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Introduction

The endocrine system is one of the main systems, which determins harmony and coordi-
nation of physiological processes of organism. Endocrinical glands produce biologically
active matters, the hormones, by which homeostasis is supported, i.e., the stability of the
organism inner medium, independently of the changes in the external surroundings. That
is why the most important problem in endocrinology is to find out the hormone actions.
The method of mathematical modeling [1] helps us to solve those problems, too. With
the all of mathematical models one may find new trends in experimental and clinical
researches, based on new quantitative hypotheses. Referring to the scheme of hormone
interaction during the menstrual cycle [7], interrelations of the analyzed system were in-
terpreted as an ecological problem “predator — prey”. Then we describe the dynamics of
the sexual hormones during the menstrual cycle by the following mathematical model

[6]:

F(t)=rF [1 +a(1 - E‘,ﬁlﬁ 1)) - FI;,(;)J F(t), (1)
E_(t) =rs. [1 +b(1 - f((;)) - E'(;{; fE‘)] E(t), )
i)=rs [1 +C(E-I‘;E”_ b _ 29) - ﬁ{(?] L), ®
PO = o[l oo Blhe) PO g
Ee(0) = res [0 - B0t g, ©
E(t) = E_(t) + Ey(t - hi-). ©®

Here, L(t), F(t), P(t) are concentrations of LH (luteinising hormone), FSH (fol-
licle stimulating hormone), and progesterone P in blood at the time moment ¢; respecti-
vely E_(t), E, (t) is the concentration of estradiol E in blood at the time ¢ in the pre- and
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post ovular phase, respectively; Kg_, Kg,, Kp, K L K - is that of estradiol E (in the
pre- and post-ovular phase), and progesterone P, LH » F'SH are respective average con-
centrations in blood. The parameters TE-;TE+,TP,TL, TF characterize the growth rate
of the corresponding hormone concentration, and the parameters a, b, c realize regulation,
which takes place through the feedback mechanism.

This mathematical model is researched in [S, 8].

The production of hormone E_ plays the main role for the system analyzed in [2]. If
the secretion of E_ before the ovulation is normal, then after the ovulation the production
of E, will not be disturbed. And vice versa, if the production of E_ by follicle is in
sufficient, then in the post-ovular phase, the secretion of the yellow corpuscle hormones
will be disturbed. Clinical data confirm this interrelation [3].

Mathematical model

The changing physiological quantities, such as the sleeping cycle, health condition, meta-
bolic, physiological and many other factors, all of them have influence on the hormone
changes, and they also influence hormone secretion in pituitary and ovary. So, the hor-
mone concentration at the given moment influences the pasterior hormone concentration.
Thus, speaking about the time delay in the female menstrual cycle, we can claim that, in
this system, it depends on the searched function, i.e., the hormone concentration in blood
at a certain time moment.

The behavior of solution of the non linear system of equations (1)—(6) depends on
the behavior of the solutions of system (2) and (5). This relation was found during the
analysis of the system of equations ( 1)~(6) [8]. As mentioned before, E._ production plays
the main role in the system analyzed.

Let us say that time delay, in the pre-ovular phase hg_, depends on the function E_(t),
under research. Then we put down the system of equations (1)—(6) as follows:

Ft) =re [1 +a(1- 52 D) - f((;)] F@), @
E_(t)=rg_ [1 - %(E—‘)z] E_(t), (8)
Lt)=r, [1 re( BN 22)- ’;g’] L@), ©)
P@t)=rp [al’(t;(‘f‘"‘) +(1-a) E*‘;{;f‘g‘) - 1;{(;)] P(t); (10)
Ey(t)=rgy [ }fgﬁ) _E *(}{Z_’E*)J E4 (1), an
E(t) = E_(t) + Ev(t — hp.). 12)

where time delay A(E_) depends on the function researched.



The mathematical model of the menstrual cycle with time delay 575

We choose the following form of the A dependence on E_(t)

A(E.) = hg_exp (d(l - Ki)) a3y

E_

The choice of the time delay expression is not casual here and it has the biological
basis: when the hormone concentration in blood is high, its synthesis is slowing down
and, vice versa, [2]. Let us analyze a modified mathematical model (7)—(12).

