(t) = eg.)) + eg)(t) + e(z) (t),

(11
o'i(t) = o@i 4 gV (t) 4 o@(2),

B KoTOpLIX uHAekcam (1) u (2) o603HaUeHLI COOTBETCTBEHHO NMHelHAA U He-

nuHeliHas cocTaBIAIOMKE NpUpalleHnti KOMIOHEHT TeH30poB Aedopmanuit u

nanpsxeHuti. IlocKONLKY HCXOMHOE COCTOAHNE PABHOBECHOE, TO BLINOJHSAIOT-

cs ycnoBus

-
su® =0, 6 =0, / / o (t) x oV (1)dVdt = / / Pi6u;dSdt. (12)
oV oS

Mopcrasnssa (11) B (10), yuurnBas (12) u npeHeGperasa 4ieHaMH TPETLETO
1 6ollee BLICOKMX MOPSAKOB, NOJIydaeM YpaBHEHUE

173 t2
/ SL*dt = / (6A1 — 64z — 643)dt, (13)

KOTOpOe ONMCHIBAET ABIDKEHHe KOHeyHoro aijeMeHTa oGosouku. Iloncrasus
(8) B nepBoe cnaraemoe (13) ¥ mpoMHTErpMpHMBAB IO TOJIMIMHE O0BOJIOUKH C
yueToM TOro, 4To Ha KOHIAX BPEMEHHOro MHTEpBaJa y3JIOBEle IepeMelleHus
NMeloT GUKCHPOBAHHBIE 3HAUEHHUSA, [ONYUNM

t2

/ 6Adt = — / 6{g®(t)} " [M©@]{q®)(¢)}dt. (14)

ty

3necs [M®)] = o* h« [s.[N(z®)]T[T1][N(z®)]dS. ~ MaTpuua Macc KoHeuHOTO
aneMeHTa. Bce aneMentn marpuun [T1] paBmm 0, kpome nnaroxam,uux
T1(1,1) =T1(2,2) =T1(3,3) = 1, T1(4,4) = T1(5,5) = T1(6,6) =

IIns Tonko# mojyoro#t o6osouxu Bropoe ciaraeMoe U3 (13) MO)KHO npe -
CTaBUTL B BUle

/ 6Axdt = — / / { N*~55(1)+M*“5x“)) Q*369(‘)+M*35x(‘)}dsedt

1S,

- / 5{a()} / [B]"[D)[BldS.dt. (15)
t1 S.
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B (15) oBo3nauenHo
Nz\u___,é/\uufs(l) E'\“"EX(I) M)\p ='§)‘“u€€z(/l) D)«puex(l)

— ~ (16)
Q3 =2x QAJusﬂ(l)+2 " B,\auax(l) ]Vf'\3=2*B’\3"391(,13)+2*D)‘3"3xf,13),

u nunednnie onepatopu QUk!, Bk Diikl onpenensiorcs:

h h h
z 2 2
Qijkl / A”“dz, Bijkl — / Aijk’zdz, Dijkl — / A‘jklz2dz.
h h _h
-7 -7 z

DJIeMeHTLI MATPHILI [5] conep:xat auHelHLle onepaTopn BoabTeppa

Qr\puf, Qz\p33, ey B)‘y.uf, Bz\p33’ el D/\;Auﬁ, DA#SS’ L

Ina tperrero cnaraemoro u3 (13) monyuaeM BLIpaskeHMe

t2 ta

/ § Agdt = / / (6)T[E©]{0}dS.dt. an
Se

£ i

3aect [E©] - marpuua ycunuit KOHeUHOro ajeMeHTa B HEBO3MYIIEHHOM
cocrosinuM, {6} — BekTOp, COCTaBIEHHHI W3 KOMIOHEHT BekTopa Aedop-
Mmauuit. B cuny nunelnol 3aBucMMOCTM KOMIOHeHT Bekropa {©} oT koM-
IOHEHT BeKTopa Nepememenutt {u} MoxkHO 3anucaTth

{6} = [Ri{u} = [Ry][N(=")]{q®(®)} = [B.]{q“ (1)}, (18)
/ 8Asdt = / 8{g @)} " / [B1]T [E®)][B1]dSe{¢(¢) }dt. (19)
ty ty S.

