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1. Introduction

Let s = o+it be a complex variable, and let N and C denote the set of all natural numbers
and complex numbers, respectively. The Matsumoto zeta-function ¢(s) is defined by

o(s) = [ A=) (1)
m=1 '
Here
g(m) . .
Am(z) = H (1 — a%)x!(’:m))
j=1

is a polynomial of degree f(1,m) + ... f(g(m), m), where a$) are complex numbers,
g(m) and f(j, m) are natural numbers, 1 < j € g(m), m € N, and p,, denotes the m-th

prime number. In [6] K. Matsumoto assumed the conditions

g(m) = Bp%, a9 <pB, @)

where B is a quantity bounded by a constant, and o and 3 are non-negative constants.
Under these conditions infinitedimensional product (1) converges absolutely in the half-
plane 0 > a + § + 1, and defines a holomorphic function with no zeros.

The discrete value-distribution for the Matsumoto zeta-function was investigated in
(2], (3], [4].

The aim of this note is to prove a multidimensional discrete limit theorem in the sence
of the weak convergence of probability measures for the Matsumoto zeta-functions in the
space of analytic functions.
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Let Ay () be a polynomial (respectively functions ¢;(s)) given by

ai(m) ] )
A (z) = H (1- al(f,zxf’("m)), l=1,...,r
Jj=1

where 7 > 2. Suppose the functlons i(s) are analytic in the strip D = {s € C : py <
o<a+pf+1}, wherea+ S + < po < o+ B + 1, and conditions (2) are satisfied.
Moreover, for o > pg

ei(o +1t) = BJt|%, 3

with some positive 6, and

T
/Icpz(a +it)|2dt = BT, T — co. @)
0

Denote by H(D) the space of analytic on D functions equipped with the topology

of uniform convergence on compacta, and by H"(D) denote the Cartesian product of
fI(D) x ...x H(D).

—

r
Let -y be the unit circleon C, i.e., y = {s € C: |s| = 1}, and let
Q= H'Ypy
P

Y = < for all primes p. With the product topology and pointwise multiplication the
infinite-dimensional torus 2 is a compact topological Abelian group. Let my be the
probability Haar measure on (£2, B(52)), where B(S) denotes the class of Borel sets of
the space S. This gives a probability space (2, B(§2), my ). Denote by w(p) the projection
of w €  to the coordinate space ,. Then on the probability space (2, B(2), mg) an
H(D)-valued random element is defined by

oo gi(m) (J) f1G m)( -1
m@! ™ (pm) _
wi(s,w) = “ ” ( ————sﬂ(Jm) ) , I=1,...,n

m=1 j=1

On (9, B(Y), my) define an H™(D)-valued random element
®(s,w) = (p1(s,w),...,¢r(s,w)), we, seD.
Moreover, let

®(s) = (a(s), ..., ¢r(s)),
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and define a probability measure
Pn(A) = pun(®(s+ikh) € A), Ae B(H™(D)).

Here

1
)= ——#{0<k<N,..),
h is a real fixed positive number, N € N and instead of dots a condition satisfied by k is
to be written. Let Py stand for the distribution of the random element ®(s, w), i.e.,

Py(A) =mp(weQ:®(s,w) € A), A€ B(H"(D)).
Theorem. Suppose that exp { 1’,;—"} is irrational for all integers k # 0, and the functions
wi(s), L = 1,...,r, satisfied the conditions (3), (4). Then the probability measure Py
converges weakly to Py as N — oo.

2. Proof of the Theorem

First we recall that the family of probability measures { P} is relatively compact if every
sequence of elements of { P} contains a weakly convergent subsequence. The family { P}
is tight if for an arbitrary € > 0 there exists a compact set K such that P(K) > 1 — & for
all P € {P}.

Lemma 1. The family of probability measures { Pn'} is relatively compact.

Proof. Let P, is the distribution of the random element ¢;(s,w), ! = 1,...,r. Then by
the Theorem of [3] the probability measure

Pyn(A) = pn(pi(s +ikh) € A), A€ B(H(D))

converges weakly to P,; as N — oo, | = 1,...,7. Hence we have that the family
of probability measures { P, n} is relatively compact, [ = 1,...,r. Since H(D) is a
complete separable space, then we obtain by Prokhorov’s theorem from [1] that the family
{P.,n} is tight. This means that for every £ > 0 there exists a compact set K; ¢ H(D)
such that

Pn(HD)\K)<Z, I=1,..,r. ®)

Denote by 6 a random variable defined on probability space (Q0, B(S%), P) such that

1

k=0,1,...,N,



A multidimensional discrete limit theorem for the Matsumoto zeta-function 79
where N € N, and let the H(D)-valued random element ®  (s) be given by
BN (s) = (PN (), - -r prN(8))-
Here
N (s) =pi(s+i0N), l=1,...,r
Then by the definition of P, v and (5) we have

]P((,W,NGH(D)\KI)< , I=1,...,m 6)

ql,m

Now let K = K X ... x K,. Then K is a compact set of the space H" (D), and, by (6),
we obtain

P (" (D)\ K) = P(@(s) € H(D)\ K)=F( { (oun(s) € H(D)\ KO)

-

< ) P(pin(s) e HD)\ Ki) <e. ™

=1

(7) show that the family {Py} is tight. By the Prokhorov theorem [1] it is relatively
compact. The lemma is proved.

