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1. Introduction

In this note we examine the nonlinear integral equation

t t . .
m,=a+/ f(s,:cs)ds+/ g(s,xs) dhs, to <t < T, ¢))
to

to

where h is a continuous function of bounded p-variation for some p, 1 < p-< 2,i.e h €
CW,([to, T)). The first integral in (1) is the Riemann integral and the second is the Riemann-
Stieltjes (RS) integral which exist for functions f and g considered below.

Lyons [3] considered the integral equation
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w=at [ 3 Fmak, @
=1

where hi, i = 1,...,d, are continuous functions which have bounded p-variation for some p,
1 < p < 2. He proved that the equation (2) can be solved by Picard iteration whenever f* has a
derivative (f*)’ satisfying a global Lipschitz condition of order , where p < 1+ o < 2. This
solution is unique in the space of continuous functions of bounded p-variation. We extend this
result to the equation (1) in the case d = 1.

Denote by C%1([to, T] x R) the space of all continuous functions u(t, z) on [to, T] x R
such that the norm

llullr = sup|u(s, )| + sup|8zu(s, z)|.
$,T $,x

is finite.
Let HY/24([to, T} x R), £ = 1+, 0 < a < 1, be the space of all continuous functions v
on [to, T] x R possessing continuous partial derivative Ozu such that the norm

(@3} |8,u(s, '7:)‘_ aIu(s’ y)l
u = |lu|lTr+ su
Il = e+ e SR
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ufs, z) — u(t, )] o |0zu(s, ) — Bzu(t, z)|
sz Dk s —t]°72
st

+ sup
(s,2),(t,2)
st

is finite.
Our main result is the following:

Theorem. Let T > 0 andlet h € CW,([to, T)),1 <p <2, f € C%([to,T] xR), g €
HY2([ty,T) x R), £ = 1+ &, 2(1 - 1/p) < a < 1. Then the equation (1) has a unique
solution in CWy([to, T)).

Note. If the functions f and g don’t depend on the time variable ¢ then the condition o >
2(1 — 1/p) can replaced by the condition & + 1 > p which yields Lyons’ result in the case
d=1. .
Further we list few facts concerning the p-variation. The proofs can be found in [1] and [4].
Let f be a real-valued function defined on a closed interval [a, b]. Let Q([a, b)) be the set of
all partitions » = {z;: i = 0,...,n}of [a,b)such thata = To < T < -+ < Tn = b. The
p-variation, 0 < p < oo, on [a, b] of f is defined by

vp(f) := vp(f; [a, b)) := sup {sp(f; %): » € Q([a, b))},

where s,(f; ») = Y1y |f(z:) — f(xiz)|P for ¢ = {zi: i =0,.. n} Ifup(f) < oo, fis
said to have a bounded p-variation on [a,b]. If f isa Holder function with exponent 0 < a < 1,

then it has a bounded 1/a-variation.
Denote by W, ([a, b)) the class of all functions defined on [a, b] with a bounded p-variation,

that is
W,([a, b)) := {f: [a,b] = R: vp(fia, b)) < oo}

Define Vp(f) := Vp(f;[a,b]) = v;./”(f) which is 0 if and only if f is a constant. If p 2> 1
and f,g € W, then

Vo(f+9) < Vo(f) + Vp(9)- 3

For each f, V,,(f) is a non-increasing function of p, i.e., if ¢ < p then Vp(f) < V,(f). This
follows from the inequality

(;Iakr’)l/p < (kX::l Iaklr’)”q 4)

validforO<g<p < oo and any {ax}.
Letp > 1and

Vyoolf) = Vpoo (f3 [0, 8]) = Vo(f; [a, 8]) + | Floofas)s
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where | f|oo,a,b] = SUPa<z<p | F(Z)]. Then V;, oo (f) is the norm, and W, ([a, b]) equip- ped with
the p-variation norm is a Banach space.