C yuetoMm dopmyn (14), (15) n (19) ypasHenue (13) MoxkHO 3amMcaTh
/ 6{g )} (([K(‘)] + [T("’]) {¢9@)} - [M®)] {q(=) (t)}) dt =0. (20)

3recy [K©)] = [; [B]T[D][B]dS, ~ MaTpuna »eCTKOCTH KOHEUHOTO 3JeMEH-
ta, (T(®)] = Is. [B1]T[E©)][B,]dSe — MaTpuna uHKpeMeHTanLHOW ><ecTKOCTH
KOHEUHOro aJeMeHTa. Beuay nmpoussoanHocTn Bapuanuu 6{q)(t)} ycnosuem
BLINOJIHeHMs 3aBUCUMocTH (13) GyldeT paBeHCTBO HyJI0O MHOXKUTeJeH mpu
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atux Bapuamuax. C yuerom (3) u3 (20) monyuaeM ypaBHeHHe

t

[K)g@ )} - [B) [ [Ree-){a @) ar

t*

— [M©{§ (&) }dt = {p©}, 2D

KOTOpOe ONMMCLIBAET ABIKEHNE KOHEUHOro ajeMeHTa 060n0ukM Ha Gecko-
HEUHOM HMHTepBaJle BPEMEHM IO OTHONIEHMIO K BO3MYIIEHMAM, XapaKTep-
usyromumucs {6@}, n [K{9) = [K©)] + [T®)], [B] = [B©)T[BO).

B pabore [4] nokasaHo, YTO MHEPUMOHHLIE WIEHL He BIMAIOT Ha oOmui
XapakTep PasBUTHUs NPOrMGOB, T.e., 3aTyXaiomue koleGaHuA HAKIaALIBAIOT-
A HA KPUBYIO NPOru6OB Npy 3arpykernn obosiouxy u ee BLixione. [loaTomy
IpU pelleHNH 3alad MINTeNbHOW ycToltumBocTH 060/10YKM MHEPUMOHHBLIMU
uneHaMu OyneM npeHebperaTn. IIpoBoas cymMmMupoBaHHe IO KOHEUHBIM 3JIe-
MEHTaM, OKOHYATEeJLHO HojydaeM CJeLYIOmyIo CHCTeMy JMHeWHLIX MHTe-
rpajbHLIX ypaBHeHMM, KoTOpas MoOkeT OLITL MCNONL30BAHA MUl pelleHusd
3amay IIUTeaLHOM ycTolumBocTH 06GoNOYEeK C HEOMHOPOAHLIMM NO KOOPIH-
HATaM >KeCTKOCTHLIMM cBoMcTBaMM Ha GeCKOHEUYHOM MHTepBaJje BPeMEeHH IO
OTHOIIEHMIO K HEKOTOPLIM Bosmymenuam  {b(®}

(K] + T1) {a®)} - [BI"B] / (R(t — 7)) {a(r)}dr = {6} @2)

3pect (K] = Y0, [5.[B)T[D][B]dS. — maTpuna secrxoctn oGonouku, [T] =
Yo Js, [B1]T[E©][B)]dSe — MaTpuna uHKpeMeHTaILHOM skecTKoCTH 0G0OMOU-
xu. MeTon pemenus cucreMul (22) B cllyyae 2KCIOHEHIMALHLIX Sep pejak-
canmu paccMorpeH [7]. [lepemMemenus 0CHOBHOrO JOKPUTHUECKOTO ABKEHUA
B nurepsaie [0,t*] onpenensioTcs U3 pelleHUs cUCTeMbl (22), koTOpoe nmocie
aHaJOrMUecKLIX npeobpa3oBannit NPUBOAMTCS K BULY

"
(K©){ate)} - [B) (8] [ [Re - n)}{atr)}er = (FO), 23

0
rae {F©®}, {K©®} - coorBeTcTBeHHO BEKTOD SKBUBAJEHTHLIX Y3JIOBLIX

ycunufi ¥ MaTpMIA >KeCTKOCTH OOOJNOUKM B HEBO3MYIIEHHOM COCTOSHUM.
PemuB cucremy (23) ¢ rpaHWUYHLIME yCIOBUAMU

[K©]{q(t)}1=0 = {FV}, 24)

nojyyaeM TOJA NepeMeleHnt HeBo3MymeHHoOro cocrosuus. [lanee dpopmu-
pyerca marpuua [T] 1 oGosouka B MOMeHT BpeMeHH ¢ = t* moJyyaeT BO3-
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Mymenne B Bune Bekropa {b(®)}. Pemenue cucreMul uHeHHLIX MHETEr PATLHEIX
ypaBHenu#t (24) B unTepsae [t*, 00| ¢ HAaUAILHLIMU YCIOBUAMHU

(K] +[T){a®)},_,. = {0} 25)

oNMCLIBaeT M3MeHeHMe NepeMemernutt o6osouku ( B TOM uucie ¥ nporu6os)
Ha 6eCKOHEUHOM BPEMeHM N0 OTHOMeHMIo K BoaMmymenusam {b(0}.
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Long-term stability of cylindrical shells of viscoelastic composites
V. Sirius

On the grounds of Hamilton’s principle the system of linear integral equations has been ob-
tained for the solution of stability problems of cylindrical shells made of viscoelastic composite
materials by the finite element method.



