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1. INTRODUCTION

Digital image processing is a fascinating subject in several aspects. Human beings
perceive most of the information about their environment through their visual sence.
While for a long time images could only be captured by photography, we are now at
the edge of another technological revolution which allows image data to be captured,
Manipulated, and evaluated electronically with computers.
~ With breath taking piece, computers are becoming more poweful and at the same
me less expensive, so that widespread applications for digital image processing
tmerge. In this way, image processing is becoming a tremendous tool to analize
'Mage data in all areas of natural science. For more and more scientists digital image
Processing will be key to study complex scientific problems they could not have
dreamed to tackle only a few years ago. A door is opening for new interdisciplinary
tOoperations, merging computer science with the corresponding research areas [1].

.Charge-coupled-device (CCD) cameras are commonly used for acquiring images
of Incoherently radiating objects in a diverse range of applications spanning the mi-
croscopic in biology to the macrocosmic in astronomy. Their wide spectral response
Makes them useful for acquiring image data throughout the UV, visible, and IR
Wavelengths [2].

CCD cameras are very useful devices for the acquisition of laser intensity profiles
F3 ]'_ They — are relatively inexpensive, — possess a wide spectral response, — feature
4 high spatjal resolution, — are easy to handle and readout, — have a linear signal
OUput vs. input, - are applicable for CW and pulsed beams.

suchC?D cameras are imperfect. 'Optical elerpents thz'xt produce the CC;D sensor itself,
SEnsods ﬁfilfi stops and lens.es, llm}t resolution aqd mtroduc.e aberrations. The CCD
an I exibits photoconversion noise, readout nqlse, nonuniform flat-field response,
n EXtraneous charge carriers resulting from bias, dark current, and ‘both mternal
. ae’flemal ba.ckg}'ound radiation. The significance c.)f Fhese various imperfections
as Wﬁ“’en app.llcatlon depends on how CCD c.an'lera.ls lmplemgnted and usej spch
COntaiet'her it is cpaled and whether stray radiation is present in the field of‘wew
_4ining the object of interest, but all of them are present to some degree in all
Pplications.

meiicrintly several natioqal and intemationg] efforts to standardize the definion and

cment of beam radius and beam quality have been made [4,5].
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Choclab (Belgium, Canada, Denmark, Finland, Germany, Italy, Lithuania, Rus-
sia, Spain, U.K.) exists to design, test and optimize procedures to characterize laser
beams and the optical components such as mirrors and lenses that quide them {6].

The project co-operats with the international standards commitees CEN and ISO
to make sure that results will be embodied immediately in industry standards. The
project works in four related areas: — Beam width, divergence and propagation, -
beam pointing stability, — beam shape, — optics characterisation.

Choclab is also studying the power, energe and temporal characteristics of beams.
spectral profile and stability, and the complete characterization of diode lasers.

The present paper is a part of the reseach carried out by the project. It is devoted
to problems of statistical estimation of laser beam width on a base of image data
obtained by use of CCD cameras. In Section 2 a simple mathematical model of laser
beam measured with CCD cameras is presented. Estimation problems are discussed in
Section 3. The last section contains a description of an iterative estimating procedure.
Performance of the procedure when applying to real and simulated data will be
discussed elsewhere.

2. MATHEMATICAL MODEL OF LASER BEAM MEASURED WITH CCD
CAMERAS

For measurements of laser beam intensity using CCD cameras we apply the fol-
lowing mathematical model:

s(x,y) = fx ) +u+ex,y), () ek, (D

where f(x, y) is true intensity level of the laser beam at the mesh point (x, y) € K

of CCD camera, K = Knp & {(ih, jh), i,j = 0,1,...,n) (h being a step SiZ¢

of the mesh), s(x, y) is its measurement with the offset value p and random errors
(noise) £(x, y). We suppose that £(x, y), (x, y) € K are independent and identically
distributed (iid) random variables (rv’s) with zero mean and variance §2. For a scalar
(vector-, matrix-valued) function  denote by

def
Fy Sh Y y(x,y) fx, ),
(x.y)eK
def

Sy SR Y vx ps(x,y)

