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1. Introduction

Let {(s), s = o + it, as usual, denote the Riemann zeta-function. In the investigation of the
value-distribution of ¢(s) an important role is played by its logarithmic moments

T
Ju(o,T) /(log|((a+it)|)kdt
0

for any integer k. Here 0 = 1/2 or 0 = o7 and tends to 1/2 as T — oo. In this note we study
the moments Jox—1(1/2,T) for any positive integer k. Denote by B, a number bounded by a
constant depending on 7).
Theorem 1. For T — 0o we have
Jox—1(1/2.T) = BiT(loglog T)* 1.
Note that [1], for T — oo,

Jok(1/2.T) ~ a(k)T (loglog T)*,

where a(k) is an explicitly given function.

2. Auxiliary results

Let A(m) stand for the von Mangoldt function, and let, for z > 2, A;(m) denote the Sellberg
[3] function, i.e.,

A(m). 1 g m < z,
A log? -’E—Zlog2 =2 < < 72
A(m) = (m)‘—'"_i_“""gabg . , TSmMSK TS
2z
A(m)l—°—g—,m- 2 <m< 3
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Moreover, fort > 0, let

Tat = % +2max(m§x|ﬁ— —, logz)

where o runs over all zeros 3 + i of {(s) for which

2318-1/2]

t—ql <
It -l Togz

Now we can define the functions E;(t), j = 1,...,5, by

_ A(p) — A:(p) —it
El (t) - p;a \/I_)lOgP p ’

B = Y Al o

Mo plogp

o0
1
Es(t) = (Ux,t - 5)1‘6"‘_1/2 / zl/2-e
1/2 p<z?

Est) = (Ua:,t - %) log U,

Ozt +it—p
Es(t)= > log L—.
[t—~I<1 1/2+it-e

> A (p) log(rp)

pa+1‘t da’

Suppose that U < T.

Lemmal. Let z = UY/(1205) | c N. Then

U
[E@ra=Bo, =15
U/2

69

Proof. For j =1, ..., 4, the estimate of the lemma is given in [1], see also [2]. The case j = 5

can be found in [1], and, for k = 1, in [2].

Lemma 2. Ler z = UY/(120K) k ¢ N, and t € [U/2,U). Then

logl((% +it)| =y Cos(i/l;gp +BZIE ().
p<z3 ’

Proof of the lemma is given in [2].
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Lemma 3. Suppose that U/ (1208) <y < UV*, k € N. Then

Ul 1. cos(t log p) k-1 _
/og'((—2-+zt)|—z—ﬁ———’ dt = B,U.

U/2 P<y

Proof. By Lemma 2 the integrand of the lemma does not exceed

5 2k-1
Bk(ZIE,-(tn”-l i ) )
i=1 )

The conditions of the lemma, for =3 < p < y, imply the estimate

1
Z pl/2+it

z3gp<y

logp logy log p
1= . =B .
logy logp logy

Therefore, by Theorem 2.7.4 of [2] we obtain that

U
0

Hence, from (1) and Lemma 1, applying the Cauchy inequality, we obtain the estimate of the
lemma.

4k-2 | 1/2
dt) = B, U.

) .
Z p1/2+it

z3<p<y

1
2 pl/2+it

z3p<y

2k—1 u
dt:Bﬁ(/
0

3. Proof of Theorem

We begin the proof with the integral

v 1 2k -1
/ (logl((é +it)|> de.

U/2
We take y = U'/(5) and put

Ay(t) = A(t) = log |<(% + zt)| -3 i"s(i/l_+g”).
p<y

Then, clearly,
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(log‘C(%+it)|)2’°—1= (EP&S‘%)%_I

