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The Lerch zeta-function L(\, a, s), s = o + it , for o > 1, is defined by

2wiAm

L\ a,s) = i °

7 \s?
= (m+a)

and by analytic continuation elsewhere. Here A and o > 0 are fixed real numbers. If A
is an integer number, then the function L(\, a, s) reduces to the Hurwitz zeta-function
¢(s, @), and if X is not an integer, then L(, o, s) is analytically continuable to an entire
function.

Let

1
I(s,A) =/|L()\, a, s) —a"lz do.
0

Denote by I'(s) the Euler gamma-function, and define the function {(), s), for & > 1, by

O 27idm

) =3

m=1

and by analytic continuation elsewhere. Let ¢, be an arbitrary positive number, and let B
denote a number bounded by a constant.

Theorem. Let % < 0 < 1 be fixed and t > to. Then for any real A

) 3 ~ I'(l1-o+1t)

I(o +it,A) = 57— +2I'(20 — 1)Re (C()\, 20 1)w)
_ —2miA S\ -1
2Re—1—a+it(e ¢(A, o +1t) 1)+Bt .

The quantity I(s, \) was considered by Koksma and Lekkerkerker (1952), Balasubra-
manian (1979), Rane (1983), Sitaramachandrarao (1987), Zhang Wenpeng (1990, 1991,
1993), Katsurada (1992, 1998), Katsurada and Matsumoto (1994).
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Proof of Theorem. Let, for brevity,
L\ a,8) =L(\a,s) —

Then
T;(,\, a,8) =e*™ L\, o+ 1, s),

and
1 2
/ £\ 0, w)E(=A, o, v)da = / L\ o, w)L(=, , v) de. M
0 1

Suppose Reu > 1 and Rev > 1. Then
oo oo
L\ a,u)L(-\ a,v) = Z Z ™A m=")(m 4+ a)"%(n + ). 2)
m=0n=0

Let Np be the set of all non-negative integers. Denote by L a contour which separates the
poles of the function

def T(=s)[(u+s) >
I'(u)

ats=1—u—v,—1+n,n € Ny, fromthepolesat s = —u —n,n € N.Let

G(u,v, 8\, a) = ¢ =s)C(u+v+s, a)

9(u,v; M, @) = / (u,v,s; ), ) ds.
L

Suppose that —Reu < ¢ < —1. Then from properties of hypergeometric functions it
follows that

c+ioo
—u —v 1
(m+n+a)™n+a)™ =5 /

c—100

T(—s)T'(u + s)

Tw) m’(n+a) ™ v"*ds.(3)

Let

flu,v; M, 0) = f: iez""\m(m +n+a)¥(n+a)™".

m=1n=0

Then (2) can be written in the form

L(’\’ Q, U)L(_Av a, ’U) = C(u +, a) + f(u’ Y5 "" a) + f(U, U _A) a)' (4)



90 A. Laurinéikas

Since ¢ < —1 and Re (u + v) + ¢ > 1, from (3) we find that

1 c+ioo
f(U,U;)\,a)=% / G(u,v,s; ) a)ds.
c—1t00

Now we replace the line of integration by the contour L. This and the residue theorem
yield

Huto ;(i))I‘(l - U)E()\, u+v—1)+g(u,v A, ).

fu,v; A, 0) =

Consequently, by (4),

L\ o,u)L(=)\ a,u) = {(u+v;a)+ T(u+v— 1)( MNu+v-— I)I‘(rl(;)v)
= (1 —u)
+{(-\u+v— 1)——1"(1)) )
+ g(u1 v; A» a) + g(‘U, Uu; "Av a)'
Since, for s # 1,
/ 1
[ dtsada = =, )
1
hence, for Reu > 1, Rev > 1, we obtain
[ D(1-v)
~ —v
/L(/\, a,u)L(-\ o,v)da= rs v_lI‘(u +v-1) (C()\,u +v-1) T)
1
)
2 2
+/g(u,v;z\,a da+/g(v u; =\, a)da.  (6)
1 1

The well-known estimates of gamma-function show that the integral in the definition
of g(u, v; A, @) converges uniformly in o € [1, 2]. Therefore, interchanging the order of
integration and using (5), we find

2

_ _ 1 I(—s)I'(u+ )~ B ds
/g(ua v; A: a)da - i L/ P(U) C(’\y s)u+ v+8— 1 (7)
1 .
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Let max(—Re z,—1) < ¢ < 0,and 0 < Rez < Re . Then the properties of hyper-
geometric functions imply the formula

c+ioco
1 L)z +w)TQ +w)T(-w) L5, 1
omi / L(z2)T(k+1+w) € dw_n—z'

c—100 -

Therefore, taking, —Reu < ¢o < min(—1,1—Re (u+v)) and max(—Reu—cp, —1) <
b < 0, and using (7), we have

co+ioo

2
1 I'(-s) ~ 1
1/g(u v\, a)da = ~53 / T (A, -—S)%
(1 — )T + w + )T(1 + w)Dw)
—)lM(u+w+s W) 1w
>:/ TZ—v+w) e"¥dwds. (8)

