LMD mokslo darbai, 517-522
1998, Vilnius

Asymptotic expansion in the zones of large deviations in terms of
Lyapunov’s fractions

L. Saulis (VGTU, MII)

Let &, &, ..., &, n > 1, be an independent random variable (r.v.) with E§; = 0 and
af:ng >0,j=12,...,n.

Set
n 5 n 2 Sn
Sn_j:]Ej, Bn_j:laj, .Zn_B_n,

d
Fz,(0)=P(Zy <), pz,(0) = —F7,(x), )
Lk.n=ZEI$jI"/B,'f, k=1,2,.... ()
j=1

The quantity Ly, is called the k** Lyapunov fraction and for 2 < k </,
LD <Ll ®

what is proved in (Saulis, Statulevi¢ius (1989), (1991)).

As it is know, Lyapunov’s fractions are convenient for constructing asymptotical ex-
pansions (StatuleviCius (1965)) for distribution function Fz,(x) and distribution density
function Pz, (x) of the r.v. Z,.

It turns out that probabilities of large deviations P(Z, > x), x = x(n) > 00, n - o0,
in the Cramer zone and Linnik power zones can also be investigated in terms of Lyapunov
fractions. Thus, probabilities of large deviations in such zones mainly depend not on
individual but average properties of summands as emphasized in (Wolf (1975), Rudzkis,
Saulis, StatuleviCius (1979), (1991)).

The paper is devoted for investigating asymptotic expansions of probability P(Z, > x)
as in zones of Cramer as well in Linnik power zones in terms of Lyapunov’s fractions.

The cumulant of r.v. Z, be denoted by I'y(Z,) and defined by the formula

14t
Mi(Z:) = g7z In fa, (t)L:O, 4)

where

fz.(8) :=Ee'? =TT f;(t/Bn) 5)
j=1
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a be characteristic function (c.f) of the r.v. Z,.
We say that Lyapunov’s fractions Ly , satisfy (L*) condition if exist y > 0 and 7, > 0

such that "
kH)!ty
Lk,ng%—, k=3,4,.... (L%
T

PROPOSITION 1. If the r.v. y; with E§; =0 anda = ESz >0,j=12,...,n, satisfy
condition (L*) with the exponent y = 0, then

!
ITe(Z2)| < uk . k=3,4,.... (6)

(za/ (27 In 7, )"

If condition (L*) with the exponent y > 0 is fulfilled, then

(kDY k!

\V; s k=3,4,..., 7
(w/Ci@) T 2 (@ C)) (

Ire(za)] <

where a vV b = max{a, b}.

Full and complicated proof of this statement is in (Rudzkis, Saulis, Statulevitius
(1979)), where explicit expressions quantities Cl(y) and Cz(y) are presented
Suppose that for a r.v. & with E§; = 0 and a = EE < 00, j = 1, n, there exist
densities Py (x) such that
sup pg;(x) < Cj < o00. (D)
X

In the case £ has density, then C; = oo by definition.
Let &j(h), j =1,2,...,n, be the r.v. with the distribution density

Py () = e pyy(x) | f e pe, (x) dx @®)

and the characteristic function

fe;m (@) = Eexp {izg;(h)}.

Put
- sn(h) - Mn(h)
Sah) =Y gy, Za(wy = 2B G ©)
,.; ! B,(h)
where -
M) = ES,(h) = 3 —— T8 K1, (10)

(k- 1)!
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2 _ _ > 1 k-2
B"<h)—Ds,.(h)-;——(k_2)! Tk(S) 2, (1
and .
fanon (@) = E "% ® =TT fy0(t/ Ba (). (12)
j=1

Here fz,x)(t) is the characteristic function of r.v. Z,(h) conjugate with r.v. Z,.
The author of this paper has proved that

00
h)) ik, =2,3,....
e(Sn(h) = ,Z,;U o1 Tu(S:) b k=23 (13)
Let ot
_", y =0,
tr={ |In7| (14)

c;tl/(1+2y)’ y >0,

where explicit expressions quantities ¢ and c}, are presented in (Rudzkis, Saulis, Statulevi¢ius
(1979)), and

(3w
5) /2. @ 0,
fr, @0 = ;(2) w1z y > -
ACION y =0.

Here /s > ¢ ‘t,,l/ (+27) and fz,(t), fz,m)(t) are defined by relation (5) and (13).

