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Models of vehicle motion

Narimantas LISTOPADSKIS (KTU)
e-mail: narlis@fmf ktu.lt

The task is to calculate the path for a vehicle following a wire in the floor. Fig. 1 and Fig. 2
describe a vehicle with a fixed rear axle and a steering wheel. The steering wheel is not neces-
sarily positioned on the centre line. Point P is fixed point anywhere on the vehicle. Point P,
is a point on line D, which is turning synchronously with the steering wheel. The vehicle is
following a trajectory with the point Py (Fig. 1, task 1) or with the point P, (Fig. 2, task 2).

Solution of task 1

(a,b) — the coordinates of the point Py relative to the point R; (@ > 0). (X (t),Y (),
a(t)) - the calculated coordinates of the point R (t means time) in the global coordinate system,
where a(t) - an angle between the centre line C of the vechile and X-axis.

The motion of the vehicle is the continual rotation about the instant center O(t), which is
defined by the intersection of two perpendiculars OP(t) (the perpendicular to the trajectory
line) and O R, (t) (the perpendicular to the centre line of the vehicle) (Fig. 1).
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Fig. 1. The motion of the vehicle is the continual rotation about the instant center O(t).
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The instant turn radius of the point P; is |O Py (t)|. The instant turn radius of the point R; is
|OR;(2)].

The direction of rotation of the vehicle is determined by vector product

OP(t) x OR;(t) = (0,0,v(t)),

v(t)
m(t) = ————=.
© =L
m(t) = 1, if the vehicle turns counter-clockwise and m(t) = —1, if the vehicle turns clockwise.

The system of differential equations, which determines the motion of the vehicle, is such:

(dX  |OR4(t)|
- = m-cosa(t),
dY |OR\(t)] .

S P |O—P-1(—t)—|-sma(t),
da  m(t)

\ E - IOPl(t)l'

There we distinguish two cases:

a) The point P, is on the straight line.

(X1, Y1) - the start point of the examined straight line.

(X2,Y,) - the end point of the examined straight line and the start point of the next line/arc.

X - X

k_——YQ—Yl'

The detailed system of the differential equations gains the form

(dX _ (@ —b-k)-sina(t) + (b + a- k)- cosa(t)|

o S iTE -cosaft),
dY  |(a—bk)-sina(t)+ (b+a- k) cosa(t)] .
S Fr S -sina(t),

do _ (a—bk)sina(t) + (b+a-k)-cosa(t) cosa(t) —sina(t)
( dt  [(@a—b-k)-sina(t)+ (b+a k) cosalt)] a1+ k2

The condition

((@ = b k)-sina(t) + (b+ a-k)-cosa(t)) - (Ya— Y1) >0
has to be satisfied in the initial point of the straight line.
b) The point P is on the arc.
(X1, Y1) - the start point of the examined arc and C is the curvature of the arc.
(X2, Y2) - the end point of the examined arc line and the start point of the next line/arc.
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The angular coefficient of the perpendicular O P, (t)
k(t) = tan(C-t +t,),

where ¢, — the initial angle of the trajectory radius in the global coordinate system.
The detailed system of the differential equations gains the form

((dX _ [(a+b k() sina(t) + (b —a- k(t)) -cosa(t)|
dt a T+ E@)? ¢
J ay _ l(a + b-k(t))-sina(t) + (b — a- k(t)) - cosa(t)| sina(t)
dt a-\/1+ k(t)? ’

da _ (a+b k() -sina(t) + (b - a- k(t)) - cos a(t) cosa(t) + k(t) sinaf(t)
| 4t [(a+bk(®) sina(t) + b—a k() csald)] VIt k()2

os a(t),

The condition

((a+b k() sina(t) + (b — a- k(t)) cosa(t))-(Ya—-Y1) >0
has to be satisfied in the each point of the arc.

Solution of task 2

(a, b) — the coordinates of the point P; relative to the point W (a > 0). (¢, d) - the coordinates
of the wheel point W relative to the point R; (c > 0). B(t) - the turning angle of the steering
wheel. (X(t),Y (t),a(t)) — the calculated coordinates of the point R; (t means time) in the
global coordinate system.

The motion of the vehicle is combination of the continual rotation of the vehicle about the
instant center O(t) and the continual rotation of system wheel-antenna about the instant center
O4(t) (Fig. 2). The rotation center O(t) is defined by the intersection of two perpendiculars
OR; (t) (the perpendicular to the centre line of the vehicle) and OW (t) (the perpendicular to
the line D which is turning synchronously with the steering wheel). The rotation center O, (t)
is defined by the intersection of two perpendiculars O; P, () (the perpendicular to the trajectory
line) and OW ().

