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Zeta-functions of binary Hermitian forms

E. Gaigalas (VU)

This paper generalizes the theorem, proved in [1], for the case of extension
Q(i, v/d)/Q(v/d), d = 2mod 8.

We denote the ring of integers of the field K = Q(+/d) by A, and the ring of
integers of the field L = Q(i, v/d) by B. For any A € A, A > 0, let H(A) be the
set of the positive definite binary Hermitian quadratic forms of discriminant A:

H(A) = {f(u, v)|f(u, v) = alu® + 2Re buv + d|v, u,v € C}.

Herea,d € A, b € B, ad — |b|* = A.
For any integer ideal 2 of the ring A we define the set

R, A) = {A +AB*|AA + A € 2}

and r (A, A) = card R(Y, A).
Finally, we define the zeta-function

Z(A,s) =Z_';M

a (Neo)'™

where summation extends over all nonzero integer ideals of A.
This zeta-function is associated with the set of the positive definite binary Her-
mitian forms H(A). The zeta-function Z(A, s) has the Euler product expansion

za,9 =[] z(a. vp™'),
p

where
[e.0]

Zp(A,x)=)_r(p". A)x".

n=0

Here p is a nonzero prime ideal of A. We write p’||(A), if p' is the exact power of p
dividing ideal (A), and denote a prime rational number by p. We need the explicit
calculation of the r(p", A).
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THEOREM. 1. Let () = (~ ) = 1. Then pA = p\p, and

r(p,',

p"’l((n + l)p—n) for 0<n<t,
n A)_l

M

i+ D(p=1) for n>t+1

2. Let (4) =1, (= 1) = —1. Then pA = p,p, and

l nd(-1y-1) for

r(p;', A) =

0<n<t,

)

%(]+(—1)’)p”"(p+l) for n>t+1.

3. Let (%) = —1. Then pA = (p) and
r(p", A) = ’

4. Let p=2. Then2A = (2,/d)’ and

pz"'z((n+l)p2—n) for 0<n<t,

3)

PP e+ 1)(pt—1) for n>t+1.

2" for 0<n<t+1,

(VA" a) = 2 ((1+ 1) (14 -D%)

“)

+(1- D)1= DY) for mzr42.

Here A = A + Ay /d, A; = 25A§, ift is even, and A; = Z#Aﬁ, if t is odd.

5. Let pld, p # 2. Then pA = (p, «/2)2 and
r((p, JJ)" A)

P+ (3= D)((= )+ D= Dp for
r(p-(-1) for
() o
0 for

P"(P - ( - l,,)) for

0<n<r+1,
n=0mod 2,

0<n<t+1,
n = 1mod 2, (5)
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The proofs of formulae (1)—~(3) are similar to those in [1].
4. Let’s denote

Then we may write every number A € B in the form
A=x+yJd+ Qu+vvd) (x,y,uveZ).

We have to count the number of (x, y, u, v) such that A+ A € (2, Jd)*. The
numbers x, y, u, v are given mod 2™ if n = 2m. If n = 2m + 1, the numbers x, u,
are given mod 2™*! and y, v — mod 2™.

Let n = 2m and 0 < n < t. We wish to count the number of solutions of the
system of congruences

(x + d—v)z + g(y +u)’ + (d_zli)2 + £y2 = 0 mod 27,

2 2
(x+d—2”+y+%)2+(d—1)(y+-‘21)2 ©6)
+ (‘%" n %)2 +(d- 1)(%)2 = 0 mod 2™.

Let's denote r(2™) = r((2, +/d)", A) and assume, that (xo, yo, 4o, Vo) is the so-
lution of the system

(x + d_v)2 + ;()’ +u)? + (d_v)2 + dEyz = 0mod 2™},

2 2
R
n (523 + %)2+ d- 1)(%)2 = O mod 2"~".

