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The Lerch zeta-function L(\, a, 8), s = o + it, for o > 1, is defined by

e21riAm

LA a,s) = gom,

and by analytic continuation elsewhere. Here A and o > 0 are fixed real parameters. If
A is an integer, then the function L(), a, s) reduces to the Hurwitz zeta-function ¢(s, @).
When ) is not an integer, then the function L(), , s) is analytically continuable to an
entire function.

Let

I\ a,s) =L\, o, s)—a”?,

and
1
I(s,A) =/|z(/\,a,s)|2 da.
0

The aim of this paper is to obtain the formulae for I 2 +it,)\) and I(1 + it, ) by using
a formula for I(o + it, A), -;— <o <l

Define the function C(), s), foro > 1, by

dne=3

m=]

e21riAm

ms

and by analytic continuation elsewhere. Let, as usual, I'(s) stand for the Euler gamma-
function, ¢, be a positive number, and B denote a number bounded by a constant.

Theorem A. Ler % < 0 <1 be fixed and t > to. Then for any real \

1
-1

I(o +it,)\) = 5 +2I‘(20—1)‘9%(E()‘,20_l)F(1—0+it))

(o + it) |
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1 —2miAT ~ -1
—OR—— = (e=2miIAF() - :
2?Rl~0+it(e ¢(\, o +it) — 1) + Bt

Proof of Theorem A can be found in [1], [2].
Let v be the Euler constant.

Theorem 1. Let t > to. Then for any real A

1 , _ Py > F, (% + 2t)
e 2MAC(\, 1 +it) — 1

Bt~
3+t +

- 2R

Theorem 2. Lett > tgand0 < \ < 1. Then

Il+dt,A) = 1+7a(l =227 - 2%%(52"“'((,\, 1+it) —1)

1 0 e27r'i)\m
— 2R— —_—,
m=1

For the proof of Theorem 1 we will apply some results on the summation of divergent
series. We recall the summation in the Abel sense. Suppose that the series

for 0 < z < 1, converges and has a sum f(z). If
:z:ll»rlrio f(il!) = A’

then the series
o o)
D am
m=0

is called summable in the Abel sense, and A is its generalized sum.

Lemma 1. Let 0 < A < 1. Then for all s the series

w .
e21r'u\m

]
m=1 m

is summable in the Abel sense and has the generalized sum E(/\, s).
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Proof. First of all we note that {| (A, ) is an entire function. This can be obtained similarly
to the case of the Lerch zeta-function discussed in Section 2.2 of [1].
Let0 < z < 1. Then, foro > 1,

e e21ri)\m e e21riz\mxm ® .
m -mu,,8$—
™ = —— [ e u'" du
ms I'(s) ]
m=1 m=1 0
1 [ &
— /us—l E :827r1,,\mxme—mu du
F(S) m=1
0
R 2miA
1 re2mi e—uus—l d
= - Uu.
I'(s) J 1— ze2mire—u
0

By analytic continuation this remains true for all s. Similarly as in [1], Section 2.2, hence
we find that

dz. 0y

ms 1— :L-e21n/\e—z

i e2miAm .m —‘msl" 1 _ 3) /xe2m,\ e~ %51

Here the contour L consists of the part of the real axis from oo to 0, encloses the point
z = 0 and returns to co. The points log z + 2mwi\ + 27ik, k is an integer, do not belong
to this contour and its interior.

The right-hand side of the equality (1) converges uniformly to a limitas z — 1 — 0
on every bounded part of s-plane non-containing the points s = n where n is a natural
number. By the principle of analytic continuation this limit is E(/\, s). The case s = n is
trivial. Therefore, for all s,

o 2widm,m
. e T loud
Jno 2 T =)
m=1

and the lemma is proved.

In view of Lemma 1 the series

o]
Z cos2mAdm, 0< A <1, 2

m=1]

is summable in the Abel sense, and it remains to find its generalized sum.

Lemma 2. The generalized sum of the series (2) is —1.
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Proof. Let0 < 8 < 2mand 0 < = < 1. It is convienent instead of (2) to consider the
series

+ Z cos 2w Am. (3)

m=1

It is not difficult to see that
11—z

1 —2xcosf + z2

=142 Z z™ cos Om. 4)

m=1
Really, multiplying the right-hand side of (4) by 1 — 2z cos8 + z2, we obtain

o0
1 - 2zcos€+z2+22 ™ cos Om

m=1

o0 [o ]
-2 Z ™12 cosOmcos  + 2 Z ™2 cos Om.

m=1 m=1

Since
2 cosfm cos 8 = cos(m + 1)6 + cos(m — 1),

the last expression is equal to

(o o] o0
1 - 2xcos€+:r2+2:ccose+2meCOSBm—-2Za:mcosem

m=2 m=2

[o o] [o o)
— 272 — 272 Z z™ cos ml + 22 z ™ cosmb = 1 — z2.

m=1 m=]

Let 6 = 27 . Then taking a limit as £ — 1 — 0 in (4), we find that the generalized
sum of (3) is O.

Proof of Theorem 1. We will deduce Theorem 1 from Theorem A taking a limit as ¢ —
3 + 0. First let A be a noninteger. Then we have as o — 3+0

¢\ 20 —1) = {(X,0) + (20 — 1)T(A,0) + o(20 — 1),
[(1-0+1t) =T(0 +it) — (20 —~ 1)I’(0 + it) + o(20 — 1).

Moreover, it is well known that

1
F(2U—1)=ﬁ—’7+3(20’—1).
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Consequently, the right-hand side of the equality of Theorem A is

1 2 - . ., _ . T'(o+it)
T+ 5 R0 - 0G0 + (700 - TN T )
1 —2miA > : -1
- 29%1_:0'_-*:75 (e 2 C(A, o+ ’&t) - 1) + Bt + 0(1) (5)

as ¢ — % + 0. By Lemmas 1 and 2 we have RC(A,0) = —2. This and (5) prove the
theorem.

When ) is an integer, then (| (A, 8) = ¢(s) and the assertion of the theorem is obtained
similarly using the equality ¢(0) = —1.

Proof of Theorem 2. Let F(a, b;c; z) denote the hypergeometric function. In [2] it was
obtained that,for0 < Ru < 1,0 < Rv < 1,

j I\, @, u) (=), @, v)da = u—;h +T(utv—1)
b
x (E(,\,u +v— 1)F(11(;)v) + (=M utv— 1)%)
T () - 1) - o (A W) - 1)
_ (2_0)“(1 — ; (mej:i:;HF <u+1,1;3— v; m1+1
_(2_u;(1_u)n;(;Ti:;+lF(v+1,1;3—u;mil). (6)

Since, for |z| < 1,
F(a,b;c;2) = (1 — 2)° *F(c—a,c - b;c; 2)

and F (0, b; c; ;ﬁ_—f) = 0, we have that the series in (6) as 0 — 1 — 0 are equal to

1 & e2midm
—2%‘& m(m + 1)1+t
m=1

It is easily seen that the Fourier expansion of the function 7(1 — 2)) is

(o ] .
Z sin 2wrmA
— .

m=1
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Hence, by Lemma 1,
1~
m(1—2\) = 29%?(()\, 1).

Thus the theorem follows if we take 0 — 1 — 0 in Theorem A and in the equality (6).
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Apie Lercho dzeta funkcijos kvadrato vidurki parametro atZvilgiu
A. Laurincikas

Gautos formulés Lercho dzeta funkcijos kvadrato vidurkiui parametro o atZvilgiu atvejais
1 .
o=3iroc=1.



