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On statistical experiments observing H -diffusions
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1. Introduction

Let © be an arbitrary set, hg(z) and gg(z), = € (I,7) C R!, 6 € O, be strictly positive
measurable functions such that hg(x)ge(z) =: 0~%(z), z € (I,7), is independent of 6
and satisfying the following assumptions:

T

/hg(x)da:=1, pco, )
l

for all @ € ©, go(z) is differentiable in z, for all z € (I,7) and 6 € © there exists € > 0,
(z — e,z +¢€) C (I,7), such that

r+e€
/ 195()] dv < o, @

T—€

and for some fixed zo € (I,7) and all 6 € ©

Gy(z) :=/g9(v)dv—->oo a zlr, Go(z) > —oc0 as z|l. 3)

Zo

Let © := Cjo,00)(l,7) be the space of all continuous mappings w(-) : [0, 00) — (I, 7)
with the topology of uniform convergence on compact sets, F := B(2) be a o-algebra
of the Borel subsets of Q, IF = {F, t > 0} be the standard filtration of sub-o-algebras
of Fand X(t,w) = w(t),t 2 0,w € ‘

Denoting Hg(dz) = he(z)dz and

pol@) = ~3 (ngo(@))a*(z), € (L), €8, @
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it is known (see, e.g., Mandl [7], Engelbert and Schmidt [1], Karatzas and Shreve [4],
Grigelionis [2]) that under the assumptions (1)—(3), for each 6 € ©, there exists unique
probability measure Py on F such that P, o X ~1(0) = H,,

Ma(t) = X(t) - / po(X(s))ds, t30,
0

is a (Py, IF)-local martingale satisfying

(Mo}, = / o (X(s))ds, 30,
0

and X is a (Py, IF)-(Hp)-diffusion, i.e., a strictly stationary diffusion process on an open
interval (I,7) C R?! with the predetermined stationary distribution H.

For any fixed IF-stopping time T’ we shall consider statistical experiments {Q, Fr,
(Ps,r,8 € ©)}, where P, r are restrictions of Py to Fr. Using known results on dif-
ferentiability of probability measures, corresponding to the diffusion processes (see, e.g.
Liptser and Shiryaev [6]), in Section 2 we shall derive formulas for the log-likelihood
ratios in terms of the stationary density functions and the diffusion coefficients. In Sec-
tion 3 we shall describe curved exponential families of H-diffusions and related sufficient
statistics (cf. Kiichler and Sgrensen [5]). The results are illustrated by some examples, in-
cluding well-known diffusion models in natural sciences and mathematical finance (see,
e.g., Grigelionis [2], [3]).

2. Log-likelihood ratios for H-diffusions

Proposition 1. a) Let the assumptions (1)-(3) are fulfilled, 8y € © is fixed,

Al [ 20 <) .
and

8 / (25 Tas <o} 21, vce ©
Then Py 1 ~ Py, 1 and

T
L dPo,T _ he(X(0)) l hg(X (s)
Lor: = I g = M e (R () 20/ ( oo (X s») 4 Moo e)
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_ % /T K :Z,(()?(( (3)) )] 2(X(s))d s. %)
0

b) If, additionally, the functions go(z), = € (I,7), § € ©, are twice continuously
differentiable in x, then (cf. Morton [8])

L= Ly he(X(D)he(X(0))
OT = 27 hoo(X(T))hao (X (0))

3 ) (i)

+In (hoo((X(( ))))) [111 (ho"(x(s))az(x(s)))],}0'2(X(s))ds, ®)

Proof. a) Applying the well-known criteria on differentiability of probability mea-
sures, corresponding to diffusion processes, and having in mind (4), it is enough to check,

that

po(x) — poo(z) _ _1() 98(z) k@ a0,
2@ 2(‘ goo(z>) 2(1“hau(w>)’ €.

b) Because In go(z) = — In(he(z)o?(z)), from Ito’s formula we find that

T
UL (o b)Y 0 (- Ly X (T)hes (X(0)
2 ([( ) Meo( )_ 5ln

hao(X(s) heo(X(T))ha(X(0))
T .
LT ha(X(s) :
70/ (10 2 [1n (oK o XKD (5D 4
T .
L[ ( helX(s) S
—40/(1 faiy) K Q

Now from (7) and (9) we obtain (8).

Remark. If for all 6 € © gy(z), = € (I,7), is continuous in T and
Py{T < o0} =1, (10)

then, obviously, the assumptions (2), (5) and (6) are valid.
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3. Curved exponential families of H-diffusions

Assume that there exist functions @;(6), 6 € ©, and ¥;(z),z € (I,7),5 = 1,...,d, such
that 4;, j = 1,..., d, are continuously differentiable, and

N ’?:)(3;3)) Z‘p’(e ¥i(z), ze(,r), feo. (an

Proposition 2. a) Under the assumptions (1), (3), (10) and (11) the family {Py 1,0 €
©} is exponential and the statistics

T
BEO)+5 [ XN Mals), 1<5<4,

0
/ WX ()W (X()o2(X(s))ds, <k 1<4k<d,
0

are sufficient.
b) If, additionally, the functions ;(z), z € (I,7), 7 = 1,...,d, are twice continu-
ously differentiable, then the family { Py 1,6 € ©Y} is exponential and the statistics

T
$(X(0) + 45(X(T)) - / {wr @)+ (X))
x[In (hao(X())0*(X(s)) ] }o?(X(s))ds, 1<i<d,

[ U XU X5, F<k <Gk,
0

are sufficient.

