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A large number of mathematicians investigate differential geometry of tangent and cotan-
gent bundles of Riemannian manifold V... In works of japanesse investigators Yano, Sasaki and
others [1, 2, 3] we may find excellent results on prolongations or lifts of some tensor fields and
connections of V;, in these bundles.

In this paper we shall examine the tangent bundle T(V,.) and cotangent bundle T(V,,) of n—
dimensional Riemannian manifold V;, with metric g, which allows us to define the diffeomorp-
hism f : T(V,) — T¢(V,). The diffeomorphism f is used to transfer tensor fields of T'(V,,) to
ones in T¢(V,,) and converse.

On the other hand, there exist lifts or continuations of functions, tensor fields of V;, to T(V.,)
and T¢(V,,). We shall find some relations between these lifts in T (V) and T¢(Vy,).

1. Let us have the n— dimensional Riemannian manifold V;, with local system of coordinates
%, 4,7,... = 1,2, ....,n, and metric g;;. Denote by ve (V') € TV, and Uz (%:) € TV, a vector
and a covector, respectively, at a point z(z*) € Vn. Then a point X of the tangent bundle

T(Va)= |J TuVa
z€V,

has the coordinates (X4) = (z*,+*), and a point Y’ of the cotangent bundle
(V) = |J TV
z€V,

has the coordinates (Y4) = (z%, ), where 4, B,... = 1,2,..,n,n+ 1, ..., 2n.
Now we can define the diffeomorphism f : T'(V,,) — T¢(Vy) by equations

Yi — Xl(_: .’Ei),

Y™ = gy X (T = gigv). )
Let us have in T'(V,,) the curve k : XA = XA(t). Then in T¢(V,,) we have a corresponding
curve f o k:

Y= X'(¢),

Y™+ = gu(t) X" (t).
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A ~
The tangent vector VA = % to the curve k and the tangent vector V4 = d—d‘%i to the corres-
ponding curve f o k in view of (1) are connected by the formulas

‘71' — Vi,
ynti = ngiijX"*"‘ -+ gikV"*'k. )

A mapping f~1 : T¢(V,,) — T(V,,), defined by formulas

Xz' — Yi(:__ :L‘i),
X™H =3 gy = giry),

transfers every vector V4 to the vector V4, where

Vi — Vi’
vt — Zgilf}n+l + ajgilgiki}jxn-i‘k‘ A3)

Let us have the vector u*(z7) in a basic manifold V,,. Then in T(V,,) there are some vector
fields: _

1) a complete lift Uy (u*, X"*7ds 8% ),

2) a vertical lift Uy (0, u')

3) a horizontal lift Us(u*, —T'% u? X ntky,
where I % are Christoffel’s symbols defined by the metric g;;.

We shall find vectors Uy, Up, Us in T*(Vy) corresponding to the vectors Uy, Us, Us with re-
spect to diffeomorphism f.

From (2) we can easily find the vector U, (0, g;;u7). Analogously, 171‘ = uf,

ouk ;
O = 0,0l X + ga X" 55 = Bigut 3 gHy ™
l

+g'k?ﬁ Zgj'Y"+' = Zg‘kY"“(—c’?'g“ui + glja—ui)
"oz 4 =" ! Ox1 "’

Ui = o, UM = 8, gau? X™HF — g~kF’~° Xyt

= Zglkyn+lu:)(a’glk — gimIT}) Zrk yntkyi

PROPOSITION 1. The vectors Uy, Us, Us in T¢(Vy), corresponding with respect to diffeomorp-
hism f to the complete, vertical, horizontal lifts Uy, Uz, Us in T(V;,) of the vector field u*(z*)
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in the basic manifold V;,, are the following

ouk

527 ), Uz(O,Qijuj),

ﬁl(ui, Zgikyn+l(—8j9kluj + glj
!

[73 ('u,i, Z P;giyn+kuj ),
k

respectively.

2. Let us examine a complete lift G 4 g of metric g;; from manifold V,, to T(V;,) [4]:

(4)

Xn.+k69i‘ i
(Gag) = ( ask 91).

9ij 0

Wel search such a metric G4p in T<(V,) for which the equality G gUAVE =
GagUAV B YU, VeT(V,) holds. From (2-4)

GaUAVE = G, UV + G, UV 4 Gy jUMHVI
+Gntins UMV = Xk g, UV 4 g, (UVH 4 UV )

= X"+k3k9ij(7i175 + gz‘jfji (3kglj ngsz"+m + Zgle"+'>
I

+9ij Vi <3kgufjkgsz"+m + Zglj (7"“)
1
= UV (X" *0kgij + 960;9" gim X ™™ + 9jaBig™ gim X™*™)
+U V™ L OHVI = UV X ™ (0m9i5 — 03 Gim — Bigjm) + 65,0 V™
+51‘j Urtivi = -2 Z Y““I‘;-J?Vj + 6“(71“7714-]‘ + 6¢j(7n+i‘7'1.
1

Thus, matrix of the metric G 45 is

~ -2 Yntkrk 5.
(GAB) — ( Zk6 1) Oﬂ) . (5)
ij

PROPOSITION 2. The complete lift G4p of the metric g;; to the manifold T(V,) the dif-
feomorphism (1) transfers into the continuation of the metric g;; to T°(V,) (5) in the Yano-
Patterson sence [3].