The estlmates (6) and (7) of cumulants of r.v. Z, and the authors lemma (Saulis (1996))
of asymptotic of distribution function in zones of large deviations for a r.v. with cumulants
of regular behaviour enable to obtain the following statement.

Let © (with or without an index) denote some variable, not always the same, not
exceeding 1 in absolute value.

PROPOSITION 2. If the r.v. &; with E&j = 0 and 0} = Ef? >0, j=1,2,...,n, satisfy
condition (L*), then VI, | > 3, in the interval

O0<x <1, (16)
the relation of large deviation
1= Fz,(x) _ . ¥ (x) =
Tow —exp{Ln'm(x)}[wT-;(l +2Ln‘v(u,,) (17)
cl,y,x) 285ty exp{—(l —x/t*)\/—-} ]]
] 1 — + R,
+61(x + )[(Tn/“nfﬂ)l_z + (T =x/2) + T, 94 y

holds.
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Here the quantities c(l, y, x) and q are defined by relations (9) and (58) (Saulis (1996));

_ o)
YO =10 °G) (18)

where p(x) and ®(x) are standard normal density and distribution function;

* 1 -1, ,
Ln.m(x) = Z A-lc.nxk, m= { go/y) + y>0 (19)

=0
3gk<m Y ’

where the coefficients Ay, are expressed in terms of cumulants of the rv. Z, and are
found from the recurrent equations (2.9) (Saulis, Statulevicius (1989), (1991)):

1
)~3,n = -3-F3(le)v
1
han = 52(Ca(Z) = 3T3(Z0)), ...
Formulas for L, ,(un) are presented in (Saulis (1996)):
1 1 3 2
Ly 1(un) = "'§F3(Zn); + 5(21"4(2’.) —3T'3(Zy))

1
+ 5(721“5(2,.) — 39T'3(Za)Ta(Z,) + 26TT3(Zp))x + - - -

Tn
dt
By = [ |12,0] T (20)
Ta,y
where fr (t) is defined by (15) and
Ty = (3/8)(1—x/7))7;, T, 2T, (1)

So, in order to obtain asymptotic expansions in Cramer zone and Linnik power zones
of large deviation probabilities P(Z, > x) =1 — Fz,(x) we need to estimate the integral
Ry, defined in (20) for y =0 and y > 0.

PROPOSITION 3. If for a rv. E,wzthEE,_Oanda Ee2 >0,/ =1,2,..
conditions (L*) with the exponent y = 0 and (D) are ful}illed then

Z C2 I ’ (22)

’l]-

4
Ble max C‘/"cxp[

1<ri<n i=1

where
K, = By|Int,|/7,. (23)



then
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PROPOSITION 4. If rv. &; satisfies conditions (L*) with y >0, (D) and

1 2 1
lim 2c >0,
n—oo (1V Ll.n)r; ; (Uk2 + N,%)le :

N, =4B,L;,, r,’: — c;t,,l/““y),

4
1/4 9
Rn,y < Bz(Nn/Tn’Y) Ig}?’é",l;lcn (1 + 2\/§Nn) (24)

L 1
xXexp{ — — —_—,
"[ 1L <a3+~3>cz}

where T, , = (3/8)(1 - x/t,‘,')t,’,“.
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Asimptotiniai skleidiniai didiiujq nuokrypiy zonose Liapunovo trupmeny terminais
L. Saulis (VGTU, MII)

Tarkime, kad atsitiktiniai dyZiai (at.d) & su vidurkiais E&; = 0 ir dispersijomis o? = E¢? > 0, j =
1,2,...,n, tenkina salyga: 3 dydZiai y > 0 ir 7, > 0 tokie, kad Liapunovo trupmenos

n
3 Elg*

j=1 (k!)1+y n
Lk,n = I( S k—2 ) k=3.4,... . B,%: ZUJZ (L*)
By T,

j=1

Esant patenkintai salygai (L*) ir reikalaujant at. d. §j tankio funkcijos apréZtumo, darbe gauti
P(Zn 2 x), Zn = Sn/Bn, Sn =& + & + -+ - + &y, asimptotiniai skleidiniai didZiujy nuokrypiy zonose
0<x <1, kur

ctp/lInty|, y =0,
(14)

T,y =
" c;t,}/(H'zY), y > 0.



