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A famous Belorussian number-theorist V.G. Sprindjuk (1936—1987) began his scien-
tific activity in 1959 at Vilnius university under supervision of Professor J. Kubilius. At
that moment J. Kubilius had already obtained some important results on the classification
of transcendental numbers [4], [5], in particular, concerning the Mahler conjecture, and
proposed to V.G. Sprindjuk to continue the investigations in the field.

In 1962 V.G. Sprindjuk published five papers [9]-[13] in “Lietuvos matematikos rin-
kinys” on the classification of thanscendental numbers and on the approxsimation of a
number by algebraic numbers, also he obtained some results related to the Mahler con-
jecture. '

The first paper [9] of V.G. Sprindjuk was related to the classification of transcendental
numbers and to the approximation by algebraic numbers.

Let P(z) = ap + a1z + ...+ a,z™ be a polynomial with integer coefficients, and let
h = max |a;| be the height of P(z). A tranzcendental number w is called the S-number

if exists a constant A such that the inequality
|P(w)| > ch™™

is satisfied for every n = 1,2, ... with ¢ = ¢(n, A\, w). Denote by 6y, (w) and 0, (w) the
infimum of such A for real and complex w, respectively. Then [8] the inequalities

~ 1 1
2 ] n 2 a8 = 1,4,...
Op(w) =1, On(w) 5 on ™ 1,2

hold. K. Mahler [7] obtained that almost all numbers in the sense of the Lebesgue measure
are S-numbers, and also he proved that almost sure

Here

f(w) = sup (W), B(w) = sxrllp O(w).
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Moreover, K. Mahler conjectured that for almost all w
Bw)=1 and 6(w)=~.

Some years later J.F. Koksma proved 3] that
O(w) <3, Ow) <25

and W.J. Le Veque gave [6] more precise inequalities
O(w) <2, Ow)<1.5.

F. Kash [2] and B. Volkmann [16] showed that é(w) < 1 for almost all w.
We note that the Mahler conjecture is a consequence of inequalities

Oa(w) <1 and On(w) <

l\Dll—‘

if they are satisfied for all n. The case n = 1 is not dlfﬁcult For n = 2 J. Kubilius
obtained [4], [5] 02(w) = 1. F. Kash proved [1] that §(w) = 4, and B. Volkmann [15]
found that f3(w) = 1 for almost all w. Finally, B. Volkmann [17] proved that 63 (w) =1,
and [18]
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such that for almost all w
gn(w) = On, 011(“”) = éﬂ-'

Also, in the same paper V.G. Sprindjuk considered the S*-numbers introduced by
JF. Koksma. A transcendental number w is called the S*-number if there exists a constant
X such that for all algebraic numbers o of degree < n and of height < h the inequality

lw—a| >ch™1"™

is satisfied with ¢ = ¢(n, A, w).
_ In similar notation as above V.G. Sprindjuk obtained that there exist numbers 6}, and
ey,
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46,-1 1 - 1 1
- — < *s———’ >4s
6 gn SOh<3—5, N2

such that for almost all w
0 (w) =65, Oh(w) =65
It follows from Volkmann’s inequalities (1) that

3
.

3 1 -
1<0(w)<§ and §<0(w)g
V.G. Sprindjuk returned to the Mahler problem in [11]. He improved the inequalities (2)

showing that

(¢))

4 ) ™ 2
1<0(w)<§, §<0(‘*’)<§-

In [12] V.G. Sprindjuk proposed a new classification of transcendental numbers. De-
note by Pn (h) the set of all polynomials with integer coefficients of degree < n and of
height < h. Let

Vn(w, h) = min |P(w)|,
where the minimum is taken over all P € P,(h), P(w) # 0. Moreover, we put

(o, ) = lim sup 12E10E(1/%a@, )
n—00 log n

v(w) = supv(w, h).
heN

Then v(w) is called the order of the number w. In the case v < oo we set

tw, h) = limsup 2B/ 0@ h)

n—oo nY

e t(w, h)
tw) = h’rllis::p logh "

Then t(w) is called the type of the number w. If v = oo, but there exists h such that
v(w, h) = oo, then denote by ko the smallest of such .

