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Local limit theorems for multiplicative functions on semigroups

R. Skrabuténas (VPU)

1. Introduction

Denote by G a free commutative semigroup, generated by a subset P of prime elements
p-In G it is defined a completely additive degree function 5: G — N {0} such that &p)
2 1 for each p € P. More precise definition of G and other traditional notations see in
papers [1], [3], [5] .

Let, further, denote by M(G) the class of multiplicative functions & GoR satysfying
the conditions

2 1=, +p,0) D1 ,veRIixl, 1
pelz’. ) (p)=l peP.6(p)=l
g(p)=v

where A, €[0,1] are constants, and the remainder terms P, (1) satisfy the conditions
)= C, ()r~' (1) with some function r(!) such that

T du
I ur(u)

<oo .
2

For simplicity only, we let r(u) = u® with a> 0, but nontrivialy result can be obtained

with r(u) = (Inu)**¢. Besides,
Slc, tfess
v

uniformly in > 1.
In [2] it was proved some local limit theorems for the multiplicative real-valued

functions defined on N. The purpose of present paper is to prove analogical local theorems
for arithmetic functions from the class M(G).

Local limit theorems of such kind for additive functions f: G — Zcan be found in [1],

[4], [5).

2. Notations

We consider only the principal value of logarithms and powers. Let 0 =0 for every
2eC. Further: k=0,1;
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Xe =2 ()= Z’lv IvI" sgn® v ; E, = Z/‘Lv sgn* vinlvl ;

v,v20 v,v20

1
o} = Z}“v sgn® vin? vl ; (p(u)=‘/—2_—-e"‘2/2 s Ve = Z/‘Lv sgnk v,

v,v£0 T v,v£0

Inim|-E,A*
A=ylogn ; y, e T ; M (@)= Zlvsgn" vcos(t]nlvl).
A v,v20

Let ¢, and 7, denote arbitrary solutions of the equations 7y (r) =y, and7n,(r)=-¥,
respectively , belonging to the interval (-x, «].

fr@n = 1g@!" sgn* g(a) ; |af:=q°®@;

I(G)

H(8.G)= APH (f)+ (D" =2 A H, (f,);

Wl u;uJ-l[ (*ﬁ)pn_J

Hi(f)= Ze-ttolnlml H[ JVO Z fk (P 22o)
¢ F(70 I~ '

peP 2080 |p|’

1 ity Inimi (=1°® 1?°P £ (pl,z,)
H = — 0 1- - .
0=y 2 H( E ] 2

% pep j20,8(p")20 I’

3. Results

THEOREM 1. Let ge M(G), 0§ >0, and for every aeG such, that g(a) # O,Inlg(a)!
assume only integer values. Let, further, the series

Slntvi’a,, in1g(p?) g™ ", Fnivic, o) )
v,v20

v,vz0 j>2 g(ph)=0

converge (the last one uniformly inl 2 1). Then, for every m #0, we have
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V,(m) = L #lae G;6(a)=n,g(a) = m)
Aq"

1 k
=yE 2 Hk(g,G)—¢(y°/a°)+o(—]- +0(n™ Inn).
N A A2
as n—oo,

THEOREM 2. If ge M(G) and m =0, then

where
£(p) s 0 ep)
h(yo) = H( " "J E)W alro)= H[ ||P||J E)T
and £(m) = sgn? g(m).
4. Proof of Theorem 1

As usual we use the main result from paper [3] concerning the mean values of
multiplicative functions defined on G. If multiplicative function g(a)e M(G), then func-
tions f, (a,r) depend to the class M(G) defined in [3], and we obtain ([3], Theorem 1):

_(An) H{ “P"J ka(p

Aq d(a)=n I( k) peP j=0 "p"J

+ O(n*Inn)

16y D A (l (-1 >"—”’)]ﬂ & PP £ pln)
ATz el Pl ) 3 )

An)%e- Xk =21
Lhkl(t) +I(G)u_él_"_*

Tz AT hey(8) + O(n™* Inn) 3)

uniformly for any reR. Here I denotes the Euler gamma-function.
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Using the formula (3) and the equality

v,,(m)— ngn mj W AR
- 5(a)=n

we obtain

vo(m)=Y sgn*m -J,;+ O(n™*Inn), j=1;2, @)

k
where
1 A* By (O ittoim el T 2 .
0= 4” J' W dt = o :[thl (t)exp{l Hi (t) _ltyklht
and
Z
Ji2 =1(G) D" T 4 khkz(r)é‘"”“""’n""""d‘r
ar A, T (- 2¢)

(

= I(G)_D_Ao ijz(r)exp{ﬂ ,u“(z')—uykl}l

Here we used such usual notations:

Ze()-1 Ze(7)

A
L = —h, (1), ————h ,
1= ro oy @ he@ =g b @)

B ()= 2, (W) —yo —itEy, Hya(u):=~x, W)—yo —itE, .

Now, the integrals J,, and J,, are calculated using ideas proposed in the papers
(11, [2].

It is relatively simple to prove, that the equations 7, (t) =y, and 7,(7) =-y, have
only finite number of solutions (denoted by # and 7, respectively), belonging to the
interval (-wt, 7).

