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1. Introduction

By N, R, C we denote the sets of natural, real, and complex numbers, respectively and N :=
N u{0}.

Let S be an additive arithmetical semigroup, with degree mapping @ : S — Ny (more about
it seein [1], [3]), satisfying the following assumption about a total number S(n) of elements of
degree n in S.

Axiom: There exist the constants A > 0,y > 1 and q > 1 (all depending on S), such that

S(n) = Aq™ + 0(%;1—) as n — oo.

We shall construct a probability space, which enable to consider the arithmetical functions
as sums of independent random variables.
Define the set S, n € N by

Sn = {a € §;Vpla= 8(p) < n}.

where p throughout the paper means a prime element of S.
By A we denote the class of all subsets of S. Then for each A € A we write

1 1
Un(A) =" E 2@ Yn = H (I*W). (n
a(p)sn

a€ANS,
It is clear, that
Vn(Sp) = 1.
Thus, the tripple {S, A, v, } is a probability space.

By U we denote the supplement of the set U. It follows from our Axiom.thatg = 1+s, s >
0. Let with some fixed u

Qu:={p*€S; d(p)<n, k21, el (up)=1, prueU}.
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Lemma 1. Suppose that U C S is such, that

. 1 s \?
a = I/n(U)<:1§ (S_-FI) .

Then we have

5 1 _3(s+1)

kd(p) =
PFeQ2 1 8

where
Q:={p" €S 0p)<n k=1, p¢Q}.
Proof of Lemma 1. Let pf‘ € Q2. We set
Vo, = {p’f‘u; ve U (p,u)= 1} .
Itis clear, that V,,, NU = 0. Then V},,, C U. It follows that
Un(Vp,) € a.

Further, for p¥' € Q2 we have

1 1
(Vo) = 1 D 0o I 2 PICYRIIY

uelnNsS, ueUns,,
u=0(modpy)

va(U) 1
G CENEI

From the last relation and equality
va(U)=1-v,(U)=1—-aq,

we obtain

1 1
Vn(Vp1)>qk1_3(m{1_a—E}. ?

Thus, it follows

s
az gk12(P2(1 + 5)°
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The assumptions of the Lemma and the last inequality yield

1 2(1+ s)a < s

gk18(p1) = s S 24(1+s) @

Let p;, p2 be two distinct prime elements. If p; = p; and k; # ko, here p’f‘ , p’zc’ € @2, then
Vo, NV, = 0. In the case p; # p, we have,

Vp, NVp, C {m € S;m = 0(modr*)},

here 7 = p;py. Therefore in both cases we have

1

Un (Vo1 NVp2) < vy (m eES;m= O(modrk’)) < Yn Z O IC] “)
1
- qkla(r) ’
Let Q be an arbitrary subset of Q),. Define
1
V= U Vp, b:= Z m
pk€eQ p*eQ
It follows from the estimations (2) and (4) that
s
ZUED IEAUSEND SIS R Err e ©

k k k
plleQ pll,p22€Q

The equality V N U = @ yields that v,(V) < a.
Suppose, that
s
L .
b< 8(1 + s)

Using this assumption in (5) we arrive at the relation

s s sb
“2"(2(1“) - 8(1+s)) Z 3049

Choosing Q = Q-, from the last estimation we conclude

Z 1 < 3(1 + s)a
kd(p) = ’
P*€Q2 7 s

We see, that the last relation yields validity of the Lemma 1.
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Further, assume that

b> ——
8(1+s)

Let the set Q* C Q; satisfy the following inequality:

* 1 s
b=bQ") = ) 7o S 8(1+s)

Pk eQ*

and for all

1 s

k *

, b > .
S Q2 \Q + qka(p) 8(1 + S)

Applying the estimation (3) we have

s 1 s

b> - > .
8(1+s) ko) = 12(1 4 )

The last estimation together with (5) and (6) yield

>1 s 2
2 3p\15s)

Thus, we arrive at the contradiction, because

2 2
a2 S L> S i
“\1+s) 32 1+s/) 48

Lemma 1 is proved.

For the set U C S we define the set V = V(U) by

V={ a€S; aus =ujus, up = usk, (us, k) =1, (u, k) =1,

ui € U,i=1,2,3}.

