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Let s = o + it is a complex variable. The Riemann zeta function {(s), for o > 1, is
defined by

=3
m=1

and by analytic continuation elsewhere.
Denote by B(S) the class of Borel sets of the space S, and let, for T > 0,

vh(..) = %meas{t €[0,7],...},

where meas{ A} stands for the Lebesgue measure of the set A, and in place of dots some
condition satisfied by t is to be written.
Let N is a positive integer and

piN(t) = Z ajmexp{iAjmt}, Jj=1,...,n,
mgN

be arbitrary trigonometric polynomials and A;, € R, a;jm € C.
Let C is a complex plane and C* = C x Cx ...C. On the probability space
N e’

n

(C, B(C)) define the probability measure
Pr, (A) = y,fr((pm(tkl), o Pan(tks)) € A), A€ B(CM).
Here k;, .. ., k,, are natural numbers.

Theorem 1. On (C™, B(C™)) here exists a probability measure Py such that the me-
asure Pr,, = converges weakly to Py asT — oo.

Proof of Theorem 1. Instead of the mesure Pr . we can consider the measure

Qrp, (A)= vk ((ReplN(tkl),ImplN(tkl) ...,Repnn(tky),Imp, N (tkn))eA) ,
A € B(R™).
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Let Ji(z) is the Bessel functions, and

*
0oy (T, s T h) =3 [T I Jkim (05ml7) ks, (a5ml7))

j<nmgN
X exp{iz Z ( Jm(‘P;pm‘l‘ ) +k;m‘PJm)}- H
jSnmgN
Here pjm = argajm,Jj = 1,...,n, and the symbol E' means the summation which

runs over all integers kjm and k%, 1 < j < n, 1 < m < N, satisfying the condition

Z Z (kjm + k;m)Ajmkj =0.

jSnmgN

The characteristic function of the measure QT,,,N is

<pT,pN(7'1,T{,. s Trs To) /exp{z NT1+T T+ .+ TnTn+T,, n)}dQT,PN

R2"
T

T ~ fexp itry Repy vtk i Impy v (ol . A7 Rep kb Ipoy(th ) Y.

It is well known that

Rep;n(tk;) = Y |ajm| cos (psm + tkiAjm),
m<N

Imij(tkj) = Z Ia'jm| sin (‘pjm + tijjm)v .7 =1,... y .
m<N

Since [1]

et sin _ z J, (:t)e"'9

r=-—00

and
0
eiz cosd _ E i (z)etro
r=—00
we have that
Sl .
. . k ik . . . s
e".JRJep]N(t 3) = H z kam(Iajm|7'j)eszm(AJ"lth'f'ﬂaJm‘l"z') (2)

mgN kjm=—00
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and

oo
eiTiImp;n (tks) — H Z Jk;m(lajmlT;)eik;m(ijtkj-l—goim). 3)

mg<N k;.m—._—.—oo
Substituting (2) and (3) in (1) we obtain that

/ / ! /
PTpy (T1, 71 - S Tny Tr) = Pp e (T1, 715 - - s Ty Ty)

+ ST T Tk Uaimls) i, (laml 7))

j<nmgN

X exp {z (g SN kim Y Y (kimt k;m)sojm> }

jiSnmgN jSnmgN
exp {’LT Z E (kjm + k;m)/\Jmk])} -1
j<nmgN

Ty 2 (kjm + Kim)Ximks)

j€<nmgN

X

Here the symbol 3" means the summation which runs over all integers k;m, and kj,,,

1 <j < n, 1< m< N,satisfying the condition

D0 (km+ Kim)Ajmk; # 0.

jsSnmgN
Lete,cy,c}, ..., Cn,Cl, be arbitrary positive numbers, and
Ao = {(T1, 7}y Tny7h) € RZM: || Sy |1 €1y [Tn] Sny |7al Sen}-

Hence, using the properties of Bessel functions we find that for any € > 0 and for any
(11,7, ..., Tn,Th) € Ag the inequality

T (T1 Ly 3 Ty Tn) = Py (T, Ty oy Tra Tw)| < & )

is satisfied. (4) formula shows, that o1 p =~ converges weakly to ¢p , as T — oo and the
convergence is uniform for 71,7, - - ., Tn, 7! in every finite interval. This and the well
known continuity theorem, see, for example [2], prove the theorem.

Let D be a region on C and H(D) denote the space of analytic on D func-
tion equipped with the topology of uniform convergence on compacta and H*(D) =
H(D)x H(D) x ... x H(D) . Let

—
n

N
P>

m=1




88 R. Slezevitiené

Define a probability measure
Prp,(4) = v%((pn (s+itk1),...,py(s +1iTkn)) € A), A € B(H™(D)).

Theorem 2. There exists a probability measure P,,N on (H™(D), B(H™(D)) such that
the measure Pr,p  convereges weaklyto P,  asT — oo.

Proof of the Theorem 2. Let py, . . ., pr are the distinct primes which divide the product
N
I =
m=1,a(m)#0
and let
-
QT=H'ypj, Yo, =7={s€C:|s|=1}.

i=1

Let us define the function h : ., — H™(D) by the formula

W, 20) = (Z atm) ( 11 :c) S “f;?( 11 x;,)"‘"),
m=1 ;7 |Im,j<r m=1 Py ||m,j<r
(Z1y- -y Zr) € Q.
The function k is continuous on §2,. and
(on(s+iki7),...,pN(s +iknT)) = R(pYT,...,pi"). 5)

Now we define the probability measure
Qr(4) = v (Y, ..., p") € A).

on (Q, B(2,)). The Fourier transform gr(l1,...,1,),l; € Z,j =1,...,r of Qris

gT(ll, l ) /a:l yo e 5. / i.lj"'dT

r =1
1, it (h,...,0) = (0,...,0),
exp {iTle lnpj}‘l
=1 , if (ll,...,l,.)#(O,..‘,O).

T E lj In Pj
j=1
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Since the logarithms of prime numbers are lineary independent over the field of rational
numbers, we find that

(1, i (k) = (0,...,0)
gT(l""'l’)‘{o, if (zi,...,z,)¢(o,...,0).

as T — oo. Therefore by Theorem 1.3.19 from [1] the measure Qr converges weakly to
the Haar measure m,g on (€, B(Q,)) as T — oo. Taking into acount the continuity of
the function h and the formula (5) and applying Theorem 1.1.16 from [1] we obtain that
the probability measure Pr , convereges weakly to the measure m, g h~lasT — oo.
The theorem is proved.

Theorems 1 and 2 will be applied to prove joint limit theorems for Dirichlet series.
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Daugiamatés ribinés teoremos trigonometriniams polinomams

R. Slezevitiene

Straipsnyje jrodomos dvi daugiamatés ribinés teoremos trigonometriniams polinomams tiki-
mybiniy maty silpno konvergavimo prasme.



