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On the distributions of additive functions

Jonas SIAULYS " (VU)

1. Introduction

We shall consider the distribution functions v (fz(m) < u), where {fz(m), = > 2} is some
set of strongly additive functions and

ve(fr(m) <u) = é#{m < fo(m) <ul.

In the papers [2—4] the weak convergence of these functions to the Poisson law was investi-
gated. In this paper we examine the conditions for the weak convergence of v, ( fz(m) < u) to
some distribution function F'(u). We investigate only those additive functions f,(m), for which
f-(p) € {0.1} for primes p.

2. The main result
Theorem. Let {f.(m), z > 2} be a set of strongly additive functions, f;(p) € {0, 1} for each

prime number p. The distribution function v, ( fz(m) < u) converge weakly as * — oo if and
only if the finite limits
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exist for each natural number l.
Moreover, in this case the limiting distribution has characteristic function
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3. The proof of necessity
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Let F(u) is the limit distribution function for v (fz(m) < u). This function is a distribution
function of some discrete random variable with jumps at non-negative integer numbers. Assume

that ¢ = F(k + 0) —

hm ve(fz(m

—k) Pk

for each non-negative integer k.
It is clear that pp >0 for somek. Using the Halé4sz’s inequality (see [1])

vz (h(m) = a) < c1<

which holds for every additive function h(m) and every real number a, we obtain
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for sufficiently large z.

Hence we get
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F (k). Then from the weak convergence we have
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where ¢, may depend on the limit distribution function F'(u), and the sign * means that the
summation is taken over primes p for which f.(p) = 1.

Let
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for a natural number [.

fo

fr m)_‘l)

An easy computation shows that
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According to the inequality (2) we have
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for each [.
Suppose now that ! is a fixed natural number and K > [ + 10. We have

1
) = = 3 fam)(fa(m) =1).. (falm) = L+ 1)
fa (Y<K
1 fz(m) =1
+= g fo(m)(fa(m) =) (Fulm) = 1+ 1) o=
fz(m)>K
s 1 B
= -1...(k=14+1)= o .
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- faz(m)=k
It follows from (1) and (4) that
K
lim sup B:(!) = lim supz k(k—1)...(k =14+ 1)pk.
T —00 — 00 k—-—l
According to estimate (4) we see that sequence
K
gk = _k(k—1)...(k—1+1)ox
k=l
is increasing and bounded. Therefore the limit
g = Jim gix =;k(k—1)---(k—l+1)¢k
exist for each fixed natural I.
Hence from (4) and (5) we have
Jim B:(1) = a- (6
On the other hand (3) shows that
*1 * 1 * 1 * 1
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0

+ Bllyy(w(m) =1).
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Since

(Inlnz)!~!

ve(w(m) =1) ~ -1z

for each fixed natural [ (see, for example, [5] Ch.II), we conclude from (6) that the conditions of
our theorem are satisfied.

4. The proof of sufficiency

Suppose now that the limit

* 1 * 1 * 1
= lim E E .. E — E — (8)
T—00 Di— D
p1<z p2<= PI_1S% PIS=/P1P2---Pl-1
Pz#m PL—1#P1:P2--Pl-2 PI#P1+P2:- Pl -1

exist for each fixed natural [.
Applying (7) we can assert that

Jim (1) = lim B.(1) =g, ©
where [ is a natural number and

B(l) = 2 fa(m —1)... (falm) = 1+1).

m<:|:

Let 1 (¢) is the characteristic function of vz (fz(m) < u). It is clear that

Z ztf,, (m)

m<::

forzx >2,teR.
If r and n are natural numbers, then
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where L € N.
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We obtain from (8) for the case | = 1

el
Jim > > =a

p<z

Repeated application of (8) enables us to write
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for each natural number .
Therefore from (9) we have

L (e't — 1)t ,
b =1+ 5 0)4 e

I Z+1)

wheret e R,z > 2and L € N.
Inequality g; < g}, € N, shows that the series

el eit_ll
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converges uniformly to some continuous function % (t).
By (10) we obtain

lim . (t) = ¥(t)

Ir—00

for each real number ¢.
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Since ¥(t) is continuous, it follows from the last equality that distribution functions
vz (fz(m) < u) converge weakly to some distribution function F'(u), which has its charac-

teristic function 1 (t). This completes the prof.

5. Concluding remarks

It can be seen, that the limit distribution function F'(u) from our theorem has some special

properties. We can obtain after some calculations the following statements.
1. F(u) is distribution function of some discret random variable with jumps at

non-negative numbers.
2. There exist the factorial moments

+o00

gn = /u(u——l)...'(u—n-i-l)dF(u)

—00

for each natural n.
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3. The factorial moments g, satisfty the inequalities
gn S gn—-kJk, k = 0,1,. N (R 1.

4. If g, = 0 for some | > 2, then g; < Inl.
I am sure that F'(u) has more special properties. I think only a few of distribution functions
can occur as weak limits in our theorem.
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Apie adityviuju funkciju skirstinius
J. Siaulys
Darbe gautos biitinos ir pakankamos salygos skirstiniy

1
vz(fa(m) <u) = m#{m < 7, fz(m) < u}
silpnam konvergavimui. Cia f(m) yra $eima (z > 2) stipriai adityviuju funkciju, kurioms f=(p) € {0,1}
visiems pirminiams p.



