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Discrete limit theorems for trigonometric polynomials

Roma KACINSKAITE (VU)

1. Ivadas

Let, as usual, R and C denote the set of all real numbers and complex numbers, respectively,
and let

pn(t) = Zaje"\f‘, aj € C, /\J' €R,

jsn

be a trigonometrical polynomial. It is known [1], that the polynomial p,, (¢) has a limit distribu-
tion low, i.e., the probability measure

meas {t € [0,T],pa(t) € 4}, A€ B(C), )

converges weakly to some measure on (C, B(C)) as T — oco. Here meas{ A} is the Lebesgue
measure of the set A, and B(S) stands for the class of Borel sets of the space S.

Instead of the measure (1) we may consider its discrete version. Let h > 0 be a fixed number.
Define on (C, B(C)) the probability measure

1

=N

#(0 < m < N :pp(mh) € A)

and consider its weak convergence as N — oo. Here # A denotes the number of elements of the
set A.

Theorem 1. On (C, B(C)) there exists a probability measure P such that the measure Py con-
verges weakly to P as N — oo.

The latter theorem is a discrete version of a limit theorem for the measure (1).
Proof of Theorem 1. Clearly, instead of the measure Py we can consider the measure

QN(A) = 5 # (0 < m < N : (Repa(mh), Impa(mh)) € 4), A € B(R?)
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To prove the weak convergence of this measure it suffices to study the asymptotic behaviour
of its characteristic function

7_1’7,2) ef // 17‘11'1+"'21‘2dQN

—00 —00

= N: - Z ew; Re pn (mh)+iT Im p,.(mh) (2)

m=0

It is well known that

Repn(t) Z|a1|cos(z\ t+n;),

Impa(t) = Y la;|sin(Ast + 7).
—
Here n; = arga;. Let J,(z) stand for the Bessel functions. Since [1]

msme Z J x)etme

m=-o00
oo
ei: cos - Z ime(I)eimo,
m=-o00
we have that
. o o]
eiT Repn(mh) _ Z Jk; (|01|T1)~~-Jk,.(|0n'7'1)

kl yooo ,k,.=—oo

X exp {1(% ij + thkJAJ + Zkﬂ'h) }
Jj=1 1=1 Jj=1
oo

= > Jk(lailn). .. Ik, (lanlm)

ki1,....,kn=—00

xexp{(ik_,( +n,)+mh2k)\)} 3)

ij=1
(e o]

eim2Imp,a(mh) _ Z Jiy (Ja1|72) ... T, (|an|T2)

l; ,...,ln=-00

xexp{(Zl]n]+thl/\)} )

j=1
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Let k be an integer, and let

00 o0

p(m,72) = > > Ik (laaln) -k, (lanlm)

k1., kn=—00l1,....,ln=—00
(k1) M+ (kn+ln ) A =2"

x Ji, (Jlai|m2) ... i, (lan|T2)
X exp{z(Eij +Z(kj +l]')'r]]‘)}. ©)
Jj=1 Jj=1
Then we find from (2)—(4) that

SON(7'177'2) = ‘Pn(T17T2)

e o) [ o}

+ Z z Jk, (laa|m1) . .. Ik, (laa|m1) -

ky,....kpn=—00l,...,ln=—00
(k1+lx)/\1+ +(k:.+l YAn# 22

m n n
xJi, (Ja1|m2) ... Ji,, (lan|m2) exp {1(5 Z k; + Z(kj + lj)?',j) }
=1 =1
1 N n
N1 ngoexp {imh ]Z:l(k,- + 1) } 6)

Obviously, if (ky + 1)A; + - -+ + (kn + ln)An # 22K,

1 —exp {z(N +1)h Zn:(kj + lj)’\j}
i=1

N n

> exp {imh > (ki + 1)

m=0 3=l l—exp{ S (kj +1;) }
J=1

For the Bessel functions the estimate

k
Bcl1 !

