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Let N and C denote the sets of natural and complex numbers, respectively. For any
integer m, we define a positive integer g(m). Let ag,’, be complex numbers, and f(j, m),
1 £j < g(m),m € N, be natural numbers. We define the polynomials

g(m)
Am(X) — H (1 _ ag)Xf(J',m))
j=1

of degree f(1,m)+...+ f(g(m), m). In [7] K. Matsumoto introduced the zeta-function

o(s) = T 421 ),

m=1

where s = o + itisa complex variable, and p,, denotes the mth prime number. Under
some hypotheses on g(m), a%) and ¢(s) he proved the limit theorems for log ¢(s) in the
complex plane.

Let B denote a number (not always the same) bounded by a constant. Suppose that

g(m) = Bp%,, |a¥| < P2, (1)

with non-negative constants  and 3. Then ¢(s) is a holomorpRic function in the half-
Plane 0 > a + 3 + 1 with no zeros. Let, foro > G,

oo g(m) ' .
logp(s) = — )~ ) " Log(1 - adpf0me),
m=1 j=1 '

and let R denote a closed rectangle on the complex plane with the edges parallel to the
axes. The first theorem of [7] asserts that the limit

Tlirrolo —1-meas{t € [0, T}, log p(ao + it) € R}

exists. Here meas{ A} stands for the Lebesgue measure of the set A, and T > 0.
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Let po be a constant with o« + 8 + % S Po S o+ [+ 1, and we assume that ¢(s)
can be meromorphically continued to the region ¢ > po. All poles of ¢(s) belong to a
compact set, for o > pg,

lp(o +it)] = Bt|’

with some positive §, and

T

/ |(po + it)| d¢ = BT.
0

We put

G={seC, o>p}\ U {s=0+1it/, pp <o <0},

8'=0c' 41t/

where s’ = ¢’ + it’ runs all possible zeros and poles of @(s) in the strip pop < o <
a + [ + 1. Define (0o + ito) for og + ity € G by analytic continuation along the path
s = o0 + ity, 0 = 0g. In the second th_eorem of [7] is proved the existence of the limit

Thm %meas{t € [0,T], oo + it € G, log (oo + it) € R} (2)

for og 2 po.

The lower and upper bounds for (2) were obtained in [1], (8], [9].

Limit theorems for the function ¢(s) in the spaces of analytic and meromorphic func-
tions were proved in [3]. The explicit form of a limit measure in these theorems was given
in [4] and [5]. In [6] the universality property for the function (,o(s) was obtained.

Let h be a fixed number, and let, for N € N,

UN(...) = ——=#{0< kK N,.. .},

N+1

where instead of dots a condition satisfied by k is to be written. Denote by B(SS) the class
of Borel sets of the space S, and define a probability measure

Pn(A) = pn (¢(o + ikh) € A), A€ B(C).

Denote by ~y the unit circleon C, i.e., v = {s € C : |s| = 1}, and let
Q= H'Ypy
P

where v, = +y for all primes p. With the product topology and pointwise multiplication,
the infinite-dimensional torus 2 is a compact topological group. Then there exists a pro-
bability Haar measure mg on (2, B(§2)). This yields a probability space (Q, B(2), mg).
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Let w(p) stand for the projection of w € € onto the coordinate space +y,. Setting

=[]

Pk

where p" ||k means that p” |k but p"*! f k, we obtain an extention of the function w(p) to
the set N as a completely multiplicative unimodular function.

For o > o+ 3 + 3, define on (Q, B (), my) the complex-valued random element
p(o + it,w) by

= b(k)w(k)

a+zt w oTit

k=1
Denote by P, a distribution of the random element p(o + it,w), i.e.,
P,(A) = mp(p(o +it,w) € A), A€ B(C).

Theorem. Suppose that exp { &,:—k} is irrational for all integers k # 0. Then, for c >
a+ 6+ -% the probability measure Py converges weakly to P, as N — oo.

We will give the sketch of the proof only.
We begin the proof of the Theorem with a discrete limit theorems for a trigonometrical
polynomial

pn(t) = Zakk‘“, am € C.

