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For any simply connected region D on the complex plane C, by H(D) denote the
space of analytic on D functions equipped with the topology of uniform convergence
on compacta. Investigations of the universality of zeta-functions use some properties of
H(D)-valued random elements. In this paper we consider the support of the series of
such random elements.

Let Gy, . .., Gn be simply connected regions on C, and H(G4, ..., Gy) = H(G) x
... X H(Gp). Let { Kjm} be a sequence of compact subsets of G; such that

o0
m=1
Kjm C Kjmt1, and if Kj is a compact and K; C Gj, then K; C K, for some m,
j =1,...,n. The existence of the sequence { K} is given in [1]. For f;, g; € H(G;)
we put

oo

— -m Q'M(f"g‘)
o(fi»95) = ngf ﬂmjf_!]j),

where

oim(fi> i) = sup |fi(s) —gi(s)], i=1,...,n.
S€EKjim .

Then g; is a metric on H(G;) which induces its topology, j = 1,...,n. For f=
(fl,...,fn),£= (gl,...,g,,) EH(G],...,G'.) we take

o(f,9) = max o;(fj,95).
Then we have that g is a metric on H(Gh, . . ., G,) which induces its topology.

Let S be a separable metric space, and let B(.S) stand for the class of Borel sets of S.
We recall that a minimal closed set Sp C S such that P(Sp) = 1 is called the support of
a probability measure P on (S, B(S)). Note that Sp consists of all z € S such that for
every neighbourhood G of z the inequality P(G) > 0 is satisfied.

Let X be a S-valued random element defined on the probability space (€2, F, P). Then
the support of the distribution P(X € A), A € B(S), is called the support of the random
element X. We will denote the support of X by Sx.
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Theorem. Let {X} bea sequence of independent H(G\, . . ., Gy)-valued random ele-
ments such that the series

5" X
m=1

converges almost surely. Then the support of the sum of the latter series is the closure of
the set of all f € H(G1, ..., Gr) which may be written as a convergent series

£=> 1. £, €8x

- m=1
We divide the proof of the theorem into three lemmas.
Lemma 1. Let X and Y be two independent H(G, ..., Gyp)-valued random elements

with distributions P and Q), respectively. Then the distribution of the sum X + Y is the
convolution P x Q of P and Q.

Proof. Suppose that X and Y are defined on (2, F,P),and let A € B(H(G,,...,Gy)).
From the independence of X and Y we have that the distribution P(X + Y € A) of
X +Y is equal to the product

(PxQ)((zy):z+y€ A), z,yeH(G,...,Gn).

However, denoting by I 4 the indicator function of the set A, by the Fubini theorem we
find

(PxQ)((zy):z+y € 4) = / Iz +)d(P x Q)
H(G1,...Gn) X H(G1,..,Gn)
Iz + y)(P(dz)) Qdy)

H(Glr“van) H(Gl 1--'an)

P(A-y)Q(dy) = (P*Q)(A).
H(G1,...,Gn)

Lemma 2. Let X andY be two independent H(G}, . ..,Gn)-valued random elements.
Then the support Sx .y of the sum X + Y is the closure of the set

S={fe€H(G,...,G,): f=z+y with z€Sx,y€ Sy}

Proof. Letz € Sx,y € Sy, and f = z + y. We take an arbitrary positive number & and
put

A={ge H(Gy,...,Gn): olf,g) < 6}.
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Moreover, let P and Q be the distributions of random elements X and Y, respectively.
Then we have

(P+Q)(4) = / PA-9QUg> [ P(A-gaug

H(Gy,...,Gn) {g: e(y,9)<6/2}
’ )

>P({eamo<s)) [ aug
{g: e(z,9)<6/2}

= P({g_): oz, g) < g})Q({g o(z,g) < g}) >0,

since by the definition of the support each multiplier is positive. This and Lemma 1 show
that S C Sx.y. But the set Sx.y is closed, hence § C Sx,y.