(x.y)eK

the corresponding scalars (vectors, matrices). It is supposed f is nonnegative and
F,2, 2 converges to a finite limit as nh — o0. Hence, it is natural to assume that

Fa NI+ ~0, (1) € Koon\Kni, 2

for sufficiently large nh.
The laser beam quality is characterized by quantities

2

def F2 — F? def Fry — F F) def Fy2 — Fy

sz = - GXV = —_———_'7 sz = -
F ’ F F
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Thus, our aim is to evaluate the aforementioned characteristics on a base of the mea-
surements s(x, y), (x, y) € K. Since no assumptions are impossed on a parametric
shape of f the statistical estimation prolem we deal with is nonparametric one. The
quantities Fy, v € {x2,xy, y?} and their estimators have the greatest impact on
overall perfomance of estimators of oy, ¥ € {x2,xy, y?}. Therefore in this paper,
We restrict ourselves to the problem of estimating Fy, ¢ € {x?, xy, y?}.

The offset value p and the ‘noise’ variance 82 are unknown. Usually they are
estimated from data of CCD camera obtained witout the laser beam. An alternative
way is to exploit the condition (2). We do not consider this question further and
suppose that 82 is given. The influence of the offset value is briefly discussed in the

next section. For simplicity, in the sequel we also assume F, = F, = 0.

Let
def

Fw =h2 Z ‘I/(x, )’)f()ﬁ)’),
(x.v)eK

def
Sy =

WY Wix, y)six, )

(x.v)eK

2
w‘iéf(x x{).
xy 'y

. : def :
For a symmetric 2 x 2 matrix A define norm [|A|2 £ @ + 2a2, + a2, and quadratic

form

where

szdganxz+2a|2xy+azzy2, v=(x,y) ek 3
Now our estimation problem can be stated as follows: to find an estimator Fy of

Fy for which the risk

def A
REE(|Fy — Fyll?,

le. the average square losses, would be as small as possible.
3. PROBLEMS OF LASER BEAM WIDTH ESTIMATION

In view of (2) it is reasonable to consider estimators of the following type

Fo=SepEh Y W, s, y), 0))
(x.v)eB

Where B i a subset of the set K. When B = K we obtain a ’naive’ estimate
Fy = Sy. ®))
Basica”)’, we restrict ourselves to the case of ellipses
B=B4(p) L (veK A" < p), 6)

Where 4 s a positive definite matrix.
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The risk of the estimator. It is well known that

RB) & E||Fy — Sy;sl2 = Bias(B) + Var(B), ™
where
Bias(B) & |ESus — Ful2, (8)
def
Var(B) = E| Sy — ulyp — Fuli3, Q)

and Iy denotes Fy g for f = 1. It is straightforward to verify that

Var(B) = h*62 ) W (x, »IF =% D (f + 2B +yh.  (10)
(x.v)eB (x.y)eB

The bias Bias(B) depends on the values of the unknown function f outside the set
B and the offset value x and is given by

Bias(B) = || lyill; + | Fo — Full3
= YR+ Y v o2 (an

veB veK\B
The best choice of B is a solution of the following minimization problem

R(B) — mgn. (12)

To apply criterion (12) it is necessary to estimate the bias Bias(B) because it de-
pends on the unknown function f. Since a natural estimate of Bias(B) given by
ISyik — Swu;"% — Var(K) + Var(B) has large variance the staightforward implemen-
tation of criterion (12) runs into problems. Therefore a criterion based on princiPI.e
of balancing the bias and the variance is prefered to (12). Below we describe this
criterion as well as a corresponding procedure for selection of the set B.

It follows from (10) that Var(B) is nondecreasing and additive set function:

(a) B; C B, implies Var(B;) < Var(B5);

(b) Var(B; UB;) = Var(B;) + Var(B;) provided B N B, = 0. '

Since the function f is nonnegative the bias (11) is a nonincreasing set function
provided both f and B are symmetric and u = 0.

Let By, k = 1,2, ..., beagiven sequence of sets (contendes) such that By C Bi+!
and the sets B, \Bx, k = 1,2, ..., are sufficiently large. Define

def

3
by = | FuBy,, — Fyp, 3 (1

and let ¢ > 0 be a prespecified constant. Let kg denote the least integer k for which
the inequality
bic < c Var(Bys1\By) (4
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holds. According to the principle of balancing the bias and the variance the set By, is
Judged to be optimal. Note that in criterion (14) the function f is implicitly supposed
to be such that b/ Var(By41\Bx) forms a nonincreasing sequence.