Now let sy, ..., s, be arbitrary points on D, and

01 = min Rs;.
T 1KIgn

Then o2 = pg — o1 < 0, and we set
D={s€C:a>ag}.

Moreover, let u;, be arbitrary complex numbers, 1 < I < 7,1 € m < n. Define a
function v : H™(D) — H(D) by the formula

T n
UWPts s n) =D Y timei(sm +5),

=1 m=1

where s € D, p; € H(D),l=1,...,r.Let
W(S) = U(WI(S), LERX} ‘Pr(s))a

and denote by NL the convergence in distribution.
—00
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Lemma 2. We have
) D
W(s+1i6n) Njgou(@(s)).

Proof. The proof is similar to that Lemma 14 of [4]. By Lemma 1 there exists a sequence
N; — oo such that the measure Py, converges weakly to some probability measure P

on (H"(D), B(H'(D))) as N1 — oo. Let P be the distribution H" (D)-valued random
element

q)l(s) = (‘Pll(s)’ ) ‘plr(s))-
Then

oy, T B @®

The function u is continuous. Consequently
D
w(@n,) D u(®).
1—00
Therefore, by definition of W, we find

Wis +i0n,) 2 u(®2). ©

Foro>a+(3+1 3 by the definition of the function u

T n

W(s) = Z Z ’u,zm(pz Sm +38) = Z k—k (10)

=1 m=1
where

uzmc;(lc)
Z mz_: ksm

since in this region ¢;(s) is presented by an absolutely convergent Dirichlet series

‘Pl(3=zck(k) l=1,...,r

Moreover, c;(k) = Bk*+A+¢ for every € > 0. The function W (s) satisfies the same
conditions as the functions ;(s). Therefore, repeating proof of Theorem from [3], we
find that the probability measure

N (W(s+ikh) € A), AeB(H(D)), (11)
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converges weakly to the distribution of the random element

W(s,w) = i ___akw(k).

P
Here w(k) is defined by the formula
wk) = [T >
pe|lk

where p®||k means that p®|k but p*+! fk.If s € D, we have

i(s,w) =iM, l=1,...,r.

k=1 ke

Then the definition of u, in view (10), yield

Wiow) = 3 3 un 3 0

1 m=1 k=1
= Z Z UmP1(Sm + 8, w) = u(B(s, w)).
=1 m=1

Therefore, the measure (11) converges weakly to the distribution of the random element
u(®(s,w)) as N — oco. Hence we have the assertion of the lemma.

Proof gf Theorem. By Lemma 2 we have
W(s+i0y,) = u(®),
N] —00

where N, is the same as in proof Lemma 2. From this and (9) we have that

u(®) 2u(d,). (12)
Now let u; : H(D) — C be defined by the formula

u(f) = f(0), feHD).
Then the function u; is measurable. Consequently, in virtue of (12)

u(®)(0) 2 u(®,)(0).

Then by the definition of u we find

n

Z Z UmPL(Sm) = Z Z UmP11(8m) (13)

l=1 m=1 =1 m=1
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for arbitrary complex numbers ujp,. A hyperpfane in R?"" form a determining class [1].
Then, the hyperplanes also form a determining class in the space C™. Therefore, in view
of (13), we see that C™"-valued random elements ¢;(s;) and @1;(sp), I = 1,...,r,
m = 1,...,n, have the same distribution.

Let K be a compact subset of D, and let f1,. .., fr € H(D). Forany € > 0

G= {(ul,...,u,.) € H"(D) : sup |uz(s) - fz(s)l g l=1, ...,r}.
seEK

Let {s, } be a sequence dense in K. Moreover, let

Gn = {(u1,...,ur) € H (D) : lui(sm) — fi(sm)| <&,
l=1,...,/, m=1,...,n}.

Then the properties of the random elements (s, ) and ¢1;(sy) yield
my(w e Q: ¥(s,w) € Gr) = P(®1(s) € Gy). (14)

Since the sequence {sn,} is dense in K, we have G, — G as n — oo. Therefore, if
n — oo in (14), we obtain

my(weN: &(s,w) €G) = P(®1(s) €G). (15)

The space H" (D) is separable. Thus finite intersections of the spheres form a determining
class [1]. Hence and from (14) we obtain

323,
From this and (8) we have

D
bn, N:;o o. (16)
Therefore, the measure Py, converges weakly to the distribution of random element ®
as N7 — oo. Consequently, the assertion of Theorem we obtain from Lemma 1 and
Theorem 1.1.9 [5], since the random element ® in (16) is independent on the choice of
the sequence Nj.
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Daugiamaté diskrecioji ribiné teorema Matsumoto dzeta funkcijai
analiziniuy funkcijuy erdvéje
R. Kalinskaité

Straipsnyje irodoma daugiamaté diskrezioji ribiné teorema Matsumoto dzeta funkcijai tikimy-
biniy maty silpno konvergavimo prasme analiziniy funkcijy erdvéje.