Lemma 2. Suppose that U C S and the set V is defined in (7) . Then the equality

HMn (_) = Os (Vn(_U—))

holds. Here s = q — 1, pun(A) = (1/8(n)) ¥
mEANS,
8(m)=n

(6)

@)
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Proof of Lemma 2. We begin proving the lemma under an auxiliary condition

— 1 s \?
un(U)=a<E S_-:_i .

Assume that m = pl, when (p,1) = 1, p* € Q1, | € U. Then for each u € U with conditions:
(p,u) = 1 and p*u € U we have

mu = lup*.

Therefore m € V. It is clear, that for each m = p*l, where (p,I) = 1, p* € Qo orl € U we
have m € V. Further

dYoam< D, Y, e+ Y 0 Y o) < n-8(ph)1

8(m)<n a<n (pk)<n—a(l) PREQy
mev leU o(pk)gn
=8 +5,. (8

Applying Lemma 1 we obtain

n— 1 - 1
3(Pk) S q 8(1), Z qa(m) S In ! (771 Z qa(m)) O(na).

k3(p)<n-98(l) 8'("6)6(. meS,NU
m n

It follows from these two inequalities, that
S = O(q"an). )

Let us consider the sum .S;. Making use of Lemma 8 [3] and Lemma 1 we assert

5 86 0, (o).
pk €Q2,
a(pk)<n

This estimation together with (9) and (8) yield

3" 8(m)=o0, (q"an).

mev,
8(m)En

Further, making use of the last estimation we obtain

pun(V) < #(n) m?;s d(m) = o(a).

8(m)gn
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It follows
(V) = O, (vn(D)).
The case

— 1 s 2
@ > 5(57)

is obvious. Lemma 2 is proved.

We define
& = &(m) = ga(p*); if P¥|Im, k>0, me S,neN. (10)

Here g,.(m) is some sequence of real-valued arithmetic functions. The reader can easy prove the
following

Theorem 1. The functions §,; 0(p) < n, defined in (10), are independent random variables in
the space {S, A, v, }, distributed by

: 1
vn (6 = 9a (")) = oy (1-47°%), ~ap
>0, 0(p) <n,neN.

We set

G.(m,u) = H an(p®), mesS;
9(p)<z(u),p|Im

1
Zn(u) = H || 7 sgnépe™ ),
d(p)<z(u)

where the function 2(u),u € [0,1] is some real-valued monotonic function with condition
z(1) = n, B(n) — oo asn — oo, and &(p), A(p) < n are random variables defined by

(11).
Theorem 2. For each 0.5 < € < 1 we have

pn( sup |Ga(m,u) ~ 1] > €) = O, (va( sup |Zn(u) - 1| >

0<uxgl 0<ugl

).

mlm

Proof of Theorem 2. Set

U={meS; sup |Gn(m,u) - 1|<§},

o0guxl1
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here u € [0, 1] is a fixed number. Let the set V' be defined as in (7). It means, that for each
m € V there exist the numbers ni,ny,n3 € U such, that mn3 = ning, where n3||ng, ny =
nal, (ny,1) = 1. Since each number of S has unique decomposition into the power of prime
numbers, then multiplicity of G, (o, u) implies relation

Gn(m,u) = Gu(ny,u)Gr(l,u) = G1G2G§1,

where G; = Gn(n;,u);n; € Ui =1,2,3.
Use of the identity
k k
1-1]b:=
1 =

i=

k
(1-b) I] &

1 1=j+1

J

leads to the inequalities

[Gn(m,u) = 1] < |1 = G1||G2G3 | + |1 = G2||G1G3 | + |1 — G2||G2G1G3 Y|

<
<(1+6)(1~-Gi+1-Ga| +2]1 - Ga|) <e.
Therefore |Gn(m,u) — 1| < €, Vm € U. It yields

Vc{mes; sup |Gn(m,u)—1| <e€}.

0<ug1

The last relation together with Lemma 2 complete the proof of the Theorem 2.
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Keletas nelygybiu aritmetinése pusgrupése
G. Bareikis

Siame darbe pateiktas RuZos nelygybés analogo aritmetinése pusgrupése irodymas. Be to, pateiktas
pavyzdys, kaip galima pritaikyti $ia nelygybe aritmetiniy bei atsitiktiniy multiplikaciniy procesy tikimybiy
palyginimui.



