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Smooth interpolation with biangle surface patches

K. Karc¢iauskas (VU)

1. Introduction

Two-sided region is natural in design of surfaces of complex shape. In [5] and [6]
they were investigated by M. Sabin from the different points of view. In [3] a new
control point scheme was developed for a biangle surface patches of degree 2n. Their
properties (convex hull, subdivision, degree elevation, etc.) are more or less similar to
the well-known properties of the classical Bézier tensor product and triangular patches.
Any biangle region on any oval (but only oval) quadric, bounded by two conics, can be
represented by a biangle patch of degree 2. (Oval quadric by a definition is a quadric
projectively equivalent to a sphere). So the following question arises. How to modify a
definition of a biangle surface patch of degree 2n, that: main properties are still valid; any
biangle surface patch on any quadric, bounded by two conics, can be represented by a new
biangle patch of degree 2. So modified biangle patch would be no doubt more flexible.

In Section 2 a new definition of a biangle surface patch of degree 2n is given. Its main
properties are formulated in Section 3. Two methods of smooth filling two-sided holes
between Bézier patches are described in Section 4. Here also is presented a special case
of a biangle patch, suitable for inclusion in a B-spline surface.

In this article we do not give the proofs. They can be found in [4]. There are also
some interesting examples of smooth joining biangle patches of degree 2 (quadrics).

2. Biangle of degree 2n

2.1. Preliminary notations

.Let D be a domain triangle in a parameter plane with the vertices Vp, Vi, V2. Any
point V' in a parameter plane is uniquely represented in a form V = uoVo + u1Vi + uaV,
With ug + u) + uy = 1. So ug, uy, uy are barycentric coordinates. We also fix a real
Number a and define the functions hg, A1, ha, h3 by the formulas

ho = u%, hy = uouz, hy = uguy, hy = uf + 2auuy + u%.

The functions hg, hy, hy, h3 vanish simultaneously at the intersection points (maybe
complex conjugate) of a degenerate conic h3 = 0 and a line uo = 0.
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2.2. Basis polynomials and definition

We define basis polynomials f;, n > 1,1, j = 0,...,n by the formula

N _ kyho  'hihy, i+ j<n
S 7 AR A P
The coefficients k;'j, i,j =0,...,n are defined recurrently. It is convenient to assume
ki =0,ifi ¢ {0,...,n}orj ¢{0,...,n}. Forn=1let ko =1, kb = 2, kjp = 2,
ki, =1,. For n > 1 we define

M k= k?j_l + ?-_ll,j +k?.1-'_11 +kz)—'_l.2 +k;‘—-2l,j + Zak?__ll,j—lv i+j<n;
(2) k= kol + P+ kil + koh+ 20k,
- -1 -1 C '
+ :—j+l,n—i-—l + k:l‘—j—l,ll—i+1 +2ak:_j‘n_l., 1 + ] =n;

(3) k,nl = k?:ll'j_‘ + k?:ll'j + k:t‘;_l_l + kl{l-:ll,j—l + ki—l‘j + 2ak?‘j—~*l_l, i + ] > n.
The coefficients k;; satisfy symmetry relations ki; = kj;,
(n =2, 3) we have

Ky =1, k3 =3, ki = 4, k}, = 4+ 4a.

k=1, k3, =4, ki = 8, kg = 10, k3, = 10+ 6a, ki, = 14 + 16a.
The rest of the coefficients are determined by the symmetry relations.

It is easy to check that basis functions £, i, j =0, ..., n, are linearly independent.

k;‘j = k"

n—j,n—i*

For example

Definition. The rational biangle surface patch of degree 2n with control points F;; € R?,
i, j=0,...,n, and weights w;j, i, j =0,...,n, is an image F(D) ofamap F : D — R}

given by the formula

Yizo 2_j=o wij Pij £ (p)
Yo Lo wii f(P)
The map F is defined over the domain triangle D. We get a biangle surface patch, since
an edge V,V; is contracted to a point. In general contracting an edge causes singularity
at the image point. Nonsingularity of the biangle surface patch at the point F(V,V2) is
insured by the symmetry of a biangle representation. Here is a precise formulation of the

symmetry property.
By g we denote a birational transformation of domain triangle D given by the formula

2.1

F(p) =

g(uo, uy, u2) = (((ux +up)? +2(a — Duyuz) /q, uou1/q, uouz/q),

where g = (1 + u2)* + uo(u1 + u2) +2(a — Duyua.

