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The Selberg sieve method in the polynomial set
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By N, Z,R,C we denote the sets of natural, integer, real and complex numbers, re-
spectively. Assume A C V. By | A| we denote the cardinality of the set A. Let M means
the multiplicative semigroup consisting of the monic polynomials over finite field F,.In
following a, b, e, d, k mean polynomials of M. Further, suppose that M addmits a degree
mapping 8 : M — N U {0} satisfying the condition:

O(ab) = 3(a) + 8(b), a,be M.

By M,, C M, m € N we denote the set of monic polynomials of degree m. It is known,
that

|Mm| =qm.

Let P C M be the set of monic irreducible polynomials and P, = {p € P; 8(p) = m}.
Each polynomial f(z) € M factors uniquely by the degrees of p € P. Let m(m; b, a)
denote the number of primary irreducible polynomials of degree m which are congruent
to amod b. Set

¢(a) = |{b € M; 8(a) = 8(b), (a,b) =1}|.
For each a we have

p(a) =@ T] (1 - qa—l(p))'

pla

Write

A={p+1;peP}, Am)={p+1LpePn}, wa)= Y L
pla, peP

M. Car [2] has proved the following

Lemma 1 [Theorem A.2). Leta,b € Mand (a,b) = 1. Then

1
¢(b)

m(m;b,a) — —— - ln-l- < (1+0(b))g%.
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Moreover
m 2 m/2 m
g 2 <|A(m)|<q—, when m € N.
m m m
Set

Ag(m) = {a € A(m); dla}.

Applying Lemma 1 we obtain

|Ag(m)| = + R (d),

()

where the remainder term R, < c(1 + 8(d)) (g™ /m), with an absolute constant c.
We write a < b,a,b € M if 8(a) < 9(b). Let a € M be squarefree and a # 1. Then
a can be written as

a=pip2...pn, Ala)i=p1 >p2>...>pp=256(a), here p1,...pn €P.

Assume 6(1) = 1. Denote

Q(a)=Hp, Qr= H p-

r<a a(p)<r

Let£ : M — R, £(1) = 1. The function £(d) we define using the function £ by the
equality

=£(d/6(d)) — £(d), if d#1L.

Moreover

Y. id)=1-¢a) ‘ )

d|a,
Aa/d)<6(d)

Let h : M — R. Applying the relation (1) we obtain
Y wdhd) = 3 u@E@hd) + Y w@dEd) S sehd), @

d|Q(a) d|Q(a) d|Q(a) tIQ(8(d))
where u(d), d € M, is the Mobus function. Set
S(A(m), Q) = |{a € A(m); (a,Qy) = 1}|

Using a sieve equality and the relation (2) we obtain

S(AMm),Q:) = 3 w(dEDAalm) + 3 WAEDS(Aa(m), Q).

dQ- dQ-
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Letv € (0,1/2).Setn = vmand y = Lr < n, L > 2. Further, let
B =max{eL,f1}, B1>1], 0<e<l. ?3)

In following the magnitudes v, n, L, y, (5 are defined as in (3). Denote

££(d) = n* (p1)n* (p1p2) - - .7 (P1p2 - - - PR),

where
_[1, if w(a)=2k or w(a)=2k-1ApB8(5(a))+0(a) <y,
*(a) = {O, else,
-y J1, if w@)=2k-1 or w(a)=2kAB3(6(a))+d(a) <y,
n(a) = {0, else,

keN.
Using the last definitions concerning the functions £*, from (2) we obtain the follow-
ing equalities

EE(d) = n¥(p)n* (p1p2) - . 0¥ (b2 . P-1y(1 = 1% (p1 .. . k). “4)

Theorem 1. We have
2

S(A(m), Qr) = q;; 1I (1-—> (1+0. (L"“_"L*O(g%)))

(1 + R(e, m))

Sforeachfixed0 <e<1,0< v <0,5.
Lemma 2 [3, Lemma 3.3]. We have

I1 (1-#) =§(1+o(%)>,

8(p)<n

where c is absolute constant.

Proof of Theorem 1. Using the definition of the function £+ (d) we see that
T+ (d) := u(d)E¥(d)S, (m, P(&(d))) <0

when w(d) = 2k — 1, and T*(d) = 0, when w(d) = 2k, k € N. The last inequality and
relation (2) yield the inequality

[S(AEm), @) < 3 et @A) < = 3 et @
diq. ™ da. v(d)
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+ ) w(d)Et(d)Ra(m) =: Sy + Sa. &)

4iQr,
8(d)gn

It is clear, that the first summand of (5) can be written as

- +(d +
5 - (}; KA = 5wt )
8(d)2n
= %11(511 + S12). ©)

Let 8(d) > Lr. We shall show, that under this condition {1 (d) = 0. If w(d) is odd, then

validity of the assertion follows from the definition of 7. Suppose, that w(d) is even.