Proof. a) Indeed, from (7) and (11), we have that

d T
Lz = o (XD + 5 / HX (M M (9))

1 d
-5 2 wiO)e0) / WX (X ()0 (X(s))d s,
k=1

obviously proving a).
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b) Analogously, from (8) and (11), we find that

d
Lo = 303003 (%(X(O) + w(X(T)

ji=1
T

-3 [ {100 + 900D [n (X 6o X)) J (X s)

1 “0 ’

5 2 ¢i@0® [ 4 XEHE XN,
k=1 0
proving b).

We conclude by considering several examples of parametric families of H-diffusions,
for which the assumptions (1)-(3) are checked in Grigelionis [2], [3]. We shall de-
note norming constants for the stationary distributions by C and shall take gg(z) =
(ho(z)o%(z)) Y,z € (l,r),0 €O.

Example 1. Let (I,7) = (0,1),

ho(z) = C'xﬂ“l(l )ﬁ"le)",
02(:1:) =0 :r""(l z)*2ek”,
8 = (B1,P2,\) € © := (0,00) N[2 = 11,00) X (0,00) N [2 — axz,00) X R,

ai, az, 02>0,p€ R! are known constants.

Because

In ho(2)
hoo (:E)

we find thatd = 3, ¢1(8) = B1 — Bro, p2(6) = B2 — P20, p3(8) = A= Ao, ¥1(z) = Inx,
Ya(z) = In(1 — z), ¥3(z) = 2.

= (61 — Bio)Inz + (B2 — B20) In(1 — z) + (A — o)z,

Example 2. a) Let (I,7) = (0, 00),

ho(z) = Cx* L exp {—x12% — x2z77},
o%(z) = o’z7,

6 = (x1,x2,A) € © := (0,00) x (0,00) x R,
Bi, B2, 02 >0, v € R! are known constants.

Because

ho(z)
h9o (.’L’)

In = =X)Inz+ (x10 — x1)zﬁ‘ + (x20 — x2)z P,
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we have thatd = 3, tpl(o) = /\—-Ao,(pz(O) = X10—X1, <P3(9) = X20—X2» ,¢1 (.’B) =Inr,
Pa(z) = 2P, P3(z) = z7P2.
b) Let (I,7) = (0, 00),
ho(z) = Cx*~Lexp {-x12"},
o?(z) = o%z",
6 = (x1,A) € © :=(0,00) x [2—,00) N (0, 00),
B1, 02 >0, v € R! are known constants.

From the equality

ho(z)
hoo (x )

we find that d = 2, 1 (6) = A — Ao, ¥2(8) = x10 — X1, ¥1(z) = Inz, Yo (z) = 251,
o) Let (I,7) = (0, o0), :

In = (A =X)Inz + (x10 — x1)z™

ho(z) = Cz*~exp {—x2z ™},

o¥(z) = o%z",

0 = (x2,A) € © :=(0,00) x (—00,2 ~ 7] N (—00,0),
B2, 02 >0, v € R are known constants.

Because

ho(z)
h’oo (:L‘ )

we obtain that d = 2, 03 (8) = A — Xo, 2(60) = x20 — X2, ¥1(2) = Inz, Po(x) = 72,

In = (A=) Inz + (x20 — x2)z~?,

Example 3. Let (I,7) = (b, 00),

ho(z) = Cz9,

o%(z) = o*(z — b)7,

€0 :=(1,00)N[y—1,00),

b, 02 >0, v > 1 are known constants.

Inthiscased =1, 1 (0) = —8 + 6p and ¢;(z) = Inz.
Example 4. Let (I,r) = (0, 00),

ho(z) = Cz* exp {—x(Inz)*},

o*(z) = oz7,

6 = (x,)) € ©:=(0,00) x R,

02>0,y€R!, k=1,2,... are known constants.
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We easily find that in this example d = 2, ©1(0) = A = Xo, p2(8) = —x + Xo»
1 (z) = lnz, Pa(z) = (Inz)?.

Example 5. Let (1,7) = (—00,00),

he(z) = C(1 + 2*)* exp {—Karctgz},
o(z) = o*(1 +7)",
1

0=(\K)EO:= (-—oo,—§>ﬂ(—oo,%— ] x R!,

02 >0, vy € R! are known constants.

In this case d = 2, p1(8) = A — Ao, p2(f) = —K + Ko, Yi(z) = In(1 + =?),
Po(z) = arctg z.
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Apie statistinius eksperimentus stebint H-difuzijas

B. Grigelionis

Darbe yra nagrinéjama ergodidky grieZtai stacionariy difuziniy procesy atvirame intervale
(L,7) C R?! su i anksto duotu stacionariuoju skirstiniu H, vadinamy H-difuzijomis, parametriné
feima. Yra rastos formulés tikétinumo santykiy logaritmams stacionariyjy skirstiniy tankiy bei
difuzijos koeficienty terminais, o taip pat apradytos kreivos H-difuziju eksponentinés Seimos ir
atitinkamos pakankamos statistikos. Rezultatai yra iliustruojami keletu pavyzdZiy i8 gerai Zinomy
difuziniy modeliy gamtos moksluose bei matematin¢je finansy teorijoje.