Let f € CWp([a,d]), 1 < p < oo, and € > 0. Then there exists {z;: ¢ = 0,...,n} €
Q([a, b)) such that max; gign vp(f; [Zi=1, zi]) < € ([1], Lemma 2.20, p.94). RS

The existence of the RS integral in (1) follows by the Love-Young inequality. Now we for-
mulate it. Let f € W, ([a,b]) and h € Wp([a,b]) withp > 1,¢g>1,1/p+1/q¢ > 1. If f and
h have no common dlscontmumes then the Riemann—Stieltjes integral f b f dh exists and the.
inequality ‘

b
/ fdh — £(€)[h(3) - h(a)]

< CpgVo(£3 [a, b)) Vis(hi [a, B]), : -(5)

holds for any £ € [a, b], where Cp 4 = ((p~! + ¢~ 1), ¢(s) denotes the Riemann zeta function,

ie.((s) =35 0"
Let f € Wy([a, b]) and h € CW,(|a, b]). From (5) it follows that -

v,,( [ ranite b]) < (ool 08+ e ot o) ®

If the function h € CW([a, b]) then the indefinite integral [* f dh, y € [a,b], is a conti-
nuous function ([2], Lemma 3. 23 p. 124).

2. Proof

Lemma 1 (see [2]). Let g € H®/%%([a,b] x R). Then foranya < band q = 2/a,0 < a < 1,
p2landz,ye W,

Va(o(,2) = 9 v); e, 8)) < 9l Ve (= — w3 [a, )

10l Yoo o1 (b~ @)°/2+ Vi (50, b))
Proof. By the mean value theorem, we have
[9(t, z2) — g(t, w2)] — [9(s,zs) — 9(s, 9s)]

= [g(t, ye + (¢ — we)) — g(t, ye + (x5 - s))]
+{[ (tye + (s — 9s)) — 9(t, )] — [9(s, vt + (@5 — ¥s)) — g(s, y:)]}
+{ [9(s, 3 + (x5 — ¥s)) — 9(s, %)) — [9(s, s + (zs — vs)) — (s, ys)]}
= [9(t, v + (x0 — v)) — 9(t, ye + (25 — 9s))]

Te—Ys
+ / [B29(t, ye + 1) — Bzg(s,ve + )] du
0
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Ts—Ys
[ el +v) — a5, + )
0

for any a < s < t < b. Therefore

| [9(t,20) — g(t,v2)] = [a(s,Ts) = 9(s,us)]

14 a
< 1029] | (ze = 3) = (4 = va)| + 191 12— vl [(2 = )% + [y — ).
Now it is easy to finish the proof of the lemma.

Next we construct the Picard iteration

t t
im(® =a+ [ fsmaDds+ [ ooy ahs, m>1
to

to

and yo(t) = e, for the equation (1).
Lemma 2. Let 2(1 — 1/p) < a < land g = 2/a.If for somet > to
V, (b [to,]) < (2 Cpgl®e8loofrory) (7)
then for each m > 0,
Vo (ym+1; [to. t]) < 2{|floo,[to.t](t —to) + [Cp.q||9”¥)(t — to)(1+)/2
1910 fr0.1] Vo (i [t0, 1) }-

Proof. Forany ty < a < b < T, by properties of the seminorm V,, and by inequality (6). we get

Vo (ym+1; [a, b))
< [ fsamasiot]) + Vo[ [ olsmnan o)
< |f|ooy[a,b](b - a) + [vaqvll(g(', ym); [a, b]) + Ig!wv[a‘b]] Vp(h; {a’ b])
< floo,a)(b = a) + {C,,‘q [||g||(7¥)(b _ q)i+a)/2

+lazg|oo,[a,b]vp (ynz; [a'e b])} + Iglxv}vp(h; [a' b]) ®)
Denote

A = |flsoto.r)(t — to) + [Cpallgli (t = 1) /% + |gloc t10.0] Voo (i [to, 1]).
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By inequalities (7) and (8) we get

1
Vo (ym+1; [to, 1]) < 3 Vo (ym; [to, t]) + A

1 1 1
< om+1 Vp(yo;[to,t]) + (1 + § + -+ %—)A <2A
since Vj,(vo; [to, t]) = 0. The proof of the lemma is complete.

As a consequence of Lemma 2 we get that yr,. € Wy([to, T]) for each m > 1. Moreover
Ym € CWy([to, T]) since h € CWpy([to, T)).