3. Let us consider the Sasaki metric [1] in T(V,) with a quadratic form do? = ds? +
9i;Dv*Du, where ds? = g;;dz'dz?, Dv? = dv? + T v*dz* is the covariant differential of
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the vektor v7. Wel find the components of the Sasaki metric *G 4 5. We have

do? =*G 4pdX4dX 8B = gi;d X dX? + gij(dX™ 4+ T}, dX*Fv™)
x (dX™ + T dX'WT) = gi;d X dX? + giydXmHid X+
+g,; T Tl v™vmdX*dX! 49,1 v d X dX ™ 4 g,;d X" dX'T] VT
= (gij + gulE, T 0™ )dX dX? + gi;TE, v dX dX™H

+ gaT}, v d X" dXT + g;yd X HdX™H.

Thus,

(6)

(*Can) = (gij + grilE, TL ™" Fﬁgkjvl>

kool
I'giv 9ij

We search for a metric *G 4 in T¢(V,,) such that *G 4 gdYAdYB =G, pd XAd X B. From
(6), (1) we have

SG opdXAdXP = g;;dX'dX? + g;; DX DX
= gi;dX dX7 + g;;(dX™F 4 T}, dzF X" ™) (d X"+ 4 T da' X)),

Moreover, in virtue of (1)

Dlji — DXn+i — an-H + F;'“"dxkxn+m — d(giayn+a) + Fimdxkgmbyn+b
— akgiakayn+a + giadyn+a + F;'cmdl_kgmbyn-fvb
— gia (dyn-l—a _ rzadxkyn+b) + dxkyn+k(akgia + rzmgma + szgib)
— giaDyn+a + kayn+avkgia — giaDY'n+a.

Similarly dX™+7 + [ dz!X"*" = g#* DY "+b. Hence

$G apdXAdXP = g;;dXdX + gijgie DY Feg?t DY P

= gi;dX'dXI 4 g°® DY+ DY +b

g, dYdY7 4 g?b(dY "t — TR dXFYy"+m)(dY ™t — If,dX'Y™+n)

= gi;dY'dY7 + g®T T} Y Y™y idY? — g TR Y™ mdY dy
—g"PTE, Y™ 7Y " HdY 7 + g**dymHedy e,

This shows that a matrix of the metric *G AB IS

G = , .
( AB) _'ng I.\Z;Yn_*_m g,]
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PROPOSITION 3. The diffeomorphism (1) maps the Sasaki metric (6) in T'(V},) into the funda-
mental metric *G 4 (7) in T¢(V,,).

4. Finally we consider an 1-form p = Y"*7dY7 in T°(V,,), which is called the fundamental
form [2]. The mapping f~! : T¢(V,,)—>T (V) transfers p into the 1-form ¢ = g;; X" +'dX’.
Exterior differential dp = dY"*/ADy’ = 1E,pdY“AdY® defines the skew - symmetric

0-I
tensor F 4p with a matrix (E4p) = ro ) where (I) is the unit n— dimensional matrix.
We shall find the corresponding exterior 2-form E’ and the skew-symmetric tensor E'; p in
T(V,). In view of (1)

AY " HIADYT = d(g;m X" ™YADXT = (Bkgimd XE X 4 girmd XM )ADXI
. = —;-3[kgj]mX"+dek/\de + %gjm(dX"“"/\de — dXIAdX™™) = E.

From this

6 ian+m_ i
[k 9i] gk>. @)

(EaB) =
Gik 0

PROPOSITION 4. The skew-symmetric tensors E'y g (8) in T(V,,) and Eap(7) in T¢(V},) de-

fined by the exterior differential of the fundamental form p are the corresponding tensors with

respect to the diffeomorphism f.
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Rymano daugdaros lie¢iamojo ir kolieciamojo pluosty diferencialinés
geometrijos klausimu

A. Bagkiené

Nagrinéjama Rymano daugdara V, jos lietiamasis pluo3tas T'(V») ir kolietiamasis pluostas T(V;,).
Difeomorfizmas f : T(V,,)—T¢(V,) apibréziamas kanoniniu V. izomorfizmu. Darbe nagriné¢jami tam
tikry daugdaros V;, tenzoriy liftai daugdarose T'(V») ir 7°(Vx) bei ieskomas rySys tarp ty liftu.

Irodyta teorema: difeomorfizmas f V,, metrikos pilna lifta daugdaroje T'(V») atvaizduoja i tos metrikos
pratesima (Jano-Patersono prasme) daugdaroje T(Va).