After this notation and definitions the classes of A, S, T and U — numbers are intro-
duced as follows.

(w)<1; if vw)=1, then t(w)=0;
(w) <o0; if v(w)=1, then t(w)>0;
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This Sprindjuk’s classification differs from Mahler’s classification: in Mahler’s classifi-
cation first the limit h — oo is taken, and then n — oo.

V.G. Sprindjuk obtained in [12] that all algebraic numbers are of order < 1, all tran-
scendental numbers are of order < 1. Moreover, almost all numbers are of order < 2, and
thus they are S-numbers.

One paper of Sprindjuk [10] is devoted to Diophantine approximation. It is well
known that the classification of transcendental numbers is closely related to Diophantine
approximation of dependent variables. Denote by ||z|| the distance of = from the nearest
integer, and let (g) be a positive decreasing function. Then the well-known Khinchine

theorem asserts that for almost all real vectors (w1, . . . ,wm ) the system of Diophantine
inequalities
max (Jwigll, . .-, lwmal]) < ()

has a finite or infinite number of solutions provided the series

Y ™ (@)

q=1

is convergent or divergent, respectively. There exists a general problem on the number of
solutions of similar system when instead of w; a polynomial P;j(wy, . . ., wk) with integer
coefficients is taken. In particular, K. Mahler conjecture is equivalent to the assumption
that the system of Diophantine inequalities

mesx (Jal) I?al, .. Joal) < 4~/

for almost all real numbers g has only a finite number of solutions provided § > 0. The
case n = 2 with some improvements was completely solved by J. Kubilius in [4] and
[5], and this gave the Mahler conjecture for n = 2. V.G. Sprindjuk in [10] obtained the
following result. Suppose that the series

0
Ser@em, m="E
q=1

is convergent. Then the system of Diophantine inequalities

(pex (llwigll, lwwjall) < e(a)
for almost all (ws, . . .,wy) has only a finite number of solutions. Note that the Mahler
conjecture by using of generalizzft:«on of Kubilius’s ideas was completely solved by
V.G. Sprindjuk in 1964, see [14].
The last paper of Sprindjuk in “Lietuvos matematikos rinkinys” generalizes the results
of [9] for polynomials with coefficients from the field of powers series. Let K be a finite
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field of characteristics p, and let K (z) be a field of the formal Laurent series w(x) over
K. The field K(z) can be normalized, and also the Lebesgue measure can be introduced.
Let K[z] denote the ring of K (z), and

P(2) = ap(z) + a1(z)z + ... + an(z)2", a; € K[z].
Denote by | * | the norm in K(z), and let

h = max (|ao(z)|, |a1(z)], - . -, lan(z)])
be the height of P(z). We put

wy(w, k) = min |P(w)),

where the minimum is taken over all polynomials P(z) of degree < n and of height < A,
P(w) # 0. Let

o log wp(w, h)
wn(u) = ~limnf =50

Then V.G. Sprindjuk proved that for almost all elements w € K (z) the inequalities
lw (w) € max
n n =

hold. Moreover, there exist numbers wy, such that
wp(w) =wn, n=12,...

for almost all w. :

We note that the publications of V.G. Sprindjuk in “Lietuvos matematikos rinkinys”
were the basic for his future researches.

The author thanks Professor J. Kubilius for a discussion on the Mahler problem and
the Lithuanian period of V.G. Sprindjuk.
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SprindZuko darbai ,,Lietuvos matematikos rinkinyje
A. Laurindikas

Straipsnyje pateikta Zymaus baltarusiy matematiko V.G. SprindZuko darby ,Lietuvos matema-
tikos rinkinyje* apZvalga.



