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Asymptotical expansions in the local limit theorem
R. Skrabuténas (VPU)

INTRODUCTION

In [7] we demonstrate, that the local distribution law for the values of additive
function f: N — Z on set of prime numbers P induces a local law on the whole
semigroup N. Some local limit theorems were obtained, wich generalized analogical
results from the very known paper of J. Kubilius [1]. It was observed, that the main
term in this more general case has additional factor. This phenomenon holds in local
limit theorem, in the local limit theorem with asymtotical expansions and in local
theorem of large deviations. Further, in paper [10] we proved analogical theorems
for multiplicative functions having local law on P.

Since 1990 E.Manstavi&ius [2], [4] (with K.-H. Indlekofer, R. Warlimont) began
to study commutative semigroups G, which are called arithmetical semigroups and
were introduced by John Knopfmacher in his monograph [3]. Several problems with
a title Open Questions are possed in this monograph. We select a problem about
local distribution of values of additive and multiplicative fuctions defined on such
semigroups. The papers [S], [8], [9] demonstrated our results of that sort. It was
observed that some well known propositions, valid in the semigroup N get some
new specific features. The purpose of this paper is to continue the investigations of
this kind by proving the local limit theorem for additive function defined on G with
asymptotical expressions of main term.

SOME RESULTS, DEFINITIONS AND NOTATIONS

Additive arithmetical semigroup is by definition a free commutative semigroup with
identity element 1, generated by a countable subset P of prime elements p and
admitting a completely additive integer valued degree function §: G — NU {0} such
that §(p) > 1 for each p € P and the following axiom holds.

AXIOM. Constants A > 0, g > 1, and 0 < v < 1 exist, such that
G(n):=#laeG; 8(a)=n)= Ag" 4+ O(q").
As it was proved in paper [2]
k

T — 1 G (=D + 0(g ™),

k) =#peG; §(p)=k}l= T

where max{1/2, v} < ¢ < 1.
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Here, 1(G) denotes indicator of exceptional zero of the generating series

Z(y) =) Gm)y".

n=0

We consider a class A(G, r) of additive functions f: G — Z satisfying conditions

Yo i=alh+a®), 1eZ k>l (1)
peP. §(p)=k
fm=l
where A, € [0, 1] are constants, p;(k) := C;(k)r—'(k) are remainder terms with

r(k) — oo, as k — 00. Besides,

D lCiw)] < oo

!

uniformly in k > 1.
Further, we are using traditional notations from papers [5], [7], [9]:

1

2
x=x@=Y med, E=Y1n, o= Py, o) = e /2,
> x x 7
. m — EX?
pi(2) = (=1)""x(2) - 1-zE, J=12 A = ylogn, y=— "
1o, To denote an arbitrary solutions of the equations
Y wsin?(t/2) =0, ) Acos’(it/2) =0, 2)
! !

belonging to the interval (—m, ] respectively. H(f) denotes an additional factor in
the local limit theorem (see [7], [5]).
In papers [5] and [9] two asymptotic formulas for the frequency

!
Va(m) = —A;;#{a € G; 8(a)=n, f(a)=m]

were proved.
The zone of nontriviality of the first of these formulas is determined by the
function ¢(u) used in the main term. In fact, it agrees with

Im — EX?| < (1 — h)Ao/2log A,

where A is any fixed positive number.

The second formula, proved in [9], in probabilistic terminology gives local theo-
rem of large deviations. She is valid in the larger region: m — EA? = o(A?).

If function f from the class A(G, r) satisfies a stronger conditions than in [5],
then we can enlarge the zone of nontriviality of asymptotic formula for v, (m) by
proving local limit theorem with asymtotical expansions.
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LOCAL THEOREM WITH ASYMPTOTICAL EXPANSIONS

THEOREM. If an integer fixed number s > 1 exists, such that f € A(G,r) with
r(k) = (/log(k + 1))**4, Ao < 1 and the series

St Y feHeT, Yo ir|ar)] (3)
! !

p.Jj=2

converge (the last one uniformly in k > 1), then, as n — 00, v, (m) equals

Zevm,m i Pi(—¢, to)
i+1
1) j=0 (ra)/

+(=D)"1(G)q(AZ'(~¢g™H) 'Y —:rwnZQ(i ﬁ;ﬁo)ﬁtou—‘—')
0

where P;(u, ty) and Q;j(v, 1) are polynomials of degree 3j with coefficients de-
pending only on the function f and numbers ty, Ty respectively. P;j(—g, 1) and
Q;(—g, 1) are obtained from Pj(u, t9), Q;(v, 1) by replacing all powers ul, vt by
(.0(” (—=y/o). Besides, we observe, that

3 e Py(—p, 10) + (~1)'1(G)g(AZ (=g ™H) T Y e ™" Qo(—¢. )

Ty 0]
= w(l>H(f5-
o

The proof of the theorem is based upon the following lemma.

LEMMA 1. If f € A(G, r), r(k) = (/log(k + 1))***, then, as n — oo,

! L (Amyx-! ( l ) ©_explitf(p'))
- nj(u)= l .
Agn L€ T(x) [l Ipl 2 Il

§(u)=n peP i=0
—D"A -x-1 —1)¥mM\X
RN 1) n ( 1 )
oeb lpll
o0 1VJ8(p) 1 !
(—1)/ Pexp{ltf(P’)}_‘_O()‘—.r—l)

T Il
uniformly for any t € R. Here T'(z) denotes the Euler gamma-function,

Ar=Z(=¢"Hg " #£0,  llall=¢".

