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Let
pn(t) — Z amei/\mt (l)
m=1

be a Dirichlet polynomial with complex-valued coefficients ar and real exponents Ame
Discrete limit theorems for Dirichlet polynomials were proved in [2], however the explicit
form of limit measures in mentioned theorems was obtained only in the case of ordinary
Dirichlet polynomials
n
3 Gm
=
m=1 mt

The aim of this note is to find the explicit form of the limit measure in the case of general
Dirichlet polynomial (1).
Let, for N € N,

pN(...)=7v—l+—1—#{0<m<N: .},

where in place of dots a condition satisfied by m is to be written. We suppose that the

exponents ), are real algebraic numbers, linearly independent over the field of rational

numbers. Moreover, let h > 0 be such that exp {-27:1} is a rational number. Denote by

B(S) the class of Borel of the space S, and let C, as usual, be the complex plane.
Denote by v the unit circle on C, and let

Q, = H Ym,

m=1

where v, =y forallm =1,...,n. Define a function u: §2,, — C by the formula
n
u(Ty, ..., Tn) = Z AmTm, (T1,...,Ta) € §n,
m=1

and let m,, y stands for the Haar measure on (Q, B(2,)).
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Theorem 1. The probability measure

Pn(A) = pun (pn(mh) € 4), A€ B(C),
converges weakly to the measure m,gu~! as N — oo.

Now let s = o +it be acomplex variable, and let G be a region on C. Denote by H(G)
the space of analytic on G functions equipped with the topology of uniform convergence
on compacta. Consider a Dirichlet polynomial

n
qn(s) = Z ame—/\m’-

m=1

Let a function v: 2, — H(G) be given by the formula

n
V(T1,y ..., Tn) = Z ame"\""a:,;l, (z1y---,ZTn) € Q.
m=1

Theorem 2. The probability measure
Qn(A) = un (gn(s +imh) € A), A€ B(H(G)),
converges weakly to the measure mp,yv=! as N — oo.
The main ingredient of the proof of Theorems 1 and 2 is the following lemma.
Lemma 1. The probability measure
pn (€™, e € 4), A€ B(Qy),
converges weakly to the Haar measure mn,py as N — oo.

Proof. The Fourier transform gn (k1, . . ., kn) of the measure of the lemma is

Since the exponents ), are linearly independent over the field of rational numbers, we
have that

1, (k1 ... kn) = (0,...,0),

_ 1-e i(N+1)h 3 ki

N T R e >R (ki k) £ 0,...,0). D
N+1 = ) Ly--eyfn [

l—exp{ihzku\l}

=1
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Really, we have that, for (k1,. .., kn) # (0,...,0),

exp {ih k,)\l} #1. 3)
=1

If
n
exp {ithl)\l} =1,
=1

then

Ry ki =2k, k€LZ,

n
=1

and

S ik = 2k
h
=1

However, by the Hermite-Lindemann theorem

exp { Z kz)\l}
=1

is a transcendental number, while by the choice of h we have that

{ 27k }
P Th

is a rational number. Therefore inequality (3) is valid. From (2) we find that

1, (kl,...,kn) = (0,...,0),

133“009”(’“""""")={0, (krre. k) £ (0, 0).

This shows that the measure of the lemma converges weakly to the Haar measure
Mmpy as N — oo.

Note that the measure of Lemma 1 converges weakly to some limit measure with-
out any restriction on the exponents \,,. However, for applications we need the Haar
measure.

Proof of Theorem 1. By the definition of the function u(z1, . .., Znr) we have

pn(mh) = u (eMmh, . enmh)
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The function u is continuous. Therefore, in view Theorem 5.1 from [1] and Lemma | we
obtain that the measure of the theorem converges weakly to the Haar measure m,, gu~!
as N — oo.

Proof of Theorem 2. We have that
qn(s + 1771,7,) =P (ei’\lnlh, e, eiAnmh) ,

and the function v is continuous. Therefore, the theorem follows in the same way as
Theorem 1.

For applications to general Dirichlet series the following two assertions are useful.
Let g(m), |g(m)| = 1, be an arbitrary arithmetic function, and

n
pa(t,g) = ) amg(m)e*™?,

m=1

n
gn(s,9) = ) _ amg(m)e™ "

m=1

Theorem 3. The probability measures Py and

Py(A) = pn (pa(mh, g) € A), A€ B(C),
both converge weakly to the same limit measure as N — oo.
Theorem 4. The probability measures QN and

Qn(A) = uy (gn(s +imh,g) € 4), A€ B(H(G)),
both converge weakly to the same limit measure as N — oo.

Proof of Theorem 3. Let 8,, = arg g(m), m = 1,...,n. Define a function u;: 2, — 2,
by the formula

u(Z1, ..., Tn) = (216", ... 2,e"") .

By Theorem 1 the probability measures Py and Py converges weakly to the measures
mppu~! and m,, g1, respectively, where

WT1, .. Tn) = ) Cmg(M)Tm,  (T1,- -+ Tn) € Q.
m=1

Hence we find

WLy, ... Tn) = Z am (zme"™) = u(uy(z1,...,20)).

m=1
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Therefore
o -1 - - -
Mgt t =mpy (w(w))” = (MY Nul =mppgu 1

since the Haar measure is invariant with respect to the translation by points in (2. The
theorem is proved.

Proof of Theorem 4. Define a function v;: ., — O, by the formula
'Ul(itl, Ceey :En) = (g;le_wl, ey zne—ion) .

By Theorem 2 the probability measures Qn and Qn converges weakly to the measures
mugv=" and my, g}, respectively, where '

n
o(z1, - G In) = Z amg(m)e—)‘msx;l’ (z1,. . yTn) € On.
m=1
Similarly as above we find
= 1
H(Z1y-- oy Tn) = Z ame " (zme'®) " = v (vi(z1,. .., T0)).
m=1

Hence

~—1 -1
MpHV ~ = MpHV -,

and the theorem is proved.

Note that in the last two theorems we applied essentially the properties of the Haar
measure. If the limit measure in Lemma 1 is not the Haar measure, then Theorems 3 and
4 are not true.
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Diskretiosios ribinés teoremos bendriesiems Dirichlet polinomams

R. Macaitiené

Irodytos diskregios ribinés teoremos bendriesiems Dirichlet polinomams silpno maty konver-
gavimo prasme. Nurodytas iSreikstinis ribinis maty pavidalas.