Define a probability mesure on (C, B(C))
Py p.(A) = pn(pa(mh) € 4), A€ B(C).

Than we prove that there exists a probability measure P, on (C, B(C)) such that the
measure Py . converges weakly to P, as N — oo.
After this we define

Pn(t,g) = ) arg(k)k™™,
k=1

and

P~

PNspn = UN (p‘n(mh1 g) € A)7 A € B(C)7

where g(k), k € N, is a completely multiplikative function, and show that the probability
measures Py, and Py, both converge weakly to the same measure as N — co.
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Now we prove assertion for absolutely convergent Dirichlet series. Let o > -;—, and

o) oo - (2)7)

pn(s) =

E

m=1

Define the function

and
1 7T (s)d
n(s)ds
(m) 2mi _/ sms
0'1—?200

where I'(s) is the Euler gamma-function. Let

on(ss0) = 3 b(mr)r‘;(m) exp{ - (%”-)a } wen

m=1

Define two probability measures

P.n(A) = un (pn(o +imh) € 4), A€ B(C),
and

ﬁN,n(A) = UN (gon(o +imh,w) € A), A € B(C).

After this we show that there exists a probability measure P, on (C, B(C)) such that both
the measures Py ,, and PN n converge weakly to P, as N — oo.

We approximate the function ¢(s) in the mean by ¢, (s), i.e., we prove that in the
half-plane s > o + 8 + £

N

Y " lpl(o +ikh) — pn(c +ikh)| = 0. (3)
k=0

lim limsu
n—oo N—+oop N-I-

Let ap = {p~*",p is prime}. We define a transformation ¢, on taking the value
¢r(w) = apw for w € Q. Then ¢}, is a measurable measure-preserving transformation
on (£, B (2), my ). Applying elements of ergodic theory [10] we proof that ¢, is ergodic
transformation.

Now let T be a measurable measure-preserving ergodic transformation on the space
(€, F, m). Then in [10] is proved that for every f € L}(Q, F, m), for almost all w € )

lim = Z f(T*w) = E(§).

n—oo N
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Denote by €2, a subset of €2 such that for w € ; the series

converges and, foro > o+ 8 + 3,

N

Z lo(o + ik, cu)l2 dt = BN.
k=0

We have that my (Q;) = 1.
We can proof that in the half-plane o > o + 8 + -;1;, forw € 4,

lim limsup
n—00 N._,60

Z lp(o + zkh w) — pn(0 + ikh,w)| = 0.

Now let, forw € 4,
Py(A) = pn(p(o + ikh,w) € A), A € B(C).

It is proved that both the measures Py, and ﬁN,n converge weakly to the same
measure P, as N — oc. From this it follows that the family of the probability measures
Py, is relatively compact. We obtain by the Prochorov theorem that it is also tight.

Let A € B(C) be a continuity set of P. For w € §; we have

lim un(p(s+ikh,w) € A) = P(A). 4)
N-oo

Now we fix the set A and define the random variable 7 on (2, B(2), my) by the
formula

1 if gp(o,w)€ A,
"(“’)‘{0 if (o, w) & A

Then, clearly,
E(n) = /nde =mg(w: p(o,w) € A) = P,(A). &)
Q

We find that

Nim N — Zn(soh(w)) = E (6)
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for almost all w € ). Howeyver, the def 1tions of 7 and of ¢, give

N
ﬁ kg n(ph(w)) = un (p(o +ikh,w) € A).

From this, (5) and (6) we find that
A}im un (p(o +ikh,w) € A) = P,(A)

for almost all w. Therefore, by (4)

for any continuity set A of P. Since the continuity sets constitute the determining class,
we obtain that

for all A € B(C). The theorem is proved.
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Apie Matsumoto dzeta funkcijos reikSmiu pasiskirstyma
kompleksinéje plokstumoje
R. KacCinskaité

Straipsnyje irodoma diskre&ioji ribiné teorema Matsumoto dzeta funkcijai tikimybiniy maty
silpno konvergavimo prasme kompleksinéje plokitumoje.