We replace (x, y, u, v) in (6) by (xo+x1-2™", yo+y1-2™ " uo+uy - 2" v+
vy - 2™~1). The numbers x,, y1, 4y, v are given mod 2. The system (6) becomes

Xouy + xjug = —s mod 2, (8)

where s is found from the equality

(xo+ ‘—ig + yo + “30)2+(d— 1)(yo+%°)2

+ (‘%’9 + 1‘2—°)z+ - 1)("70)2 =5.2m,

[t is easy to check that xg = ug = 0 mod 2. Hence s = 0 mod 2.
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The number of solutions of the system (7) with s = Omod2 is equal to one fourth
of the total number of solutions. Hence the recurrence relation r(2™) = 4r(2™~ 1) is
valid. The elementary counting shows that r(2) = 4. This gives r((2, Jdyr, A) = 2.

Letn =2m, n =t + 1. Then A} = 2™A}, A, = 2" 'A} and A} = 1 mod 2.
We need to count the number of solutions of the system of congruences

(x+dz) + = (y-f-u)2 (dzv) +%(g—)2§0mod2"’,

(e s - (2 (s
+2™"'A} = 0 mod 2™.

We replace x, y,u, v in (9) by xo + x1 - 27!, yo 4+ y1 - 2™, ug 4+ uy - 2m71,
vg 4+ vy - 2™ (x4, y1, uy, v; mod 2). This gives us the congruence

XoU1 +x,u0+A'25—-s mod 2, (10)

where s is found from the equality

R R R Gy RC )
+2" Ay =5 2"

As in previous case we have the recurrence relation r(2™) = 4r(2™~1). It is easy
to check that r(2) = 4. Hence r((2, Vd)", A) = 2".
Letn =2m,n >t +2,t =1mod2. The system

dv\2 d dv\2 d
(x+5) +30+w2+(3) +39° +2% A7 = 0mod2",

2 2
(r S et a3 o (05 ra-ng O

+2F A, + 27 A, = 0mod 2"

has no solutions, if A} = 0mod2. If A] = 1 mod?2, it is easy to prove the formula
r((2, v/dy", A) =2+,
Let n =2m + 1, 0 < n < t. We investigate the system

(x + éﬂ)z + %(y +u)? + (d?v)2 +232 —0mod2m+,

2 2
(x + d—zv +2y+u)2+ (d—4)(y+ %)2 + (%3 +u)2 + (d—4)(%)2 (12)
= 0 mod 2"+

It is easy to verify that the recurrence relation r(2m*!) = 4r(2™) is valid. In

addition, r(2) = 4. Hence r((2, \/d_)", A) = 2". The proof of the case n =t + 1 is
similar.
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Letn >t + 2, t = 1 mod 2. We investigate the system

dv\2 d ,  (dv\2 d , gl _ m+1
(x+—2-) +5()’+u) +(-2—) +3y +27 A} =0mod 2™,

(x+ % + 2y +u)2 +@-9(y+ —;-)2 + (d—zv +u)2 +d —4)(%)2 (13)

t+1

+27 (A} + A}) = 0mod 2™,
In this case Aj = 1 mod 2. In a similar way we obtain the formula
r((2,Vd)", ) = (1 — (=1)*1) 2",
Letn > t+2 t =0mod2 Then A} = 1 mod2 and r((2,Vd)", A) =
(14 (=1)22) 27,
5. Let p|d, p # 2. We’d like to count the number (x, y, u, v) such that

(x + yvd + Q(u + vﬁ))(x +y~/c_i+§(u + v@) + A€ (p, JZ)"

The numbers x, y, u, v are given mod p™ if n is even. If n is odd, the numbers x, u
are given mod p™*! and y, v — mod p™.

Let n = 2m, 0 < n < t. We need to count the number of solutions of the system
of congruences

(x + Q)z + £;-()' +u)? + (d_v)Z + 51')’2 = 0mod p”,

2 2 2
(+ Sty +s) +@-n(y+3) (14)
+ (% +u)2+ d - 1)(-121)2 = 0 mod p™.

