Liet. matem. rink., T. 42, spec. nr., 691-696 691
© 2002 Matematikos ir informatikos institutas

Asymptotic expansion for the distribution function
of the series scheme of random variables in the
large deviation Cramer zone
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Among the problems of limit theorems, the theorems for large deviations play an impor-
tant part in the case where separate summands of the sums of random variables satisfy
the Cramer or Linnik conditions. Most of principal ideas and rezults in this field are
rather exhaustively described in the monographs [1]-[3]. Asymptotic expansion of sums
of identically distributed random variables have been investigated by A. Bikelis, A. Ze-
maitis, 3. JakSevicius.

This work is designated for obtaining asymptotic expansions and determination of
structures of the remainder terms that take into consideration large deviations both in the
Cramer zone for the distribution function of sums of independent random variables in
the series scheme. The result was obtained, based on L. Saulis General Lemma 1 [4] by
joining the methods of characteristic functions and cumulants. This work extends Book’s
[6] results to the sums of random variables with weights.

Let EJ("), j =1,2,...,n, be a triangular array of independent random variables (r.v.)

2
with means E{;") =0, and variances ag") = E{ﬁ")z. Put

Sa=36", Z.=B7'S, B:=Y o’ )
j=1 j=1
Fula) = P(Z <3), (o) = T og0s, @

where ®(z) and ¢(x) is N(0, 1) normal distribution and its density, respectively. Next,
let f¢(t) and I'x(€) denote the characteristic function (ch.f.) and kth-order cumulant of
rv. &

We have to obtain estimate of kth-order cumulants ['x(Z,,), k = 3,4,...,of .v. Z,
in order that we could use L. Saulis General Lemma 1 [4] for large deviations.

Let us say thatr.v’s 51(."), 7 =1,2,...,n, are subject to condition (B), if there exists

quantity K J(-") > 0 such that

IE(E™)*| < k(KM 20 k=34, (B)
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If condition (B) is fulfilled, then, for the kth-order cumulants T' (¢ (")) of ther.v. {; (n)
the following estimate

k-2
D% (6™)] < k! (2(1(;") Va§."))) , k=3.4,... 3)

holds. Here and in what follows a V b = max{a, b}, a A b = min{a, b}, [m] is an integer
part of number m. The proof of inequality (3) is given in [3] on p. 42.

PROPOSITION 1. Ifforr.v. {1(-"), Jj = 1,n, condition (B) is fulfilled, then for the kth-order
cumulant I'y(Z,,) of the r.v. Z,,, the estimate

ITe(Zn)| < K1AZ* Kk =3,4,... 4)
holds, where
— -1 - (n) (n)
Bn=K;'Ba, Kn:=2 max (K[ val?). ®)

We further suppose that A,, — 00, as n — oo.

Proof is analogous to the proof of Proposition in [7].
Denote:

Bnoi= oA oy = (1/6)(V2/6), Rn = (1/12)(1 — 2/An)Ap. (6)

Further, suppose that the densities Peim () (if exists) are bounded, i.e.,
J
=c™ D
SUP () (z) 5 < oo. (D)
o 7
In case §](~") has no density, then CJ(.") = oo by definition.

Theorem 1. If for the rv. §( ) j = T,n, with Eﬁ(") = 0 and a(") >0j=1mn
conditions (B) and (D) are fulﬁlled then for each mtegerl 1> 3 in the Cramer zone
0 < z < An o, the asymptotic expansion

1- &(x)
c(l,z)  285Anexp{—(1—z/An0)\/An 0} 1
g [ az " (1—2/Bng) (2:1’3‘0 e""{“ s 0}

CK, 1/ -2
n (n) (n)
+ A 121?%(" lC' { 220 })]} @)

"kl

1- Fz,(z) exp{L()}{ ¥(z) (HZLM(u))wls\/"(zH)
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holds. Here Ln(z) = 3 pes Mk,nT¥, where the coefficients Ay n are found by formula
(5) [4). For the coefficients Ak n, the estimate |\ n| < (2/k)(16/A,)F2% k = 3,4,...
holds. The function y(z) defined by equality (2). The quantity

— = k * -2
up(z) ==z 1+ch,nz +6c*()(z/A) s (8)

k=1

where c*(1) = 7361(1 —1)(7/2)'2l! and the coefficients cin are expressed by the cumu-
lants of the rv. Z,, and found by formula (11) [4].
Polynomials L, »(u) are determined by relation (104) (4]. In particular,

Lyin(un(z)) = —-;—Fa(Zn)% + g (2T4(Zn) — 3T%(Z))
4 (72D5(Z) ~ 3UT5(Za)Ca(Za) + B67TY(Z) 2 + .,

Lon(un(®) = 55 (Ta(Zn) = ST3(Z0)

+% (3Ts(Zn) — 16T3(Z0)Ta(Zn) + 15T3(Z0)) 2 + ...