Linear Analysis. Assume that the parameters reflecting feedback a = ¢ = o = 0.
Then the behavior of the solutions of system of equations (7)—(12) are described by the
following behavior of the solutions of the system:

E(t)=rg. [1 - L;{:(E—'ﬁ] E(t), (14)
A(E.) = hg_exp (d(l - ?i;-)), (15)
Ep(t) =rEs [‘iﬁ) -5 (ﬁ{:’“)] E. (). (16)

From (15) it follows, that 0 < A(E.) < hg_expd. The system of equations (14)—(16)
has the following states of equilibrium:

E(t)=Ei(t)=0; (17)
E_(t)=Kgp-, E+(t)=0; (18)
E_(t)=Kg-, E.(t)=Kgy. (19)

The states of equilibrium (17) and (18) are always unstable.
We analyze the stability of equilibrium state (19). We change variables

E(t)=Kg_ (1 + x(’—l—;—)) v Ey(t)=Kpy(1+y(t)) and get
#(t) = —rp_he_[1 + z(t)] z(t — exp(—dzx)), (20)
() = e+ [2(t) — y(t — hes)] 1+ y(2)]. @1

Characteristic quasipolynomial of the linear part of the system of equations (20)~(21)
P(X) = (A +drg_ exp(—Ahe)) (A + ey exp(—AhEgy)) 22)

has the properties researched before (see [8]). If drg_hp_ < § andrpihpy < 7, then
all the roots of the equation P()) = 0 have negative real parts and, if drg_hg_= 7 and
re+he4 < %, a pair of imaginary roots +34 appears in this equation. The following
statement is correct.
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Theorem 1. [f0 < drg hp_ < §and0 < rgihgy < 3 then the equilibrium state
(19) of system of the differential equations (14)~(16) is locally asymptotically stable.

Nonlinear Analysis. We have a system of non linear differential equations (20) and
(21). It is true that drg_hg_ < § and rg1hpy < §. Referring to the properties of the
modified Chatchinson equation [4], the following statement is correct.

Theorem 2. If ¢ = drg_hg_ — § > 0 is sufficiently small then equation (20) has the
stable periodic solution

z(7) = €x1(1) + E222(T) +..., where v (23)
z1(T) = cosor, z2(T) = 1—lo(sin 207 + 2cos207), (24)
c2 _ 2 _ 6 —4+47(1 + 7) — 57(3 + 7)d?

a<1+bze+...)_2h5-, by= %0 ,

25
oy 4= 4md +57(3 4 m)d? £= drehe. -3 ¢ =
2= 401 o b2 T he (14 c€?)

The properties of the function bz (d), for d = a, are described in [4).
If reshey < 3 then the system of differential equations (21) has only one stable
periodic solution.

y(r) = En (1) + Eya() + ... (26)
Hence, the system of differential equations (14) and (16) has the periodic solutions.

Theorem 3. If 0 <rg_hgp_ —5 =€ <= 1and0 < d < do, then the system (14)—(16)
in the neighlovhood of the equilibrium state (19) has the stable periodic solution

E_(t)=Kg- [1 +§COS2—E—T+§2:B2(T) +O(§3)], 27
E_

where x(T) is expressed by formula (24) and o, T, £ we given by formula (25),
E.(t) = Kg, [1 + £y (7) + E42(7) + O (€3)]. (28

Here y1(7), y2(7), 0, T and € are calculated in the same way [8).

Results

We proceed directly to the numerical investigation of mathematical models (1)~(6) and
(7)~(12) and comparise of the results obtained with the experimental data [3]. The exp-
ressions of the stable periodic solutions are presented in [8] and (27), (28). Fig. 1 shows
E dynamics in the main case and in the modificed one.
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Fig. 1. E dynamics in the main case and in the modification.

Conclusions

The offered theoretical models give a good description of the real situation in the cycle of
a long period (28 days). The values of the simplest mathematical model of the menstrual
cycle and the mathematical model with time delay depending on the function researched
differ slightly.
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Moters ovuliacinio ciklo matematinis modelis su vélavimu,
priklausané¢iu nuo ieSkomeos funkcijos

R. Grigolien¢, G. Pridotkas, K. Butys, D. Svitra

Straipsnyje supaZindinama su paprastiausiu matematiniu modeliu, apraSan¢iu hormony saveikg
ovuliacinio ciklo metu, kurj sudaro SeSios netiesinés diferencialinés lygtys su véluojantiu argu-
mentu. Pasiiilyta ir i§tirta ovuliacinio ciklo matematinio modelio modifikacija — matematinis mo-
delis su vélavimu, priklausanéiu nuo ieskomos funkcijos Atliktas skaitinis eksperimentas kurio

duomenimis bei tarpusavyje.