Proof see in [6, p. 332, Theorem 1].
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Using the result of lemma 1 and following the papers [1], [7] and [5], we obtain,
at first,

T n
1 ) o 1 . A x(in-=1
v, (m) = / el Z PUIACP P — / e_”m(——ﬁ)—.—-h[(t)dt
2rAg" e 2 T (x(in)
—-n .

n

O AXED —xGD)= .
/e—""'—————' - hy(r)dr + 0477

1(G)(—1)"
+ —_———
I(=x(it))

2w A

-

=T +h+007h),

h=Y L),  hi=) h(w).

)] T

where (see [5])

Then, after the substitutions t — ¢ + o, T = T + Tp, the path of integration about
each of the saddle points to, To becomes some neighbourhood of the zero point, say
T(0) or D(0) respectively. If there are no solutions for the second equation (2), or
if 1(G) =0, then J, =0.

Now, with the notations

Ax(il)—l Al-x(ir)
Li(t+ 1)) .= ————hi(t+ 1), Ly(t + 1) i= =———= h2(t + 70),
1(t + 1) NTT) 1(t + t0) 2(T + 70) TG0 2(T + 70)
we have i
‘e_”nm 5 .
Ji(to) = P /Ll(t-i-to)exp{p.l(it))»“—zty)»}dt.
T(0)
and
1(G)(—=D)" —iTym y
Ja(19) = ( )(ane /Lg(t+r0)exp{u|(ir))»‘—ityk]dr.

D(0)

Let’s afterwards £ > O denote sufficiently small number. Using the condition (3),
we obtain the estimation

| exp [ul(iu)k2}| < exp{ - c(e)kz}

for |u| > &, with some c(¢) > 0. Also, we can represent, for example, integral J2(7o)
in the form
I(G)(—' l)ne—imm

Ja(z0) = 5 / Ly(t + To) exp {1 (i1)A? — ityA}dT

|T|<e (*)
+ 00" h.

The main point in the proof of theorem is asymptotical expansion of functions
log L\ (t + 19), log L2(t + 10) in powers of (it) and (it), respectively.
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LEMMA 2. For any sufficiently small: t from T (0) and t from D(0), it is possible
10 represent the functions Li(t + to), L2(T + 1) in the form:

s—1
log Li(t +10) = »_ B (to)(ir)! + O(1tI")

j=0
and
s—1
log La(t + 10) = »_ B () (i)’ + O([zI").
j=0
Proof. From the conditions (1), (3), the well-known properties of the I'-function
and estimations

s—1
x(iu) — 1= ij(l)(iu)-’ + O(lul"),
Jj=0

we deduce, at first, that

—1

IOgr X(lu) Z (1)(iu)'i + 0('"1‘)1 (4)

with some coefficients, bounded in neighbourhoods T (0) and D(0).
Then, using the formal equality

Ypj (w)
hi(w) = l;[ lﬂm‘(w) = l_l:[ 1//,,‘,(w0) exp [ Zp:log (1 + (1/1_,:—’(170)- - ]))',

J = 1,2 (where w = t or w = 1), the conditions of Theorem, and following the
papers [S] and [9], we have for each p € P, with sufficiently large lipll

Vpj (W) =L . o
"’g( (wn’,”(lwo) - 1)) = ;AS;,’(wo)(zw) + O(lwl*|AY) (wo, w)]),  (5)

where the series

Y laQwo), Y |AQwe. w)|, j=12r=12...s-1
r r

converge (the last one uniformly in |w| < €).
. Having in mind the well known properties of exponential and logarithmic func-
tions and using expansions (4) and (5) we obtain the assertion of Lemma 2.

By Cauchy’s theorem positive constants n; = 1;(s), j = 1,2 exist, such that

B <ejn;” r=1,2,5 =1 j=12
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Further, we have used calculations method and results from papers [1] and [7].
Lets denote

O (ju) = A2 m(l;f) + (“;)- +logL; ( +u0)

Using results of Lemma 2, we can represent the functions exp{cbfgi)(iu)}, j=1,2in
the form

s—1 e K 2
expfon) = 32U 4 oWy iy enp [ £211).
j=0 A 4

and analogously

s—1 s 2
explai0) = 3 20 4 o4 vyen| S ),

j=0

where Pj(u,to) and Q;(v, 7o) are polynomials of the degree 3j with coefficients
depending only on the function f and numbers f, To.
From this we have, for example, that

; 2
Lz(% +To> CXP{)}M(%)} =exp| (to )] Q (11" 7o)

§ 2
+0(I |(l+1'2)‘(=:xpl (tz) })

Similar formula holds for the function L|(A + ty).
Putting these expansions into formulas of kind (x) and using the equality

o0
1 ; 1 .
- /(iu)’eXp{ - 5“2 —iu g}du = @(’)(— g)
—00

we end the proof of Theorem.
Also, we enlarged the region of the validity of local theorem to

Im — EX2| < (1 — h)Aoy/2s logA.
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Lokalios ribinés teoremos asimptotiniai skleidiniai
R. Skrabuténas (VPU)

Straipsnyje jrodyta lokalioji ribiné teorema adityviosioms sveikareikSméms funkcijoms apibréZtoms
vir§ specialaus aritmetinio pusgrupio G. Tiriama tokiu funkciju klas¢ A(G,r), kuriai priklauso
funkcijos pusgrupio G pirminiy elementy aibéje P turinCios lokalyjj skirstinj. Darbe gautas pagrin-
dinio nario asimptotinis skleidinys tuo i¥pleiant lokaliosios teoremos galiojimo zona. Straipsnio
rezultatai apibendrina gerai Zinoma J. Kubiliaus darba ir yra nattrali autoriaus ankstesniy tyrimy
tasa.