It remains to show that S D Sx.,y. Suppose that there exists a point f such that
f € Sx4y but f ¢ S. Since f € Sx.y, forany 6 > 0 and A defined above we have

I

(P+Q)(4) = / P(A-g)Q(dg) > 0.
H(G1,....Gn)

The later inequality is possible only it there exists a point u € Sy such that P(A-u)>
0. Therefore there exists a point v € Sx in the sphere {g: o(f — u,9) < 6}. Then
o(f,u+v) <8and f' = u+v € S. Moreover, if § — Othen f' — f.Thus, f € §, and
this contradiction proves that § O Sx_y. The lemma is proved. B

Now let {Am} be a sequence of sets on H(Gy,...,G,). By Lim A,, denote a set
of such f € H(G},...,Gy) that every neighbourhood of f contains at least one point
belonging to almost all sets A,,.

Lemma 3. Let P, and P be probability measures on (H (Gy, ..., Gn),B(H(G,,...,
Gr))) and let P, converge weakly to P as n — co. Then Sp CLim Sp,.

Proof. Let f € Sp,and, fore > 0, A: = {g: o(f, g) < €}. For a fixed £ the boundaries
of the spheres o(f, g) < € do not intersect for different ¢. Therefore we can choose & such
that A, should be the continuity set of P. Then the properties of the weak convergence
yield

lim Pa(4c) = P(A) > 0.

So, we have P,(Ac) > 0 forn > no(f,€). For these n > ny the distance of f from
Sp, does not exceed €. Hence, since ¢ is an arbitrary number, we find that f € Lim Sp, .
Therefore Sp C Lim P,.
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Proof of the Theorem. Let { X, } be given on (£2, F, P), and

X=§:Xm=Ln+Rm

m=1
where
Ln=) Xmn, Ra= ) Xn
m=1 m=n+1

Since the series of the theorem converges almost surely, for any € > 0

P(w € Q: o(Rn,0) > €) =0, n — 0o. 1)
Let

P,(A)=P(L, € A), P(A)=P(X e A), Ae€B(H(G,...,Gyp)).

Then the above relations imply the weak convergence of P, to P as n — oo. Therefore
in view of Lemma 3

Sx CLimSy,,. 2
Now let f, € Lim Si,, and, for any é > 0,

As = {f: o, £,) < 6}.
Then there exists n; such that forn > n,

P(Ln € A) = Pn(Ae) > 0. 3
Define Bs = {f: o(f,0) < 6}. Thenby (1) forn > ny

P(R, € B;) > 0. C))

Let Qn(A) =P(R, € A), A € B(H(Gy,...,Gy)). Then we have that P = P, % Q,..
Hence, from (3), (4) and Lemma 1 we obtain

P(Azs) / Pr(A25 — 9)Qn(dg)
H(G:,....Cn)

> / Pu(Azs — 9)Q@n(dg) > Pa(As / Qn(dg) = Pa(A5)Q@n(Bs) > 0
Bs Bg
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for n > n3 = max(ny, ny). This means that fo € Sx. Therefore Sy D lim Sr,.. This
and (2) imply

Sx =LimSy,.. )

Since X1, ..., X, are independent, by Lemma 2 we have that SL, is the closure of the
setof all f € H(G,, ..., G,) which can be written as a sum

Now if f € Sx, then there exists a sequence {g,: g, € S..} and ”lim g = f. This
= —oco=n =
together with (5) yield the assertion of the lemma.
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Apie H(D)-reikSmius atsitiktinius elementus
A. Lauringikas

Straipsnyje nagrinéjamas nepriklausomy H (G1) x...x H(Gn)-reik¥miy atsitiktiniy elementy
eilutés neséjas. Cia H(D) yra funkcijy, analiziniy srityje D, erdve su tolygaus konvergavimo ant
kompakty topologija.