The instant turn radius of the point P, is |OP(t)|. The instant turn radius of the point R, is
|OR(t)]. The instant turn radii of the point W are |OW(t)| and |O, W (t)|.

The direction of rotation of the system wheel-antenna is determined by vector product

O1W(t) x 01 Py(t) = (0,0, v1(t)),

v1(t)
ml(t) = ——~
Bz
m1(t) = 1, if the system wheel-antenna turns counter-clockwise and ml(t) = —1, if the system

wheel-antenna turns clockwise.
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Fig. 2. The motion of the vehicle is combination of the continual rotation about the instant center O(t) and O, (t).

The direction of rotation of the vehicle is determined by vector product

OW(t) x ORi(2) = (0,0,v2(t)),

v2(t)
m2(t) = — .
O = ")
m2(t) = 1, if the vehicle turns counter-clockwise and m2(t) = —1, if the vehicle turns clock-

wise,
The system of differential equations, which determines the motion of the vehicle, is such:

(dX _[0:W ()] [ORi(t)]
dt |0\ Py(t)] |OW(2)]|
_ [0:W@®)| |ORi(t)]
dt |01P2(t)| |0W(t)|
da _ [O:W(t)] m2(e)
dt  |O1Py(t)| |OW ()|’
df _ mi@t) _|OiW()| ma(t)
dt ~ [0:1Py(t)] |01 P(t)] JOW ()"

cos a(t),

sina(t),

-

There we distinguish two cases:
a) The point P, is on the straight line.
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(X1,Y1) - the start point of the examined straight line. (X2,Y2) — the end point of the
examined straight line and the start point of the next line/arc.

X - X

k_———yz_yl.

The detailed system of the differential equations gains the form

(aX _K20| o KIO
dt c a-/1+k(t)?
dy _ |K2(t)|-sina(t)- K1(t) ’
dt c a- /1 +k(t)?

| do _ K2(t)sinf(t)  Ki(t)
&t = clK20]  a/IrkQE

gg_(@munﬂ+ﬂa»+ksm@nﬂ+ﬁa»y_Kﬂﬂsmﬁm)
dt K1(t) c |K2(t)|

K1(t)

x_—_1
. a- /1 + k(t)?

where

K1(t) = (a — b-k)-sin(a(t) + B(t)) + (b + a- k)- cos (a(t) + B(t)) ,
K2(t) = ¢ cos B(t) + d- sin B(t).

The conditions

(@ - b k)-sin (a(t) + B(t)) + (b + a-k)-cos (a(t) + B(1))) - (Yo — Y1) > 0,

c-cos B(t) +d-sinf(t) > 0

have to be satisfied in the initial point of the straight line.

¢) The point P is on the arc.
(X1, Y1) - the start point of the examined arc and C is the curvature of the arc . (X2, Y2) -

the end point of the examined arc line and the start point of the next line/arc.
The angular coefficient of the perpendicular OP,(t) k(t) = tan(C-t + t;), where t; — the
initial angle of the trajectory radius in the global coordinate system.
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The detailed system of the differential equations gains the form

r% _ |K2c(t)|.cosa(t). — s \/%‘,
¥ K20 o K
= sina ———a.m,

da _ K2(t)sinf(t)  K3(t)
&~ TelK20] o ItRQZ

a8 _ ( (k(t)-sin (a(t) + B(t)) + cos (a(t) + B(t))) _ K2(t)-sin ﬁ(t))
dt K3(t) e |K2(t)|

K3(t)

X =,
\ a'\/1+k(t)2

where

K2(t) = c-cos B(t) + d-sin B(¢),
K3(t) = (a + b k(t))- sin (a(t) + B(t)) + (b — a- k(2))- cos (a(t) + B(t)) .

The conditions

((a +b-k(t))- sin (a(t) + B(t)) + (b — a- k(t))- cos (a(t) + B(t)))
xC-cos(C-t+1t;) >0,
c-cosB(t) + d-sinB(t) >0

have to be satisfied in the each point of the arc.

Fourth-order Runge-Kutta adaptive method was used for solving of the obtained systems of
the differential equations [1,2].
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VeZimélio judesio modeliai
N. Listopadskis

Vezimelio judesys apraSomas diferencialiniy lygtiy sistemomis, kuriy sprendimui panaudotas adap-
tyvus ketvirtos eilés Rungés ir Kutos metodas. Sukurtos programinés priemonés $iy uzdaviniy sprendimui.