It is not difficult to see that, for Rez > 1 and —Rez < 0 < —1,

o+ioco

%{ / l%i)( ,—s)ds =e 2"AC() 2) — 1. )

o—ioc0

If we suppose that Re (u 4+ v) < 1, then we may interchange the order of integration in
(8). Thus, by (9), the equality (8) can be rewritten in the form

2 bico
. - 1 r(l - v)I‘(u + w)r(l + w)I"(—w) Tiw
I/g(u, vid ) da = _2_71'26 / Cu)(2-v+w) ¢

(o JRS G O

B 7 D=0l + )+ W) i (o 2mF( 4) 1) o,

T om T(w)[(2—v + w)

b—ico
Now we shift the line of integration to the line Rew = b;,0 < b; = b+ 1, and in view
of the residue theorem we obtain

r'(l-v)

1-\(2 — 'U) (3_2"”\((’\’ u) - 1)

2
/g(u)v; ’\1 a) do=—
1

1 TP (1— o)L ()T +w)Nw) omiv
2mi T(wI(2-v+w)

bl—iOO

(e~2"*¢ (A, u+w)—1)dw. (10)
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Now we insert the series (Re (u +w) > 1)
ol e21r'i,\m
e
ot (L myere

in place of e=2™A((\, u+w) —1 and integrate in (10) the term-by-term (Re (u+v) < 1).
Taking w = s + 1, we find that the integral in (10) is

b+ioco
1 o 2miim 7 I(1-v)l(u+s+1)T(2+s)[(—s-1) [ e™ s+1d an
2mi i (m+1) P(I@~v+s) m¥1)

b—ioco

Let F(a, b; ¢; ) denote the hypergeometric function. Then, for | arg(—2)| < 7 and
ax(—Rea, —Reb) < o < 0, the formula

I(a)I(b) ° I‘a+sl"(b+s)1"( 5)
T @bz = T(c+3)

(—2)%ds

g—1i00

is valid. From this, letting —z — "’;—H, 0 < arg(—2) < 7, we find

o+ico
T'(a)T'(®) o ™) = L T(a+8)0(b + 9)T(=5) i
—F(-C—)—F(a,b,c,—e )—% / P(C+S) e™%ds.

g—1i00

Consequently, the expression (11) is equal to

b+ioco
e2midm P(1_y) 1 +/I‘(u+s+1)l"(l+s)1"(—s) ( emi )’“ i

e (m+1) T(v) 2mi I'B—v+s) m+1
- b—ioco -
e e2midm 1
- —v)l—vmzl(m+1“+1F(u+113 +1> (12)

From the definition of F(a, b; ¢; z) by power series it follows that F'(a, b;c;2) — 1 as
z — 0. Therefore F(u+1, 1;3—v; #ﬂ) — 1 as m — o0o. Hence we have that the series
in (12) converges absolutely for Reu > 0, and therefore it defines an analytic function
of (u,v) in the region Reu > 0 and any v. Thus, by (10)~(12), for 0 < Reu < 1,
0<Rev<l,

2
/ 9(u,v;
1
2m>‘m

1
(2-v)(1 _U)Z m+1u+1F(U+1,1,3—v,m+1). 13)

i 1 (e2"X(\ u) — 1)
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Similarly it can be obtained that, for0 < Reu < 1,0 < Rev < 1,

2
[ o -x0)da = 2 @HE-A0) -1)
1

o e—2miAm

) ) 1
'(2-u)(1—u)E(m+1)v+1F(”+1’1’3'“’m+1)‘ (14)

m=1

Now the formulas (1), (6) and (13), (14), for 0 < Reu < 1,0 < Rew < 1, yield

1
1
/(z\auL()\av)da 'u+v__1
0

(1 -v)
I'(u)

+1"(u+v—1)(f(/\,u+v—1)
1

+C(-M\u+v—1) (r( )"))

+_v — (e-21ri>\2(,\’ u) - 1) + — (821”"\6(—)\’ ’U) _ 1)

u sl e2wiAm 1
—(2—"1)(1 —v) = (m+ 1)u+1F<u+1’1’3—‘U, oy 1)

v e—2ﬂiAm 1
_(2—U)(1—u)mz=:l(m+1)v+1F(”+1’1’3““’m)- (15)

To obtain the theorem we take in (15) u = o + it, v = o — it. Clearly, the terms
in (15) containing the series are estimated as Bt~!. Therefore, the right-hand side of the
equality of the theorem is obtained by using an obvious identity z + Z = 2Re 2.

Lercho dzeta funkcijos modulio kvadrato vidurkis parametro o
atZzvilgiu
A. Lauringikas

Straipsnyje gauta Lercho dzeta funkcijos antrojo momento parametro atZvilgiu asimptotiné for-
mulé, kai ¢t — oo.