Then w(d/6(d)) is odd, and for this polynomial we have: 80(6(d/6(d))) +8(d/6(d)) >

d(d) > Lr. So,n* (d/6(d)) = 0 and from the last equality it follows that £+ (d) = 0
We note, that n > Lr. It is clear that

S12 =0. @)

\
Let us return to the relation (6). Using equality (2) we obtain

T (gl premo I (o)}

r ?lQr,
PlQ dlQr Ry

It follows from Lemma 2, that
o) (-79) = (zwm)
1 —_ = 1 bt = O .
1 ( w(p)) 11 go®) a(8(d))
o(s(@)<o(p)<r a(s(a)) <o(mIST

The last estimation together with the remarks made above allow us to use method of [3,
lemma 5.4). Applying mentioned lemma we obtain, that for each fixed 0 < e < 1

1
— o (e-1)L
su=] (1 (p(p))(1+06(L ))- ©)
plQr
Consider the relation S; in (5). Using the equality
1 )'1
H (1 - — = O(r)
ey o(p)

we obtain that | Sy| < (g™ /m)(mr)2q(»=0-5)m,
The last inequality, and the relations (9) and (7) yield the right hand side inequality of
Theorem 1, S(A(m), Qr) < F(r)(1 + R(e, m)).
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The left hand side inequality we obtain from the relation

|S(A(m), Q)| = |3 u(@)=(d)|Aetm)|+ Y w(@)e=(d)S(Aa(m), P(6<d)))‘
dQ. diQ-
> Y u(d)e(d)| Aa(m))-
d|Q-

Repeating arguments similar to the ones as in the proof of the inequality (5) we obtain
the left hand side inequality of Theorem 1. So S(A(m), Q;) > F(r)(1 + R(e, m)).
Theorem 1 is proved.

Let f: A — R. We define

fr(a) = z flp), a€A r<m.

pla,
8(p)sr

Further, let F; = {a € A(m); fr(a) = z:i},i = 1,2,.... Then F; = U wq,, E,

1(k)=z;
where E; = {a € A(m); kla,(a,Qr/k) = 1} =: S(A(m) Q/k). For k # | we
have E;. N E; = @. Define the set measure by v(Ex) = |Ex|/|A(m)|. Suppose, that
0(d) < my — 8(k) and 8(d) < Zv.Let d|(Q/k). Then we have:

|{a: 8(a) = m; kdja}| = +0((1 +m)gm™/?).

(kd)
Using Theorem 1 we obtain

S(A(m),Q/k) = #Tk)( I1 (1 "7(117)>

pl(Q/k)
x (1 + O (L~1-9L 4 (mr)2q’"‘"*°-5>))).

Let r/m = o(1), as m — oo. Choosing L = In(m/r) we obtain, that Lr/m = o(1),
as m — o00. Let 0 < € < 1 be fixed number. So, for sufficiently large m we obtain, that
there exists Ao(e), that for each fixed A > Ao and sufficiently large m, the asymptotic
inequality is true:

v(Ey) = 14+ 0(r/m)4
(B4) ng)( <p(p)) /)

For k|Qy setting

1 (- 55)

Pl(Q/k)



44 G. Bareikis

we obtain that u; approximate the set function v(Ex).

Let £ be an algebra, generated by finite unions of the sets Ej # &, and F be a mini-
mal sigma algebra, generated by algebra €. Suppose, that E € £. Then E = Uy ¢j<nExk;,
Ex, N Ey, = @, i # j. One can show, that u(U;Ey;) = 3, pk; and moreover,
3 k@, bk = 1. So, the set function u is probability measure in some probability space.
Further, this measure approximates the frequency v(. ..). Set

_( s £@\" _ v I
U(x)_< 2 w(p)> @)= ) (®)

8(p)<z ap<a ?

DEFINITION. We shall say that arithmetic function f : A — R belongs to the class Hp,
if there exists a function 7(z) = o(z) and o (r(z)) ~ o(z) (o(z) — ),z — co.

Using Theorem 1 we can prove the following

Theorem 2. Suppose, that f(n) is a strongly additive function of the class Hp. Then the
set measure

1
o

8(p)=m,
f(p+1)—a(m)Sua(m)

converges weakly to a limiting distribution as m — oo, if and only if there exists nonde-
creasing function K (u) such, that

Kn)= gy 2 oy = KO
f(p)Sua(m)

and limy, 00 Km(£00) = K(+00).
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Selbergo récio metodas polinomy Ziede

G. Bareikis

Tarkime, P— neredukuojamy polinomy aibé. Straipsnyje nagrinéjamas Selbergo rétio metodo
taikymas aibéje {p + 1,p € P}.