Let (xo, Yo, Uo, vo) be a solution of the system mod p™~!. Replacing x, y, u, v in
(14) by xo+x1p™ ", yo+ y1p™ ", uo+u1 p™", vo+v1p™ " (x1, y1, u1, vy mod p),
we transform (14) into the system

2xox1 = —r mod p,
2x0x1 + 2x0v1 + 2x0y1 + Xou1 + 2yox1 + uox1 + 2yovi + 2uov) (15)
= —smod p,

where r, s are found from the equalities

o ) s (42

[NTRCY
~
(=)
I
~
A

+(al—'1)('—‘23)2 =5 pm.
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It is easy to check that xo = 0 mod p. Hence (15) transforms into the system
r =0 mod p,

16
x1(2yo + ug) + 2v1(yo + up) = —s mod p. (16)

Let’s denote r;(p™) the number of solutions of the system (14) such that yp =
up = 0 modp, and ry(p™) — the number of remainder solutions. We wish to count
ri(p™). We investigate the system r = s = O mod p. By choosing the solutions
such that yy = 4o = 0 mod p? it is easy to obtain the recurrence relation r( p™) =
p2ri(p™™ Y+ p'ra(p™'). The recurrence relation ry(p™) = p?ra(p™~") is valid for
remainder solutions. In addition r(p) = p3 and ri(p?) = p>+ ((—%) +1)(p—1)p*.

Hence r((p, V), A) = prtl 4+ (’2-l — 1)((—%) + D(p—1)p". Thecase n =1 + 1
(t # 1) is similar.
Letr =1, n > 1. Then the system

(x + ﬂ)2 + %()’ +u)? + (d_v)2 + gy2 + pA| = 0mod p™,

2 2) T3
(x+d—2v-+y+—;-)2+(d—1)<y+g-)2 (17)
SEICPNTE -

has no solutions, because A, # 0 mod p.
If t =0, it is easy to obtain the formula r((p, Ja)r, A) = ((%1) + 1) p".

Letn > t+2,t # 0, 1. The recurrence relation r(p™) = p?r(p™~!) is valid in this
case. In addition, r(p) = p?(p — —%)). Hence r((p, Vd)", A) = p"(p — (—%)).
Let n =2m + 1, 0 < n < t. We investigate the system

(x + 51_2)2 + g()’ +u) + ((2)2 + éy2 = Omod p™*!,

2 2 2
(x+d7v+py+%5)2+(d—p2)(y+%)2 (18)

Replacing x, y, u, vin (18) by xo + x; p™, pyo + y1p™, uo + u1 p™, pvo + v p™
(x1, y1, u1, vimod p), we transform the system (18) into the system
2x0x; = —r mod p,
0X1 p (19)
2x9x) = —s mod p,
where r, s are found from the equalities
dv() 2 d 2 dvo 2 d 2 m
(r0+52) + 500+ w0+ () + 3h=r .

(xo+ ‘_i_;’_O + pyo + p—;‘(‘))z +(d - pz)(y0+ %)2 + (d_;g + %)2

+d - pz)(flz—o)2 =sp™.
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It is easy to verity that xo = Omod p. Hence (19) transforms into r = s = Omod p
This gives the recurrence relation r (p™) = p 2r(p™1). In addition, r(p) = p— (——)

Hence r((p, Ja)yr, A) = pt(p— (_F))' If n = t+1, the proof is similar. Ifn > r+2,

t =1, it is easy to verity that r((p, Jd)', A)=0.Ifn>1t+2,t# 1, we obtain by
similar way the formula r((p, vd)", &) = p"(p — (=)

COROLLARY. The zeta-function Z(A, s) converges absolutely for Res > 1.
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Apie Hermito kvadratiniy formy dzeta-funkcijas
E. Gaigalas

Paskaitiuoti plétinio Q(i, \/J) / Q(JJ) d = 2 mod 8 Hermito kvadratiniy formy dzeta-funkcijos
koeficientai.



