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On the structure of tangent bundle of (f, g)-manifold
defined by 2-forms

A. Bagkien¢ (SU)

In works of Russian and Japanese mathematicians the great attention is paid to the
theory of structures in differentiable manifolds as well as to the theory of tangent bundle
of these manifolds [2, 3].

We shall consider so-called (f, g)-structures and (f, g)-manifolds [1], which are some
generalization of almost Hermitian structure and almost Hermitian manifolds. We shall
analyse such (f, g)-structures, which are analogous to Kahlerian srtucture. It is shown in
the note that some 2-forms, defined by structural covariant tensor of such a (f, g)-manifold
M,, induce in tangent bundle T(M,) the same structure as in the basic manifold.

1. Let M, be n-dimensional differentiable manifold, x' - local coordinates at point
MeM,, i, j, k, ... = 1, ... n. Let us have in the M, an affinor 1 and a metric gij (not

necessary positive definite), satisfying the conditions:

flff =wof,w=1l, (1)

fijgjlc = fu = p=1%1. 2)

Then M, is called (f, g)-manifold or manifold with (f, g)-structure. When @ =p =-1, we
have almost Hermitian structure in the M,.

fo=-1(@=1), (f g)structure is called the elliptic (hyperbolic); if p =—1
(p=+1), (f, g)-structure is called of the first (second) kind.

(f, 8 - structure in M, may be defined by the affinor f,-j (1) and exterior 2-form

A = fudx' Ad¥, when p = -1, or quadratic form B = ﬁ,dx‘d.xj, when p = 1. In fact, if we
have tensor fij = pfii, p = £ 1, for which

g =af fix 3)

Is symmetric non-singular tensor, then according to (1) f,.j 8jk = fij af J' Sfu =Sfa and

tensors f;/, g; define (f, g)-structure. Therefore 2-forms A and B, defined by structural

Covariant tensor f;; j» can be called fundamental form of the (f, g)-structure.
Suppose that

\h =9,ff -Tiff +Ti £l =0, 4)
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where V and I are correspondingly symbol of covariant differentiation and Christoffel’s
symbol, defined by Riemannian metric g. So we deal with some analogues of Kahlerian
structure. o .

Let T(M,)(x', x"*') be tangent bundle of M,, x™*' — coordinates of a vector at the point
MeM,. The matrixes of complete lifts °f and ‘g of tensors f and g are:

¢ o8)_ fij x"*"apf,.f s
(c12) [0 it )
Py o "
(Cgap)=[x r8i g(;’],a,[i,...=l,...,n,n+1,...2n. (6)
8ij

We can easily verify that in the view of (1), (2) tensors °f and ‘g satisfy the conditions
“fa ”fg =@d), “fy “8p = Fay = PFyy, Where

_[ %" 8y £y
(pa)( i OJ. (7)

Thus, we have ( °f, “g)-structure in the T(M,) of the same type and kind as in the basic
manifold M,
We shall prove that from (4) “V, ff =0, where °V is the symbol of covariant diffe-

rentiation in Riemannian connection, defined by metric ‘g.
At first we find (‘gaﬂ)=(cg,,ﬂ)":

(5 )=[ : e ,,-} ®)

g’ -x""Po,gug"g

where g'g = 6,’; . Non-zero Christoffel’s symbols 0;,, of the metric ‘g in view of (6),

(8) and V,.gjk =0 are [2]:

0{/; =0n+k — 0n+k - l-k

n+k _ _n+p k
n+i, j in+j = Lij» aij =x apr,'j- )]

From (4), (5), 9) and 0,,, f,-j =0 after some calculations we have for all a, B, y:
v, ff =0, -05ff +6512 =0. (10)
Using (2), (7) and
Vl’f"j=al7f"'j_r!"nifmj_rp’;fim=0’ an

we shall find the fundamental form of (°f, “g)-structure in T(M,,).
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If p=-1
( Fop=-Fpy ySJi=is
F,pdx® ndx? =x"P3, fidx' ndx’ + fydx' ndx™ + fdx™" Adx!
= x"™P (Tt frj + T fim )z Adx? +2fdx" Adx™) =2x™PT): £, dx’ A
ndx) +2f dxt ndx™) =2fdx" A(dx™ + x™PT ) dx?) = 2fdx A G

Here 8 — symbol of covariant differentiation. When p=1 ( Fop = Fgu . fi =fids
Faﬂdxadxﬂ =x"+”6pf,.jdx‘dxj + fijdxidx'”'j + fijdxnﬂ'dxj

= x"P (T foi + T fi )alx' dx? +2fdx’ dx™ = 2x""PT " f,dx' d/ +
+2fydx' dx™) =2f dx’ (dx™) + x"PT ) dx?) =2 fdx’ 5"
Thus, the theorem i true.