Let 2 (t) = ym(t) — ym-1(t), m > 1. Now we estimate Vo(2m; [to, t]). Put ¢ = 2/a.
Similarly as in Lemma 2 we get

Vi (2m; [to, t]) V1</ [£(s,ym=1(5)) = £ (5, Ym—2(s) )]ds; [to,t])
+Vp</to [9(5,¥m-1(5)) — (s, ym—2(s))]dhs; {to,t])

<19 floo,t0,1(t = 10)|ym=1(5) = Ym—2(5)]| g e
+{CP.‘IVQ (g('v Ym-1) — g(', Ym—2); [th t])

+|g(-, Ym-1) — g(-, ym~2)|oo,[to.¢]}vv(h; [to, t])

By Lemma 1 and inequality

sup ‘ym 1 )_ym 2 S)l Zm 1,[t0,t])
to<s<t

we get

Vil t0:t) < [0 Slen. g + (Cpa + 1)ugu‘”
+Crallgl? (¢ = 1072 + Vi (ym—25 [to, 1))

X Vp (2m-1; [to, t]) - max {(t-to Vo (h; [to,t])}
Denote

K¢ = 10 floo. o) + (Ca + 1)llgl5Y
+Cpallgll{ (¢ = t0)*/2 + 2% (| fleo 0,01t  t0)

HCrallg(t = 1) + [glon 0 ) Vo (B o, )] ).
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Let 7 > to be such that (7) holds. Then for t € [to, 7] by Lemma 2 we get

V, (2m; [tor]) < eV (2m—1; [to, 2]) - max {(t ~to), Vp (3 lto, ]) }-
Now we take t; < 7 such that

max { (t1 — to), Vp (s [to, 1]) } < -;-K;l.
Then for t € [to, t1]

1 1
Vo (2m; [to, ]) < 3 Vo (2m-1; [to, t]) < T Vp (21; [to, t])

1
= m1 Vo (y1; [to, t]).

Thus the series Y _po.; V,(zk; [to, t1]) converges. Now by the routine arguments one can prove
that there is an element § € CW,([to, t1]) such that § is the solution of the equation (1) in the
interval [to, t1].

Further we can repeat the whole construction for the equation

3(t) = 9(t2) / f(s3(s ds+/ o(s,3(s) dhy, t€ [t0,T),
and prove the existence of the solution in some interval [t1,t2). Then the function

o [O(), for te€ [to,th],
y(t) = {g(t), for t € [t(l),tg}

is the solution of the equation (1) in [to, t2]. After finitely number of steps we get the solution y
on the whole interval [to, T] and y € CW,([to, T).
Now we prove the uniqueness of the solution of equation (1). Let z be another solution of
(1). Similarly to the estimate of V,,(zm; [to, t]), we get
(e
Voly = zit0,t]) < [18:fo.ttons + (Crp + Dl
#Cpallal (¢ = to)*2 + Vi (3 to, 1)) |

xVp(y = 2 [to,t]) - maX{(t—to) oo (s [to,t])}

Similarly to above we get

¢ ¢ e
ly — z|oo,[to,t] < [|3zf|oo,[to,t] + (Cp.q + 1)”9“5") + Cp»q”.‘?“( )( /2

+V2 (y3 [to, t]))]v,,(y — 2 [to, 1]) - max {(t — t0), Voo (B3 [to,t])}.
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Therefore one can find a § > 0 such that

1

5 Vp,eo (¥ = 2 [to, t])

Vooo(y = 2 [to, t]) <
for t € [to, to + 6]. From the last inequality we get Vp oo (y — z; [to, to -+ 6]) = 0. Since Vj 0
is the norm then y(t) — z(¢) = 0 on the interval [¢o, to + 6]. After finitely many steps we get
y(t) = z(t) on [to, T]. The proof of the Theorem is complete.
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Integralinés lygties generuotos funkcijos, turincios baigtine
p-variacija, sprendinio egzistavimas ir vienatis
K. Kubilius

Tarkime, kad funkcija f(t,z) apibréZta aibéje [to, T') X R yra apréZta ir turi apréZta daline i$vesting =
atzvilgiu, 0 g € HY**([to,T] x R), p < /2 + 1 < 2. Irodyta, kad lygtis

to

t t
zt=a+/ f(s.:z,)ds+/ g9(s,zs) dhs, to<t<T,
to

&ia h yra tolydi funkcija turinti baigting p-variacija tam tikram p, 1 < p < 2, turi vienintelj sprendini
tolydZiy baigtinés p-variacijos funkcijy klaséje..



