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Let {fz,z > 2} be a set of additive functions and
Ve (fz(m) < u) = [z]~ la{m <z fo(m) <u}. 6))

The following assertion about weak convergence of the distribution functions
Ve (fz(m) < u) was proved in [1], [2].

Theorem 1. Let {f,,z > 2} be a set of strongly additive functions and f(p) € {0,1}
JSor each prime number p. The distribution functions (1) converge weakly (as x — o0) if
and only if there exist finite limits
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for each integer | > 1. Moreover the characteristic function of the limit distribution is
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Denote by M the set of limit distributions for (1) appearing in this theorem. The
problem is to characterise this set. For any distributionin M the factorial moments g; are
finite and have peculiar expressions (2). Moreover, from (2) we get
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fork=1,2,...,l-1andl =2,3,...

There are two possibilities. Namely, the limit distribution has infinite support if g; > 0
for all natural I, or it has finite support if g,, = O for some natural m. In the second
case we have that g; = 0 for all [ > m according to (3). In this article we shall give
the description of limit distributions with supports {0, 1} or {0, 1,2}. Similarly can be
found limit distributions with support {0, 1, . .., m}, but the authors prefer not to frighten
readers with cumbrous expressions.
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The set of prime numbers we denote by P. The symbol * over the sign of sum means
that the sum is taken over primes p with the condition f, (p) = 1.

Theorem 2. The distribution F with support {0, 1} belongs to M if and only if the char-
acteristic function of F' has the form

o(t) =1+ g(e' — 1), )
where
g=%+a, PeP, a€[0,ln2], e€{0,1}, e+a>0.

Theorem 3. The distribution G with support {0,1,2} belongs to M if and only if the
characteristic function of G has the form

P(t) =1+ g1 (et —1) + %(e“ ~1)2, )

where

_€1+€2
gl—P1 B,

=gt - (5 + %"2’3 + 8% +2 + 208 + 2y + 267) + 26,

1
a,7 € [07 ln(3/2)]’ B e [0’ ln(4/3)]’ be [01’02]’ a+e +e >0,
61 = (8 +1n(3/2))(a +1n2d) + Lis(e™*/2) — Liz(d),
02 = af + (a — In3c)(In2 - B) + Liz(c) — Liz(e®/3),
c=min{e®/3,1—¢*/2}, d= max{e™*/2, 1 — 2¢7#/3},

+a+:8+71 P17P2€Py 81a62€{011},

and Liz(z) is the polylogarithm of the second order, i.e.,
. = z*
Liy(z) = z oL |zf < 1.
k=1
For some o, 3 the parameters 6; and 6, have more simple representation. Namely
6, =O0whend = e=*/2and 0, = a8 if c = e/3.
Proof of Theorem 2. 1. Let F € M and supp F = {0,1}. Theorem 1 yields

. *1 . * 1 = 1
Jmd ~=9>0  lm YT~ 3 =0
p<z p1<z P2<€=/p;
P27#p1
The last equality implies (for details see Corollary 4 in [2]) the existence of integer D > 2
with properties

limsup#{p< D: fo(p) =1} < 1,
I—00
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Let now y, be an arbitrary unbounded increasing sequence of real numbers. There is a
subsequence i such that the limits

11 € v 1
limZ—:—, lim Z -=a
k—»oopst P k—o0 JEr<p<zn y

exist. Here the symbol / over the sign of sum means that the sum is taken over primes p
with the condition f;, (p) = 1. Since g = & + €/ P, the characteristic function of F' has
the representation (4).

II. Suppose that the characteristic function of distribution F' is (4). Let

fz(p) = €1(p}(p) + 1(yz, zoor2) (P)-

Theorem 1 guarantees that v, (f2(m) < u) converge weakly to the distribution F'. Hence
F belongs to M. This proves Theorem 2.

Proof of Theorem 3. 1. Let a distribution G with support {0, 1, 2} belongs to M. Again
by appeal to the theorem we obtain
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The later equality implies (see Corollary 4 in [2]) the existence of integer D > 2 for
which

limsup#{p < D: fa(p) =1} < 2,
x

. « 1

Jim 37 5 =0

Any unbounded increasing sequence of real numbers contains a subsequence x such that
the limits
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exist. Finally, since
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we conclude that distribution G has characteristic function (5). It remains only to evaluate
the bounds for parameter 6. Let we introduce some auxiliary functions. For (a,b) € W =
[1/3, e7%/2] x [1/2, 2e~# /3] denote

6@t = lim 3 1 ) pifxli‘& 3 S(p,;,bl)’

T b1
z¢<p1Kzl zb <py €2b1 z8 <pgz®l
P1P2€=

where a; = ae®, by = be® and S(p,b,b;) equalsto 8, In(lnz —Inp) — Inlnz® and
Ointheranges p < z!171, z!=% < p < 2'~%and p > z!~° respectively. Using the
standard formulas for sums over prime numbers we have for0 < 7 < A < 1

S pm0-gh-- 3 5y

T <p<z> P T <p<z*\

. . 1
= Lig(7) — Lig(\) + o(ln—x) ©)
Consider the function 6(a, b) separately on the subsets W; of the rectangle W:

={(a,b)e W: a+b>1},
We={(a,b)e W:a+b<1l,a+b =1,a1+b>1},
W3—{(a b)GW a+b21,a;+b< 1},
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Wi={(a,b)eW:a+bi<1l,a1+b>1},
Ws ={(a,b)e W:a+b121,a1+b<1,a1+b =1},
W6={(a, eW:a+b <1}

\V //\

Having in mind (6), it is straightforward to evaluate the function 6(a, b). Thus 8(a, b) =
hi(a, b) for (a,b) € W;, 1< i < 6. The functions h;(a, b) are defined as follows

hi(a,b) =0, hz(a,b) =Inbln I i 5
hs(a,b) = —alnb+ Lig(a) Liz(a1),
hs(a,b) = (B +1nb) ln

+ Liz(a) - Liz(l —_ b),

—b +1In bln b+L12(1—b1)—L12(1 b),

" — alnb + Lig(1 - by) — Lig(ay),

hs(a,b) = (8 +1nb) ln
he(a,b) = af.
We note that h; is continuous on W; and h;(a,b) = h;(a,b) when (a,b) € W; N W;.
Therefore the function 8(a, b) is continuous in the whole rectangle W = Wy U... U W

for each fixed pair @, 3. It is not difficult to show that

—e 2R 11
0 =0(5 =) <005, 5) =6

This completes the first part of the proof of Theorem 3.

IL. Let G be a distribution with characteristic function (5). Bearing in mind the con-
tinuity of 6(a,b) we have that for any real number 8 € [6;, 8,] there exists a point
(a,b) € W where 6(a, b) = 6. Now we are ready to construct the set of strongly additive
functions f,. Defining A, by

A = (z°, zaea] U (:c", xbep] U (2:2/3, z2°1/3],
we take
fz(p) = e11¢p}(p) + €21(p,} (D) + 14, (p)

for any prime number p. It follows from Theorem 1 that v, (fz(m) < u) converges to
the distribution G. Hence G € M and the proof of Theorem 3 is complete.
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Apie adityviuju funkciju skirstiniy ribas
A. Madiulis, J. §iaulys

Nagrin¢jama stipriai adityviyjy funkcijy Seima {f.,z > 2}, kuriai fz(p) € {0, 1} visiems
pirminiams skaitiams p. Straipsnyje apra$omi tokiy funkcijy skirstiniy ribiniai désniai su neséjais
{0, 1} arba {0, 1, 2}.