THEOREM 1. Let M, be (f, g)-manifold for which (4) holds. Complete lift °f (5) of
the affinor f with fundamental 2form F,pdx® ndxf =2 fdx' A&™), when p= -1
(Fppdx®dxP = 2 j’,jdxidx”+j , when p=1) define in T(M,) (°f,°g) -structure of the first
(second) kind and (10) holds; “8ap =0F] F,gis complete lift of metric g

2. Now we shall consider the geometry of 2-form C= 2 f,jdxidt"+j .

C= 2fudxldxn+j + sznr,’,"qx"+pdquxi

X" P(fimD gy + fimpt) fif} (12)

(Fop) = ( 4 0
Obviously “F,z="Fp,. When p=1, "Fpp = F,g, but "Fog # F,p, if p=~1. Symmetric
tensor 'Fa/, (12), defined by 2-form C, may be regarded as the new metric in T(M,,). It
follows from (3), 4), (5), (12) °f£*Fp, =H,, = pH ,,, where
(Har)=w(x"+p(r,';;<8.'m + P8 mi U pi) gik]. (13)
P8 ik 0

Thus, tensors © fZ (5 and * wp (12) define in T(M,)) (°f,"F) -structure of the same
type and kind as in the basic manifold M,.
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When p=1, from (6), (13) H,, = w“ga, and after some calculations we have
H,,dx"dx? = 2wgdx'6x/ ; similarly H,,dx® adx” =2wg dx' A&"™/, whenp=-1.
We shall prove the equality *V, f} =0. Here *V — symbol of covariant

differentiation in Riemannian connection defined by metric ‘Faﬂ (12).
At first we find the matrix

0 wpf
*FBY=("F ) = . . .
(F= ) [af”‘ —m"*”(f”l"ﬁﬁf'“l",is)} @
where
= kg = frg™g" £ = w6} (15)

Non-zero Christoffel’s symbols <D£ﬂ of metric *F due to (11), (12), (13) are:

1

k k k
‘Dz' =¢£:-’:—j =0, =T, o =5‘xn+p(Ri§p +fi.\'fklR;Ip + fjsfklRi.;p) ,  (16)

where R,-']‘.p = a,.r}‘p -0 jl",-',‘, +T F}p - 1"}‘,1",-;,— curvature tensor of M,
From (4), (5), (15), (16) after some calculations we get 'Va °f /‘,’ =0.

Thus, we have
THEOREM 2. Let M, be (f, g)-manifold and (3) holds. The affinor °f (5) and 2-form

2 .ﬂ-]-dxitix"+j ='Fapdxadxﬂ define in T(M,) (°f,"F)-structure of the same kind and type
as in the basic manifold M, and *V °f g =0. Structural covariant tensor H,, (13) of
(°f,°F) -structure and the metric g; are related by equality of 2-forms
H apdx“ ~dx? and 2wg,~jdx" A& when p=-1, and by  equality
H jpdx®dx? = 2wg;;dx'&"™/, when p=1.

3. Let us consider in T(M,) the Sasaki metric ds” = g;dx'dx’ + g;&x"" 8™/, which

matrix has the form [3]:

8+ EmIplyx" """ 8mfFZiX"”’} a7

m _n+p
gimrpjx gij

(Saﬂ) =(
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Together with complete lift ¢ ff (5) of affinor f,-j this metric defines in T(M,)
(°f,S) -structure of the same type and kind as in the basic manifold M,, because
‘18 ) =8}, FLSp, = Kay = PK,q, where from (2), (5), (17)

i +
(Kar)=(fq+fbnrmr$ A A ) v p] (18)

f"nrm n+p f,,
We shall prove again ‘V,°f] =0, when V,f }‘ =0, where °V — symbol of the

covariant differentiation in Riemannian connection defined by metric *g. At first we find
the matrix [3]:

_ gij _gmjl—i xn+p
(S2s) 1:(5‘”’):(_ iy " o . 19)

g Is;mxrwp gy + gmll-w;’mr;lxn+pxn+q
Non-zero Christoffel’s symbols Q7 op of metric Saﬂ (17) by (19), (11) are:

Q% =T% - (R mpL ik + Rimp T )x™ P X",

sk =_%R’ijp X ont =T +;1"’ Ry x™"x"P, (20)

’l'H __(th’ + R]qp + 26 rlk )le-P +—= l"l (R][,- +Rk1, )xll+.!' n+rxn+p.
From (4), (5), (20) after some calcululations ’Va fr=0
Fundamental 2-form of (°f,S)-structure, denote by A, when p=-1
= Fydx® ndx = fydx' ndx! + fi D pilgx™Px" 9dx’ ndx/
FTpix™ Pdxt Adx™ ) + f,, Tx™ Pdx™ Adx! + fde™ I Adx™ = fdx' A dx!
f,'j(dx"ﬁ +r,",,,,x"“’dx"‘)/\(dx"*’ +r‘qj;xn+qus) = f,jdxi Adx! +f1j&x"+i AS™H

When p =1, similarly B =K, gdx%dx? = fydx'dx/ + fyéx™ &™)

Thus, the following theorem is true.

THEOREM 3. Let M, be (f, g)-manifold, for which (3) holds. Complete lift °f (5) of the
affinor f together with fundamental 2-form A (when p=-1) or B (when p = 1) define
in the tangent bundle T(M,) (°f,S)-structure of the same type and kind as in the basic

manifold M, and equality °V € f} =0 holds, where Sop =03 K, is Sasaki metric.
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When @ = p = — 1, the (f, g)-manifold M, is Kahlerian and the geometry of the tangent
bundle T(M,) is Kahlerian geometry, defined by fundamental exterior 2-forms

2fyde' AST, fudx' ndx’ + f&" A&"™J or quadratic form 2 fydx'&™ .
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A. Baskiene

Tiriamos (f, g)-daugdaros M,, analogiSkos Kelerio daugdaroms. Irodyta, jog lie¢iamajame pluoste T(M,)
afinoriaus f pilnas liftas °f kartu su 2-formomis, kurias apibréZia daugdaros M, struktiirinis kovariantinis
tenzorius, indukuoja tokia pat struktiira kaip ir bazés struktiira. Rasti rySiai tarp daugdary M, ir T(M,)
struktiiriniy tenzoriy.