PROPOSITION 1. (Symmetry). Let P,fj = Py_jn—i, Wij = Wn—jn—i and F' : D — R3 -
a map defined by the formula 2.1 with control points P;; and weights w;;. Then F "= Fog.
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3. Properties of the biangle of degree 2n

(i) Convex hull property. The patch is contained in a convex hull of the control points
P, i,j=0,...,n, if all weights are positive.

(ii) Boundary. The patch has a boundary composed from two rational Bézier curves of
degree 2n with control points coinciding with boundary points of the control net
POOa POlv"wPOni le P2m~--PnnandP00, P]01°-'1Pn09 Pnh P,Q,...P,mbutWith
slightly different (if n > 1) weights

w;j =

Tony Wi
()
(iii) Subdivision
la] < 1. The biangle of degree 2n can be subdivided into two Bézier triangles of
degree 2n and a smaller biangle of the same degree.
la] = 1. The biangle of degree 2n can be subdivided into two Bézier triangles of
degree 2n.
la] > 1. The biangle of degree 2n is composed from two Bézier triangles of degree
2n intersecting each other by a smaller biangle of the same degree.

(iv) Reparameterization. The patch will be the same if the weights are changed according
to w;; = A'+Jwj; for arbitrary A > 0.

(v) Implicit degree. Implicit degree of the patch of degree 2n does not exceed 2n2.

(vi) n = 1 (quadrics). Let xp, x;, x2, x3 be barycentric coordinates associated with
vertices Py, Po1, Pio, P11- Then an implicit equation of a biangle patch of degree
2is

x2 2axix; | x} 4xoxs 0

S+ ==+ Z - ——=0.

Wa W1 W10 Wio WooW1i1

We get from this equation all information about quadric. For example, the biangle
patch is:

e oval quadric if |a| < 1;

® conic quadric (projectively equivalent to a cone) if |a| = 1;

e hyperbolic quadric (projectively equivalent to a hyperbolic paraboloid) if |a| > 1.

More precise classification of biangles of degree 2 and conditions for their smooth joining
can be found in [4].

nos o
i bJ=1....n

w};) we represent them in

(Vii) Degree elevation. For a patch of order 2n we denote by Pl w

its control points and weights. Setting P, = (w;; P},

a homogeneous form. We also assume ﬂ'j =(0,0,0,0)ifi ¢ {0,...,n} or
J €{0,...,n}). We set H,.';. = k,-jﬁ,'.'j, i,j =0,...,n, and define homogeneous

control points prt! i,j=0,...,n+1, by the formulas

—iJ ’
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() PS'=(H!;+H",;+H_ +H_,+H",

+2aH", ;_ 1)/k”.+1, i+j<n+1;
2) P =(HL,;+H_+HY ,+H",,+2aH" |

+Hn—.i+2n i+ Hy_ /n-z+2+2"Hn—j+1,n—i+|)/k,-j+l, i+j=n+1
(3) f_,'-'fl (Hy o+ HY j+HY_ + HYyy

+H"l,+,+2a KT i+ > n+1

j

PROPOSITION 2. Control points P""’1 and weights w"l“, i,j=0,...,n, corresponding

to the homogeneous control points P P"'H (w,';*'l p,",“, "+]) represent an initial biangle

patch of degree 2n as a biangle path of degree 2n + 2.

When n increases the control point nets tend to the patch.

4. Filling two-sided holes

4.1. Gregory’s biangle

Let P;; = (wijPj, wij), i,j = 0,...,n, be the homogeneous control points of
a biangle patch of degree 2n. A rational triangle Bézier patch of degree m we also
represent in a homogeneous form with control points T, i + j+k =m, i, j,k > 0.
For a fixed triangle patch of degree m we consider the biangle patches of degree 2n with
common boundary curve and common tangent planes at the ends of this curve. Computing
conditions for tangent plane continuous join of the patches we get 3m + 2n — 6 linear
equations for homogeneous coordinates of inner control points P;;. In general, a system
of these linear equations is solvable if n > m/2 + 1.

