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On estimation of the number of zeros of linear combinations of certain
zeta-functions

A. Laurinéikas* (VU), Kohji Matsumoto (Nagoya University)

Let s = o + it be a complex variable. In this note we consider zeta-functions ¢;(s),
introduced by K. Matsumoto in [3]. Let

81(m) 0y i
Am(x) = [] (1 = a)x/iUm™),
j=1

where g;(m), fi(j,m) € N and a¥) e C. Here N and C, as usual, denote the sets of all

1
natural and complex numbers, res;ectively. Then the functions ¢;(s) are defined by

o(s) = [ Anl (p®) o))
m=1

where p,, stands for the mth prime number. If

gi(m) < cupyl, Ia,(,{,)l < ph

with positive constants ¢;; and non-negative constants ¢; and f;, then the infinite product

in (1) converges absolutely for ¢ > a; + B + 1 and defines a holomorphic function with
no zeros.

Now let r > 2, u; € C and

Z(s) =) wpi(s)-
=1

Suppose that at least two of numbers ; are distinct from zero. Let a real number g be
defined by max(a; + B; + 1/2) < @o < min(ey + B +1). Assume that the functions ¢ (s)
are a_nal)’tically continuable to the strip D = {s € C: go < o < min(y + B + 1)}, and
that in the half-plane o > o the following estimates are satisfied

(o +it) = B!, a >0,

T
/|¢,(a +it)|*dt = BT, T — oo.
0

—_—
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Here B denotes a number (not always the same) bounded by a constant.
Let

81 (m) 0
By(m) = a+p Z Ay -
Pm j=1

fiGom)=1

In [2] we assumed that B;(m) is constant for m € M; = {m : p, € P;}, where
P, j = 1,...,k > r, are sets of prime numbers such that P; (P, = @ for j # I,
P= U}‘=1 P;,, (P denotes the set of all primes) and

> =bjloglogx +dj + 0;(x),
o

where by + ...+ by =1, b; > 0, 0j(x) = B(logx)™% with 6; > 1, and d; are some real
numbers. In this note we replace the last condition by the following: the sets P; have a
positive density.

Let, for m € M;,

Bl(m)—Bl_[a
Br(m)=Brjy
and let
By ... By
Gkr=
By ... By

THEOREM. Let all above conditions be satisfied. Suppose that rank (Gi,) = r. Then
for all 01,02, 0 < 01 <02 <min(aq; + By + 1), there exists a constant ¢ = c(01, 02) > 0

such that, for sufficiently large T, the function Z(s) has more than cT zeros lying in the
regiono; <o <02, 0<t<T.

Proof of the theorem coinsides with that of Theorem 1 from [2], however, it uses one
new lemma on entire functions of exponential type obtained by the second author. The
theorem is stated by the first author.

Let P be a set of prime numbers having a positive density, i.e.,

1
lim — : p<x}=
Jim. JT(x)#{p €EP: p<x}=d>0, 2)

where, as usual,

n(x):Zl.

p<x
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LEMMA. Let f(s) be an entire function of exponential type, and let

lim sup w > —1.
r—o0o r
Then
Y| flogp)l = o0
PEP

Proof. Let a > 0 be such that

lim sup
y—>00

log | £ GEiy)| _
y

Let us fix a positive number B such that @B < . Suppose, on the contrary, that

Y Iflog p)| < 0. 3

PEP

Consider the set A = {m e N: 3r ¢ ((m = 1/4)8, (m + 1/4)B) and | £ ()| < e’} Let,

for brevity,
mp(x) =) 1
psx
PEP
We have that
D Iftogp) =Y > If(ogp)l > Y Z @)
PEP mgA m mgA m

where Z denotes the sum running over all prime numbers p € P and satisfying (m —

1/4)p < log p < (m + 1/4)B. Therefore, putting

weol(o=3p) seoel (-2

i1 1
;;_aéb;‘

We can write

By partia] summation

Zl=%21+/(21)%. (5)



46 A. Laurincikas, Kohji Matsumoto

Clearly,
> 1=np) - mp(a), (6)

PEP
a<p<u

and, by (2),
wp(x) =dn(x)(1+ o(1)), X — 00.

Therefore, for any € > 0, there exists a number xo = xo(¢) such that

wpu) 2 dr(u)(1 —¢),
np(a) < dn(a)(1+¢)

if x > xo. Hence and from (6)

Y 1> d((r@) — () - s(x(a) + 7w (). )

PEP
a<p<u

If xo is large enough, then, for a > xo,

W) — 7(@) > —— — — s( .. ),

logu a loga - logu  loga
7) + (@) < ——(1+ ) + ——(1 + ).
logu loga
Hence
1 u a 3 u a
Z - — > - —el = -\
2(7r(u) yr(a)) e(ar(u)-i—rr(a)) 2logu  2loga 6(2 +8)(logu + loga) ®

Obviously, g = exp{B/2}. Let n be a positive number satisfying 1 < n < exp{8/2},
and consider the case u > na. Then

a l1+¢e u
<
loga n logu

if u > xo is sufficiently large. Therefore, by (8),

1 : 1 1+4e¢ 3 u
E(nr(u) —7(a)) — e(m(w) + n(a)) > (5 T 25(— + e)) S

if we choose ¢ sufficiently small. Hence from (7) we obtain

Z 1> %(n(u) —Jr(a)), uzna.

PEP
a<p<u
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Therefore, from (5) we get by partial summation
b

1 d d du d
Y > 5 (x®) - @) +5f (@) -r@) 525 T =

PEP
a<p<b na

It is not difficult to see that

2 B

na<p<b m

1 1 logn\1
Z — =loglogb — loglog(na) + Bexp { — c2y/log(na)} = (— - ﬂ)-— +

47

)

B

m2’

Here B is a fixed positive number. Therefore, if we choose n sufficiently close to 1, we

have .
(5__02_77)113'03)0'
Now (9) yields

1 _ dfcs B cid 1 B
> isd(a ) ot B
e P 2\m om 2m m
a<p<b
This and (4) imply
cd 1 B
3 (37— - —2) <) Iflog p)l < oo,
mgA m. - m pEP
hence :
Yicw
mga ™
Let A= {a, : a) <a; <...}. Then, by (10), we obtain that
. Qam
lim — =1.
m—>00 m

By the definition of the set A, there exists a sequence {A,} such that

(am - %)ﬁ <Am < (am + %)ﬂ,

If()"m)| < et

and

Hence, in view of (1),

A
lim = = g,
m—>00 m

1 A
]in]sup.fgiLfs_lZZl < -
m-—0o0 )\’m

Applying a version of the Bernstein theorem (Theorem 6.4.12 of [1]), we find that
log | f(r)]|
r

and

L.

lim sup
r—00

< -1

(10)

(11)

This contradicts to the assumption of the lemma. Hence the assertion (3) is false, and the

lemma is proved.
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Apie kai kuriy dzeta funkcijy tiesiniy kombinacijy nuliy skaiciaus jverti

A. Laurincikas (VU), Kohji Matsumoto (Nagoya u-tas)

Straipsnyje nagrin¢jamos dzeta funkcijos, apibréZiamos polinomine Eulerio sandauga, ir gaunamas Siy
funkcijy tiesiniy kombinacijy nuliy skai¢iaus jvertis i§ apacios.



