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A note on the multiplicative dependence of consecutive integers

A. Dubickas* (VU)

Let n > 2 be a positive integer and let k(n) be the minimal k € N such that the
integers n,n + 1,n + 2, ..., n + k are multiplicatively dependent over Q. It is clear that
k(n) < n* — n, since n and n? are multiplicatively dependent.

The examples of the multiplicative dependence relations were considered by E.M. Nikisin
[4] and V.K. Ryzhov. He noticed the identity

((n+2(n = D) ((n = 2(n + D) (n®) = (n® = 4n)(n® — n)?

(see [3, Ch. III, problem 7]) which implies that the inequality k(n) < 8n!/3 holds for
infinitely many n. The upper bounds for k(n) were also considered by V.K. Ryzhov in
[5] and by J. Turk [6], [7]. The best result so far comes from the work of J. Turk [7]. He
proved that there exists an effective constant ¢ such that the inequality

k(n) < exp (c,/logn log log n) ¢))

holds for infinitely many n.
On the other hand, A.A. Karatsuba (see [3], [4]) and J. Turk [7] obtained the lower
bounds for k(n). The proof of the best lower bound so far [7]

logn loglogn

k(n) > c;
logloglogn

involves Gel’fond-Baker’s method.
In this note we will look more closely at the constant ¢ in the inequality (1).

Theorem. Suppose that ¢ > 0. Then the inequality

k(n) < exp (\/(2 + ¢) logn loglog n) )

holds for infinitely many n.

We will follow [5] and [7] in our proof of the theorem. Let ®(x, y) be the number of
positive integers < x and free of prime factors > y. Various estimates for ®(x, y) were
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obtained, e.g., by N.G. de Bruijn [1], A.I. Vinogradov [8]. We will use the lower bound
due to A.S. Fainleib [2]: if y > logx and

then
®(x,y) > x exp(—tlogt — tloglogt?). 3)

Let us assume that for some small positive £ the inequality opposite to (2) holds for
all n > N, where N is a large enough positive integer. We define integers k, M, y, J by

k=|exp <\/(2+ €)log N log logN)],

M=[nN exp ((log N)2/3)],

y= -exp (\/% log N loglog N)],
J=1+[(M—N+1)/k].

Since the inequality k(n) > k holds for n > N, the integers N + jk, N+ jk+1,..., N+
jk + k — 1 are multiplicatively independent for a fixed non-negative integer j. Suppose
that A; integers among N + jk, ..., N + jk+k — 1 are free of prime factors > y. Then
Aj < m(y) (see Lemma 1 in [5] or the respective statement in [7]). Counting the number
of positive integers < N + Jk — 1 and free of prime factors > y we now obtain

J-1
ON+Jk—1,y)SN-1+) A;<N-1+Jn(y).
j=0
It is obvious that m(y) <y, N+ Jk—1> M and J < M/k. Thus,
d(M,y) <N+ My/k. 4)

Taking into account our choice of k, M, y we see that the right-hand side of the
inequality (4) is less than

1
M exp ( - (:/—5 + g)\/logN loglogN).

On the other hand, for large N we have

L= log M 2log N
~ logy loglog N’
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Hence, we can bound

1 €
— + - )y/log N loglog N.
tlogt+tloglogt<(ﬁ+4) og N loglog

Now (3) implies that the left-hand side of (4) is greater than

1 e\/——-———
MCXP(_(75+Z) logNIoglogN).

This contradicts our assumption and completes the proof.
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Pastaba apie i$ eilés einandiy natiiraliyjy skai¢iy multiplikatyvy priklausomuma

A. Dubickas (VU)

Tegu k(n) yra maZiausias k € N, toks kad skai¢iai n, n+1, n+2, ..., n+k yra multiplikatyviai priklausomi
vir§ Q. Straipsnyje jrodoma, kad egzistuoja ba galo daug natiiraliyjy n, kuriems teisinga nelygybe

k(n) < exp (\/ (2 + &) logloglog n).