Assume that i = 0. The bias term b, defined in (13) is estimated by

A def
bi = |Swi,,; — Swis, ! — Var(Bi41\By) (15)

Now, in view of (14) an estimate k* of the optimal kg is defined as the least integer
k such that .
by < c Var(Be41\By) (16)
The offset influence. Suppose that a true value of the offset u is zero. It is easy
10 check that the bias of Sy, B = B4(p) (see (6) and (11)), due to the erraneous
offset 44 is given by
. def 2 2 2 _ T
Bias, (Sy;) = |[ESwis — Fyll; = ulllwsll; = I3
where A, and A, are the eigenvalues of A. (Here and everywhere below sums are
approximated by the corresponding integrals without indication of the approximation
trror.) Compare the last expression with

o' A + A3)

. 32
Bias, (Sy) £ IESw — Fol3 = p?Il e} = 5w
Note that in the last case Bias, (Sy) — o0 as nh — oo provided u # 0.
An example of Gaussian beam. Suppose that f is of Gaussian shape. Namely,
fx,y) = f(v) = 2m(det(A)) ™/ exp{—(1/2)A™'v?)

(§ee (3)). Further, let £ = 0 and B =B, (p) (see (6)). Recall that A; and X, are the
tigenvalues of A. Then

Bias(B) = (A\Y + A3)(p/2 + 1)?e™” a7
and
Var(B) = %h252p3x.xz(x‘} + (27322 + 19). (18)
(note that Var(B) does not depend on f !). We keep the matrix A fixed and seek for
the best p. According to (12), the optimal p* is found from the equation

R,=0 (19)
Obtained by equating to zero the derivative of
R, % R(Ba(p)) = Bias(B4(p)) + Var(B4(p)) (20)

With respect to p. Formulas (17)-(20) yield

(1+42/p)e™? = kh?8% area(B4(1)),
Where

e 3 A4 (2/3)AIA3 425

€[3/2,2].
2 AL+ A3 B3/2.2]

Thug,
p* ~ —In[kh?8? area(B, (1)) ].
Application of the criterion (14) leads to approximately the same result.
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4. ESTIMATING PROCEDURE

Suppose 1 = 0. Let ¢o € [3,8] and ¢, € (0, 4] be given constants, let y, k =

0,1,..., 0 = 1, be an increasing sequence of numbers and D def {(x,y) €
K:s(x, y) < cod}.
The estimation algorithm.

Step 0. Set k = 0. Calculate Ag & Syp, and
hcard(Dy) area(Dy)
7 det(Ag) 2 " area(B, (1)
(card(Dg) denotes the number of elements of the set Dy).

Step 1. Set k = k + | and calculate A; &ef Syp, where Dy def B4, (o0) and
Pk = Yk Pk—1-

Step 2. If k < 1 go to step 1, otherwise check the stopping condition (see (10).
(15) and (16))

1Ak = Arall} < ek D" (2622 4 ).
(x.v)€B\By_

Lo = Yo

*de

If this condition is not satisfied execute step 1, otherwise set k k — 1 and stop.

The estimator A* = Sy A (p+) Obtained is "optimal’ one.
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Lazerio pluosto sklaidos matavimo su KSI kameromis problemos
A. Dementjev (FI), F. Ivanauskas, R. Vaicekauskas (VU), M. Radavicius (MI)

Lazerio kokybés nustatymui reikia kuo tiksliau jvertinti jo pluo3to sklaidg jvairiomis kryptimis pagal
pluosto intensyvumo matavimy su KS| (krivio sasajos jrenginio) kameromis rezultatus. Darbe
apralytas paprasCiausias lazerio pluosto intensyvumo matavimy su KSI kameromis matematinis
modelis ir aptartas sklaidos vertinimo uZdavinys. Pateiktas iteratyvus algoritmas, kurio sustojimo
taisykle remiasi poslinkio ir dispersijos subalansavimo principu.