Suppose we want to fill smoothly two-sided hole between two Bézier triangles with
common tangent planes at common vertices. In this case we solve two systems of linear
equations for homogeneous coordinates of inner control points of biangle patch of degree
2n. (There are also explicit formulas for unknown control points.) As a rule, twist
incompatibility arises at the corner points of a patch. It means, that P, # 2“ and
Pyt # P, y,_,, where P;; and P, P;; are the solutions of a systems of linear equations
insuring tangent plane commuous join along the boundary curves with u; = 0 and u, =0
correspondingly. This problem is solved by a standard at this moment method of variable

control points (see [1], [2]). We replace incompatible control points P, P,; and P,_; ,_1»
_En_l‘n_l by the variable homogeneous control points

_ WP, +uPy,
= uy+up

and -
WP,y turPy g,y

uy+up

—G-.n—-l.n-l =
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4.2. Filling holes between Steiner patches

Suppose we want to fill smoothly two-sided hole between two Bézier triangles of
degree 2 (Steiner patches) with common tangent planes at the common vertices with a of
degree 2n. In this case we solve two systems of linear equations. A lowest suitable n
is equal to 2, since each system is solvable if n > m/2 + | (see 4.1). So the degree of
boundary conics must be elevated to 4 and a hole can be smoothly filled with a Gregory’s
biangle. Gregory’s patches are geometrically smooth, but have parametric singularities at
the corners. Since parametric singularities are, in general, unavoidable we take a special
degree elevation, which produces a parametric singularity at one corner. It allows to fill
smoothly two-sided hole between Steiner patches with two biangle patches of degree 4 that
have an implicit degree 4 too (a general biangle patch of degree 4 has an implicit degree 8).
An implicit degree of quadratically parameterizable surfaces is < 4 (see [7]). Combining
Steiner patches with these special filling biangles we get an interpolating scheme with the
following properties:

e composed surface interpolates arbitrary fixed points in R and arbitrary fixed tangent
planes at these points;

e parametric and implicit degrees of the patches are < 4.

Now we give a formal definition of these special biangle patches of degree 4. For
positive numbers e; and e, we set

Jo =2eihohy + 2eshohs + B} + h; Jo = deh? + 2hihs; Fo = derhd + 2hohs;
f3=2e1h1hs + 2e2hyh3 + h3; fo = hih,.

(The functions hy, hy, ha, b3 are defined in 2.1.)
For th_e control points Py, Py, P, P3, Py and weights g, W), @, w3, W4 we define a
map F : D — R3 by the formula

= Wi fi
F(p) = Z,;o w~ ~f (P).
Y=o Wi fi(p)

The patch is an image F (D).
. PROPOSITION 3. The patch F(D) is geometrically smooth if the control points Py, P,
Py, Py are coplanar.

.The patch F (D) with coplanar control points Py, P,, P,, P, we call BS4 biangle
(Biangle Special 4 - for both parametric and implicit degrees).

PROPOSITION 4. Suppose two rational Bézier patches of degree 2 have common tangent
Planes at two common vertices. Then exists 5-parameter family of a pair of BS4 biangles
Smoothly filling two-sided hole between Bézier patches.

Filling BS4 biangles touch along a common conic a quadric cone.
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4.3. Biangle patch for B-spline surface

We use exactly the same B-spline control point scheme as in [6]. Here we define only
a biangle patch, suitable for an inclusion into this scheme.
Using notations from 2.2 (definition of a biangle) we set g;; = f3/k;,i,j =0, 1,2,

fo = 800+820+802. f1 = 2g10+2821, f2 = 2801+2812, f3 = g22+820+8w0, fa=4gu.
For the control points Po, Py, Py, P3, Py and weights Wy, W), W), W3, W4 We define a
map F : D — R? by the formula

PR——
Fipy = o BPTL(P)
2= Wi fi(p)

The patch is an image F 7(D) with boundary conics definied by control points (and
corresponding weights) Pg, Py, P3 and Py, P, Pi. If a = 1 we get exactly Sabin’s
biangle from [6]. Changing the parameter a adds shape flexibility to Sabin’s B-spline
surface.
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Glodus interpoliavimas dvikampémis pavirsiy skiautémis

K. Karciauskas

Straipsnyje pateikiama racionaliy dvikampiy skiautiy schema, apibendrinanti darbe [3] sukonstruotus
dvikampius pavir§ius. Taip pat parodoma, kaip naujo tipo skiautémis glodZiai uZpildomas dvikampis

plySys tarp Steinerio pavirsiu.