The fool expressions of the quantities c(l, z) ~ C(l)z'=3 is extracted by (9) [4].

Proof. Let §§")(h), j = 1,2,...,n, be r.v. conjugate to the 5(.") with the distribution

J

density
Pty () = &P (1) / 76"”105;» (y)dy. ©)
Then
m;(h) = E&™ (h) = g; T - k(6 (10)
0" (k) = DEM (h) = gz G ! Tk (67, (1

and the kth-order cumulant of the r.v. fj(") (h) is

Ne(§7m) =Yg 1 PRlCR L (12)

=k
Put

Su(h) = S €M(R),  Zu(h) = S—“‘}ﬁ%‘—")

=1
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™y o |f
& (h) mJ(h’)| ) (13)

Ly n(h) = B7k(h) i:E
j=1

where My (h) = ESn(h) = Y7_ lEf(") (h), Bi(h) = ¥}, ](") (h) and the quantity

h is determined from the equation * = My (h)/By,. If we put the conjugate r.v. E,(-")( )
instead of 51(") in relation I, (N;) = B2 Y7 Jel<n., z2p€-j(z)d:c, N, > 0 then
ln (Na(R)) > 2 (1 - 2B (h)La,n(h)/NZ(R)) , (14)

here p; (= (z) is the density of a symmetrized r.v. £ = £ — £’, where £’ is ar.v. independent
of £ with the same distribution as the r.v. €. Using the relation E(¢; ™ py — m( h))
Ta (67 (h)) + 30("’ (h), we find

Lan(k) < Ta(Su(1)/B(h) +3 max o™ ()/BA(h). s)

By virtue of inequality (3) and relation (15), when 0 < h < A,,/(12B,,) we get

n? "2 S hBy\ 72 )2 5
a'§ ) (h)=0’§ ) (1+0Zk(k—1)(An> )=0’§) (1+0§). (16)

k=3

Further, according to (16), we have

Ly (Sn(h)) = Z ﬁfk(sﬂ)hk—4
k=4

< (3.5KnBn)? Y (k= 2)(k — 3)(3.5hK,)** < 81(3.5KnBn)>.
k=4
Hence, 'y (Sn(h))/Bj(h) < 18.2(Bn/An)?/ B2 (k). Employing (15) we obtain
Lyn(h)B%(h) < 18.5(B,/A,)% (17)

Put N;,(h) = 6.2(B./A,), then (14) implies I, (N, (h)) > 1. Then employing Lemma
6.5 [3], we obtain

|fz.0 ()] < exp{—%tz}, |t < Tao, Tno=(1/15)(An/Ba).  (18)

By virtue of L. Saulis General Lemma 1[4], we need to estimate the integral

T,
det
1=/|fz.‘(h)(t)|—t'» (19)
R,
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where T,, = C(1)A}72, A, and R, are defined by equalities (6). Put I = I + Iz,

To.0
/ |fz,.(h)(t)|— I = / | £ 2.0 (®)
T,
From inequality (18) we get
Tn.o
= / |fZ,.(h)(t)|% < (n®/2Rq) exp { - RA/7%}. (20)
R.

Now, employing Lemma 6.6 [3], we find estimate of the integral

Ta
dt dt
L = / |fz.m (8)| 5 =27 Ba(h) / |fs.cm (2mt)| <
T, (2Nn(h)) "1 <|tI<Tn
n -2
< 27re4\/2_1rexp{ - % ZC’(") }Un(h), @1
n J=l

where c3 > 0, and Uy, (h) by Cauchy’s inequality, is

Un(h) = Zsup <t< tk+1|fs (wy (27t))|

e

4 4 1/4 4 1/4
11 (Z sup | fem 4y (278)] ) 12K JJe". @2
k J

i=1 ti")<t<t£'2‘ i=1

N

From inequalities (21) and (22), we get

\"n\n i=1

Th n
-2
I2=/|fzn(h)(t)|— 684e*nrV2r K, max HC(")/ p{— 10{32 C() }
Tn,O

Finally, making use this estimates and inequality (20) we get the proof of Theorem 1.
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Atsitiktiniy dydZiu sumos seriju schemoje pasiskirstymo funkcijos
asimptotinis skleidinys didZiuju nuokrypiy Kramerio zonoje

D. Deltuviené

Darbas skirtas nepriklausomy atsitiktiniy dydziy (at.d.) £ J(-”), j = 1,n, su vidurkiais E{ﬁ") =0

(n

5 2 E¢ ;")2 serijy schemoje sumos pasiskirstymo funkcijos asimptotinio sklei-
dinio gavimui didZiyjy nuokrypiy Kramerio zonoje. Rezultatas gautas remiantis L. Saulio bendraja
Lema | [4], apjungiant charakteristiniy funkcijy ir kumulianty metodus. Darbas atskiru atveju
prapletia at.d. sumavimo su svoriais rezultatus, gautus S.A. Book [6].

ir dispersijomis o