Therefore, we can traditionaly split the interval (-, =] into the union of subintervals
around the each ¢, or 7, respectively (for simplicity, we say that ty,7, # 7 .) After the
substitutions r -t +¢t and 7 — 7y + 7, the path of integration for each of integrals

Ji(to) and J,,(7y) about the solutions ¢,,7,, becomes some neighbourhood of the

zero point, say D j 0), j=12.
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Hence, we have

Jkl :=Z'Ikl(t0)’ sz :'—"Z.Ikz(to)t
to 7o

where

¢ itolnimi ) '
J(tg)=——m—— Ly, (t+¢ 1) —ity, Apt,
x1 (%) py— ID,(O) 1 ( o)'?—xp{'1 B (8) — ity }1

I(G)(_l)ne-ifo Inimi
4An’ D,(0)

Jia(79) = Lkz(r+ro)exp{/12,ukl(r)—izykﬂ,}ir,

because from definition of numbers ¢, 7, , we obtain that
Ze@+19) =2, (1) and g, (z+70) =—7, (7).,
which implies
R p(t+10) =it +2)y A = A @) =ity A—itgInlml,
and
Azyk2(1+ 79) —i(T + 7)Y A =/12,uk1(r) —ity,A—ityIniml.

If m(t0) =70, or m(zy) % ~-y,, then from continuity of functionsz, (u) we derive,
that

sup 7,(u)=-y, <0, &)
ueD; (0)

Provided that in this case there exists v such that A, >0 and

cos(u Iniv I)sgn v<l,

when u =t oru=r,.
Estimation (5) implies that

Ju= 0("_72 ) and J,; = O(”_h ) ©
Further, using expansion

eXP{lzﬂkl (t)}'-" exp{jz(;’k Yo~ tzg,f + 06 tP )J} ’

from inequality 71 <y it follows, that estimations (6) hold too. So, further we let
Y1 =y, which implies
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Z](u) = Zo(u)v E1 = an Y1 = Yo Oy =0 .
On the other hand, in virtue of the conditions 0'3 >0 , (2) and provided uniqueness of
solutions ¢, ,7, in intervals D; (0), j=1,2, we deduce, that when lul<g, then for

sufficiently smallnumber £ >0
exp{/xl (iu)A? }= exp{(— E22—1:1'3 + OG ul® )]/12} = O(exp{r y3A2 }), @

with some y; =y3(£)>0.
Now, following paper [2] , we can represent integrals J (t) , J (7o) in the form

p-ifolnimi , .
J == | L@+t A2 —ity, At +0 A
ki (o) an(An) Ji'ISC r(+ o)exP{/Ju(’ YA” — ity }1 + (l n )

and
I(G)(_l)ne—lrolnlml ) ) ) - —Ao
J 2 (tg) = 4754A1’°n'1° hoj<s Li,(t+ ro)exp{ukl(tr)l - uykl}l‘r + 0(/1 n ),
since

Ly (t+19) =0Q1), Ly (7 +74) = 0(1),
when t € D;(0)and 7 € D,(0).

Now, using condition (2), in the neighbourhood lul< &, we obtain estimations

25 W) =y +iuE, -122-03 +00uPy=yo+00ul), T (x)=T"(yo)+ 00 u), ®
AfT = AR L o(ul), AP =AT°+00u)) .
Finally, calculating as in papers [1], [2], we can obtain the following estimations
By +10) =h(tg)+ O t]), hyy(T+70)=hya(zg)+00TD.  (9)
The proof -of (9) is based upon the equality

hy @)= Twi,p @
p

ip (W)
= [Twy,® I ij,p(“o)exp{ > 108[1*'[1’-(]'—’,(1-—1)]} (10)
|pl>M

Ipllsm |p>M Vij.p (#g)
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When M is sufficiently large fixed number, then from conditions of Theorem 1 we
derive, that

| Wigp@ ) [>1/2 and yil (u )_1+o["p"J

which implies
HV’kJ p W)= H'/’kJ p (o) + Oflul)

pZM

with u=¢, or u =75 and lul<g. For finite number of factors in (10) analogical

expansions holds and we obtain the desired estimations.
According to the estimates of the type (6), (7), (8) and (9) we obtain

-l

2Aan)°rly,)

_1\n ,—i7oIniml
Jiy(eg) = 1OV TN YL 2%
244/ °n% Aoy

( \¢’()’o/°'o)+0 —Zn—lo)

T () = fo) o
0

and

Summing up these relations over all 7, and 7, respectively, and putting into (4), we
end the proof of Theorem 1.

S. Proof of Theorem 2

Denote &(m) =sgn? g(m). Using definition of the class M(G), we obtain

21 =7(t)Ae + po ),

p.o(p)=l
&(p)=0

S =a(ifi-dg+p M),
p.o(p)=l
&(p)=1
Where condition (1) implies, that p(l) = O(I il )
In virtue, that &a)e MG) , and using Theorem 1 from [3], we have

1 (Am)*-! ( 1 J’ = &(p’)
&a) =———— - _—
2 IT I )

Aq" 550 LX) pep =0 ||’

(-D"AZn~27! 18P \* = 1)) g )
+ I(G)\l l —_ p —al .
e Ll ( W) &

peP



68 R. Skrabuténas

Now, using definition of number A; and applying formula

1
v, (0)=1-—— > &(a),
! Aqn d(a)=n

we obtain the assertion of theorem 2, because in this case y =1-4,.

Remark. If ag =0, then from A, >0 it foollows v=0; £1, which implies

xe=re =4 +(12, and

1
v,(m)= ngn" m A,(g)+ O(n'“ In n),

k=0
where
(Any+ 1(G)(- 1)" _
A (g) = ~———b,(g )+ n’s
{8 =y O Y e e ®)
and

n
5(8) =21; [ Rl (Jexpl-itinim1) ar, j=1;2.
-
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Lokalinés ribinés teoremos multiplikatyvioms funkcijoms pusgrupése

R. Skrabuténas

Straipsnyje tg¢siami aritmetiniy funkcijy apibrézty specialiame “aritmetiniame” pusgrupyje reik$miy
pasiskirstymo tyrimai. Jrodyta lokalioji ribin¢ teorema multiplikatyviosioms funkcijoms, tenkinangioms

lokalumo salygas pusgrupio pirminiy elementy aibéje.



