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The real numbers 1 < 8; < B2 < --- for which lim (3, = oo are called the generalized

n—o00

primes (g-primes). Then the elements v; (i = 1,2, ), o = 1 of the multiplicative semigroup
generated by g-primes are the generalized integers called g-integers (Beurling, 1937 [1]).

In this paper we consider the problems associated with the distribution of g-integers in arith-
metical progressions. The application of analytical methods reduces these problems to consid-
eration of corresponding modified L-functions. For example in order to establish the asymptotic
behaviour of counting function

Pk l)= Y, 1

P(n)<r
n=l(mod k)

for Euler totient function ¢(n) it is necessary to examine the modified L-functions

B(s.x) = Y x(n)p(n)~*

n=

H (1+x()(p-1)"°(1- x@p*)"), s=o+it, 0> 1.

4

—

Here and further p denotes the rational prime numbers. In [4] the analyticity of the functions
®(s, x) in the half-plane o > 0 for x # xo was proved. Let us take notice that the values
of Euler function are closely related to g-integers generated by the sequence of g-primes {3},
Bi = piy1 — 1,1 =1,2,-- -, where p, is the nth prime number.

The values of divisor sum function o(n) are associated with the g-integers generated by
g-primes {3;},Bi=pi+ 1,1 =1,2,--- The corresponding modified L-function

sx:Z o(n)~*

=11 1+Zx P +P M+ +p+1) ), o>1

14 =

is analytically continued to the half-plane o > 0 for x # xo as well [5].
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A bit different problem is to investigate the number of g-integers v; not exceeding z in arith-
metical progression, i.e. v; = [(modk), v; < z, (I, k) = 1. Denote this number by N(z;k, ).
This problem for any sequences of g-primes is rather complicated, but it is solvable for special
cases. For example in the case of g-primes 5; = vp;, (i = 1,2, - - ), vis integer, v > 1 (see [2])
the asymptotic formula for N(z; k, [) was obtained in [3]:

N(z;k,l) = az(log :1;)%—1 + O(xe—c\/logz)’

where c and a are positive constants depending on k and v.
The applied method of the proof needs the analytical properties of the modified L-function

L(s;iv,x) = 3 kix(a)v* = [[ (1 = xwp)wp) ™) ', o> 1.

=0

The g-integer v; arise as distinct products of g-primes; k; denote the number of such products
ko = 1. The analytical continuation of the function L(s;v, X) to the left of the lineo = 1 is
more complicated than in the cases above. The domain of analyticity of L(s;v, x) is Dy = {s:
o > 0} \ Uy, where

U, =UU{s is=(xB+11y)/n, 0 <z <1}U(0;1];

the union is taken over all positive integers n and over all non-real zeros p = 8 + i~y of Dirichlet
L-functions L(s, x™).

The purpose of this paper is the analytical continuation of modified L-function associated
with the g-primes 8; = p; + r; 7 is the arbitrary positive integer. A similar problem was consid-
ered in [6].

Let x is a non-principal Dirichlet character modg, where g is a rational prime number. Now
we consider the modified L-function

Lisixr) =3 kxar* =[[ (1~ xp+ 1) +1)") 7, o>1,
=0 P

which may be used to investigate the number of g-integers not exceeding x in arithmetical pro-
gression.

Theorem 1. The modified L-function L(s; x, ) for non-principal character with prime modu-
lus q is analytic in the domain o > 0.9.

Proof. Let L(s,x) be the Dirichlet L-function with character x(modg). Then we have

L(s;x,r) = L(s,x) - [J @+ x(p+ )P +7)"" = x(p)p™* + O(p™%"))
4

= L(S, X) . G(31 X) ' W(S, X)»



102 E. Stankus

where G(s, x) is analytic in the half-plane o > % and

W(s.x) =[] +xe+r)P+r)"" ~x@)Pp™*).

Further we write

W(s,x) = [[Q+x@+r)(+m)"" =p*) +p*(x(p +7) = x()))-

The difference (p + )~ ° — p~* can be easily estimated:

pr
4™ —p~|=|-s / =" 1du| < rlslp= L.
P

So that we have
W(s,x) = H(s,x) - V(s.x),

where the function H (s, x) is analytic in the half-plane o > 0 and

V(s.x)

[Ta+p7°(x(e+7) - x(p)

p

= U(s, x) - exp { S o xlp+r) - x(p))};

U(s. x) is analytic function in the half-plane o > %
In order to evaluate the last series over primes we consider the sum

Sy) = _p*(x(p+7) = x(p))-

Py

After the partial summation we apply the following deep result of .M. Vinogradov [7]:

S x(p+7) <<y gty +yT ).
Py

Thus S(y) << 1foro > 0.9 + ¢ and the theorem is proved.
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Apibendrintieji skai¢iai ir modifikuotosios L-funkcijos
E. Stankus

Nagrin¢jami jvairiy apibendrintyjy skaiiy sistemy pasiskirstymy aritmetinése progresijose klausimai.
yodomas modifikuotosios L-funkcijos, susijusios su apibendrintyjy pirminiy skai¢iy seka {p + 7}, analiz-
iSkumas pusplokitumeje o > 0, 9.