@) =7

|Z| < C1,

is valid. Here ¢, ¢, . . . are positive constants. Thus, taking an arbitrary ¢ > 0, we can find
K = K(¢) such that

> S Ik (laalm) .k, (Jaalm)
krvokn=—00l1,..ln=—00 '

(ki 4+ +- -+l +FIn ) > K (€)
x Ji, (la1]m2) . .. Ji, (lan|2)
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n

X exp {z(g Jz:; k; + ;(kj + lj)"?i) }

l—exp{ (N +1)h i(k +1)A}

J=

>
N1 <3 ™

l—exp{ Xi: k; +lj))\j}

forall |7,| < ¢2, |T2| < c3. Now are choose No = Ny (&) such that for the remainder part of the
sum in the equality (5) the inequality

e o] oo}

> 3 Jnaln).. k. (aaln)

ki....kn=—00ly,...,Iln=—00
(kal+i |+ .+ kn |+l NS K (€)

X Jh (IallTQ) . Jl,, (|an|‘r2)

] T n n
X exp {2(5 ij + Z(kj + lj)nj)}
1—exp{ (N+1)h Y (kj +1)A }
1 i=1

*N+1 .
1 —expqih > (kj + )N
i=1

should be satisfied for N > Np. Consequently, we obtained that oy (71, 72) converges to
o(11,72) as N — oo umformly on 7; and 75 in each finite interval. Hence in view of the
well known continuity theorem, see, for example [2] we obtain the weak convergence of the
measure Q to the measure Q defined by the characteristic function (7, 75). The theorem is
proved.

Now let G be a region on the complex plane, and let H(G) denote the space of analytic on G

functions equipped with the topology of uniform convergence on compacta. Define a probability
measure

€
<3 8

1

Qvd) = 57

(0<m << N:po(s+imh) € A), A€ B(H(G)).

Theorem 2. There exists a probability measure Q on (H(G), B(H(G))) such that the measure
QN converges weakly to Q as N — oo.

We begin the proof of Theorems 2 with the following lemma. Let v be the unit circle on the
complex plane, and let

n
Qn = H'Yla
=1
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where v, = y foralll = 1,...,n. Consider on (2, B(2,,)) the probability measure

1 3 im
Qv(A) = m#(osmgN:(,\;mh,...,,\;, ") e A).

Lemma 1. There exists a probability measure Q' on (Q,, B(2y,)) such that the measure Q'y
converges weakly to Q' as N — oc.

Proof We have that the Fourier transforms gn(k1, .. ., kn) of the measure Q' (for the defini-
tion see [1]) is

n
N  imh Z kit

ki,...,kp) = —— =1
gN( 1, b n) N + 1
m=0
Therefore, we have that
( n
1 if hzklx\z =27rr,r€Z,
=1
gnkr,. k) =q Rk "
— if h Y ki # 27r,
N +1 ih " kide =1
\ 1 —e =1

Consequently,

n
1 if Yk = EE,
A}irﬂ gn(klv"-akn) = ITII
- 0 if Y kin# 2%
=1

Hence, by Theorem 1.3.19 from [1] the lemma follows.

Proof of Theorem 2. Define a function h : Q, — H(G) by the formula
n
h(zy,...,xzn) = Za,e’\":r;\'”‘h, (z1,.--2Tn) € Q.
=1

Clearly, the equality

n
E :ale)q(s-Hmh) - h(eb\lmh’ e ei/\,.mh)

=1

holds, and the function h is continuous. Therefore from Lemma 2 and Theorem 5.1 from [2] we
obtain that the measure Q yh~! converges weakly to Q'h=! as N — oo.
Theorems 1 and 2 will be applied to prove discrete limit theorems for Dirichlet series.
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Diskrecioji ribiné teorema trigonometriniams polinomams
R. Kalinskaite

Straipsnyje irodomos dvi diskreCios ribinés teoremos trigometriniams polinomams tikimybiniy maty
silpno konvergavimo prasme.