p<y
2k—1 2k—1-m
cos(tlo,
+ ¥ opane)( Z%} . @
m=1 p<y

It is not difficult to see that the second term in (2) does not exceed

2k—1

|A®)] ) CRila@)™!
m=1

2k-2

= a@) Y cptilae)™

m=0

= BJawI(a0) +

2k—1-m

Z cos(t log p)
sy VP

cos(tlogp)
2%

Z cos(tlog p) )2k_2
<y VP

This, (2), Lemma 3 and the Hélder inequality yield

7 1 2k-1 7 cos(tlo )2k'1
(1 ¢z +it ) dt — ( —ﬂ) dt
[ (b)) [ (5

p<y

2k-m-2

2k-2

U U
= Bk/{A(t)l%-ldHBk/m(m Zf’i@g—”) dt
0

0 r<y \/Z_)

u v 1/(2k-1)
= Bk/]A(t)|2““dt+Bk(/iA(t)[”“ldt)
0 0

u 2k=1 « 1-1/(2k—1)
«(/ )
0

dt
U

= BU + BkUl/(”“‘”(/
0

E cos(t log p)
by VP

Z cos(t log p)

2k—1 \ 1-1/(2k-1)
dt) . 3)
= VP

Now let

1
=) =3 S
pP<y
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Then we have

Z cos(t log p)
p<y \/I—)

Consequently,

= %(n +17).

2k—-1

T cos(t log p) 2= 1 7
21 -2k C / —2k 1- -mdt.
[ (=) poe

v P U/2

Obviously,

Plre- Pm <Y q1,..92k-1-m <Y

U
/ nmn—Qk_l_'"dt = Z Z (Pl «.-Pmq1 .- -q2k—l—m)_l/2
U2

v it
% / (_ﬂ__&"__> dt
q1...92k—1-m
U2

B ). > (P -Q2k—1-m) /2

Plyeeos Pm <Y q1,.--s Q2k—-1-m <Y
-1

I

P1..-Pm

log —8 ——
q1-..92k-1-m

Since, form,n € N,

m . 11
‘log—l > mm(—,—) ,
n

m n

we obtain that the logarithm in (5) is estimated as By?*~!. Thus, in view of (4) and (5)

T

/ <z cos(tlogp))2k_l Z 1 2k—12k2—1
— =2 dt = By2k_1< —) Ccp_,
Us2 p<y ‘/I_) p<y \/I_) m=0
= Byy** = BLU.
It remains to estimate the integral
U U
cos tlogp) k- l cos( tlogp) k-2 \1/2
Y ——=——| dt) .
0 p<y 0o P<y

C))

&)

(6)

M
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Using the same notation as above, we find

0/ P<y vP

- B, / n@®)*2dt+B. Y Ch_

m=0
m#2k—1

E cos(t log p) ) k-2 4kZ_2
— dt=2"""*%"CRi_,

73
U
_ /nmﬁ4k_2_mdt
U
/nm’f_]4k_2_mdt| ; (8)
0

Similarly to (6) we obtain that the second term in (8) does not exceed B U. For the first term

we have

U
[nosa=n0 Y i
0

P1y- P2k -1 <Y
q1y.eey 92k -1 <Y
P1--P2k—-1=q1-..9Q2k -1

+B Z (p1-.-

P1y-- P2k -1 <Y
q1y.-y q2k—1 <y

= BU Z (p1 .

P1y.-,P2k-1<Y
q1y--92k -1 <Y
P1---P2k-1=q1...92k~1

By Lemma 2.7.3 from [2] the first term in (9) is

.P2k-1)"

-P2k-1)_1

log 2! cP2k—1]|”
q1---92k-1
1 + B U. 9)

1 2k—1 1 2k-3
BkU<ZI—)> +BkU(Z’—)) = BU(loglog T)?*~1,

P<y P<y

Thus, by (7), (8) and (9)

[1z

Now hence and from (3), (6) we have

cos tlogp) k-1

p<y

U

1 2k—1
/ (log (<(§ + lt)D dt = B.U(loglog T)*~!

Uy/2

Taking U = T'/2! and summing the last equality over [ = 0, 1

= BU(ioglog T)2k—1)/2

., we obtain the theorem.
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Rymano dzeta funkcijos nelyginiai momentai

A. Laurinéikas

Straipsnyje gautas nelyginiy logaritminiy Rymano dzeta funkcijos momenty kritinéje tieséje jvertis.



