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Bergstrom expansion for mixtures of lattice distributions

V. Cekanavitius (VU)

Let F be the set of all probability measures, M be the set of all measures of bounded
variation on R. If W € M then, due to the Jordan-Hahn decomposition, W = W+ — W~ .

We denote by || W || the total variation norm of W, i.e., || W || = WH{R} + W~ {R}.
Let E; be the distribution concentrated at a point a (i.e. Es{a} = 1), E = E;. The
notation C(-) will be used for different positive constants depending on the indicated
argument only. Products and powers of measures will be understood in the convolution
sense: FG = FxG, W' = W*", WO = E. For W € M we shall denote its Fourier-
Stieltjes transform by W(t) = fR exp {itx} W{dx}, t € R and the analogue of the uniform
distance by

|W| = SUPIW{( 00, x)}| = sup [W(x)] .
x€R
Let N be the set of all natural numbers, Z be the set of all integer numbers.
H. Bergstrom [1] used asymptotic expansions based on the following identity
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Bergstrom expansion was applied in [1]-[11]. In [3], [4], two generalizations of (1) for
the convolutions of non-identical distributions were given. We shall use the generalization
of (1) from [8] (see also [6]).

Let Fi,F,...,F, € M, Gy,...,Gp € M, 0 <s <n—1. Analogously to (1) we

have
ﬁﬂ=iAv+ iAv=iAv+Rﬁ””, ©)
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Here E: . means summation over all possible w1, w2, ..., 4 € {0, 1} such that u; +
ceot Uy =, e

Z;M=Z{m+...+un=v, pm €{0,1}, m=1,...,n).

Let FeF, i=1,...,n,

ei(F)=Y_pyFl,  yi(F)=) qjF’, ()
j=0 j=0

00 o0 o0 00
Zpij=zqij=1v > pijl < o, Y lgijl < o0. (6)
j=0 Jj=0 j=0 j=0

Note that if p;j, gij > O ,then ¢;(F), ¥;(F) are distributions of the sums of a random
number of i.i.d.r.v. In general, we deal with signed measures. We shall say that, ¢;(F)
and ¢, (F) satisfy condition (A;), if there exists A; < C such that

max{|@i (F(®))], 1% (F())]} < exp{hi(ReF (1) — 1)} . @
Here Re?(t) denotes the real part of f(t) and
wi(F@®) =Y piF®Y = pi(F)(1).
Jj=0

The following Lemma asserts that the class of measures satisfying condition (A) is large
enough.

LEMMA 1. Let F € F,
00 . o0 00
e(F)=) piF’', Y pi=1, D Ipl<oo, B@(ED) < oe.
j=0 j=0 j=0

Then, for all t € R,

lp(F())] < exp{(e1(9(E1)) — & (9(E1)) — B2(9(E1))) (ReF(2) — 1)).

Proof. By the Bergstrom identity and definition of ¢(E,) we get
lp(F () = 1 — a1 (@(EN)(F () = 1)

00 00 J ] R
D piFit)y-1-j(Fo) - 1))' = > P> _(m—DF () (F(r) - 1)?
j=0

Jj=2 n=2

<) Ipjl (é)uf(z) — 117 < B (P(EN)IF (1) — 11/2. (8)

j=2
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Therefore
l(F )| < 11+ a1(@ED)FE) — D)+ Bap(EN)E () - 112/2. ©)

Taking into account that

F(t)=ReF(t) +iIlmF(t),  (ImF@®)? <1 - (ReF(1))°,
we get from (9)

1+ 2(ReF (1) — (1 (0(En) =} (0(E))I'2 + B2(@(ED))(1 — ReF (1))

lo(F@)l < |
< exp{(e1(@(E1) — e} ((E)) — B2(@(E1)))(ReF (1) — 1)} m

Now we shall formulate the main result of this note. Let us denote a summand of the
Bergstrom expansion by

aE) =Y TTw ™ B eiF) = (R
j=1

THEOREM 1. Let F € F, F{Z} = 1 and let, form > 2,i = 1,2...,n, k =
1,2,..., m — 1, the following conditions be satisfied

a(@i(Er) — ¥i(E1)) =0, Bm (@i (E1) — ¥ (E1)) < 00,
max{B2(¢(E1)), B(¥(E1))} < oo, Ai 20.
Then, foralls <n—1, v=1,2,...,s, the following inequalities hold

sup |A, (F){x}|

xeZ
< Comh™2(3) T @i (En) = ya(E)) ) min{1, (h(1 = FO'?} (49
i=1

< C(m, v)h™?min{1, (h(1 - F{O}))l/z}(z Bm(pi(E1) — ‘/’i(El))
i=1

sup
xeZ

n 5 n s+1
[TeO =3 AP < com s)(,; Bm(0i(E) - wwn) an

x h=e+D2 min{1, (h(1 - F(0)))2}.

Here h = max{1, >]_ A;}.
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Proof. Analogously to the proof of (8) we get
loi (F(2)) — v (F ()] < Cm)Bm (i (Er) — Y (1) F(t) — 11"

< C(m)Bm(pi(E1) — ¥i(E1))(1 — ReF (£))™/2
Noting that, if A; > 0 then A; < 1, we get

Do T Fo)eFEe) - yiFey)”
i=1

(12)

< C(m, v)(1 - ReF())"* Y L XP [ D (1 = w)ri(ReF(t) — 1)]
' i=1

x [ 184 (@i (Er) — wi(Ev))
i=1

n

< C(m, v) expl M(ReF (t) — 1)/2]%1-"/2 D T1BY @i (ED — vi(Er).
1 i=1

By the formula of inversion

A (F)I < Com, k™23 TT B (@u(Er) = i(Ey))
i=1

=

n

n (13)
x/exp ZA,(ReTV(:)—l)/z] dr.
I=1

-
Note that . . =
ReF(t) = F(t)/2+ F(-1)/2,
ie., Ref(t) is a characteristic function. To end the proof of ( 10) one should apply the
following inequality:
n
/ expla(F(t) — 1)}dt < C(1 — F(0})~"2q~ 12,
-

The proof of (11) is similar. Q.E.D.

Example. Let0< p<1/2, Fe F, F{Z} = 1,n € N. Then
sup |((1 — p)E + pF)"{x} — exp{np(F — E) — np*(F — E)?/2}{x}|

xeZ
< Cn~l(1 = Flop~'/2.
To prove this inequality one must note that
Bs(((1 = p)E + pF)" — exp{np(F — E) — np*(F — E)*/2}) < Cp®,
and
max{|1 + p(e" — 1)I, lexp(p(e" — 1) = p*(e" — 1)*/2}} < exp{—Cpssin’(1/2))
and apply Theorem 1.
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Bergstremo skleidiniai gardeliniy skirstiniy miSiniams

V. Cekanavicius (VU)

Lyginame dviejy atsitiktiniy dydZiy sumy pasiskirstymy artuma lokalioje metrikoje. Kiekvienos sumos
démenys savo ruoZtu yra atsitiktiniy dydZiy su atsitiktiniais réZiais sumos. Salygos keliamos atsitiktiniams
réZziams.



