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Pipelined-block discrete-time system modeling in state
space

K. Kazlauskas (MII)

Consider a multi-input, multi-output LTV discrete-time system described by dy-
hamic equations

x(k+ 1) = A(k)x(k) + B(k)u(k), (1a)

y(k) = C(k)x(k) + D(kyu(k), k=0,1,2,... (1b)

Where the state x (k) is N x 1, the state update matrix A(k) is N x N, B(k) is N x P,

Ctk)is R x N, D(k) is R x P, u(k) is P x 1, and y(k) is R x I.
The general solution of the dynamic equation (1a) is given by [1]

n—1
x(n) = F(n, k)x(k) +ZF(n,j + D)B()u(j), n=0,1,2,..., 2)
Jj=k

Vhere F(n,n) = Iy,
n—k
F(n, k) = ]‘[ A(n —i). 3)
i=l

Substituting x (n) from (2) into (1b), we obtain

n—1

y(n) = C(n)F (n, k)x (k) + Z C(m)F(n, j+ HB(j)u(j) + D(n)u(n). (4)
j=k

Model 1. Substituting n = kM + M, and k = kM into (2), where M is pipelining
tvel, we have

kM+M-—1
kM + M) = F(kM + M, kM)x (kM) + Z F(kM + M, j + 1)B(j)u(j)
j=kM
=FkM+ M, kM)x (kM) (5)

M
+ZF(kM+M,kM+j)B(kM+j — DutkM + j —1).

i=1

Wa . . . T .
, ¢ obtain from (3) and (5) the state equation of the pipelined-block LTV discrete-
"¢ system in matrix form:

x(k+ 1) = Ak)x (k) + B(k)a(k), k=0,1,2,..., (6)
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where the N x N matrix A(k) is defined by

M
A(k) = ]"[A(kM+M—i). M

i=1
The N x M P matrix B(k) is defined by
B(k)=[Bi..... B;,..., Bul, ®)
in which

M—j
B = ]_[A(kM+M—i)B(kM+jTl), J=12.. M-
i=1

By = BM + M — 1),
a(k) = [ukM), ..., u(kM +M —1)]",
X(k) = x(kM), x(k+1)=x[(k+1)M].

Substitutingn = kM +i — 1, k=kM, k=0,1,2,...,i=1,2,..., M into (4
we obtain

YKM +i—1)=CKkM +i—1)F(kM +i — |, kM)x (kM)
i—1
+ D C*hM+i—1)FkM+i—1,kM +%)B,M + j — Du(kM + j =)

j=l1

+ DKM +i — Du(kM +i — 1). @

Then we get from (3) and (9) the output equation of the pipelined-block LTV
discrete-time system in matrix form:

y(k) = C(E(k) + D(R)ak), k=0,1.2,.... (10
where the MR x N matrix C(k) is defined by

= [
Cy=[c,....Ci,....cu]". s

in which

i
Cr=CkM), Ci=ChM+i-D][]AGM+i- j), i=23,...M
j=2

The MR x M P matrix D(k) is defined by R x P matrices D;;

D(k)=[Dy], i,j=12....M,
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in which

D,‘j =0, if i < j,
Dijj=DkM+i-1), ifi=],
Dij=CkM+i—1)BkM+j—1), ifi=j+1,
i—j
Dij=CkM+i—1)[[AGM +i —DBGM +j - 1), ifi>j+1;
1=2
) = [ykM), ..., ykM +M - D]".

For LPTV discrete-time systems A(k), B(k), C(k), and D(k) are L-periodic, i.e.,
Alk+ L) = A(k), Btk + L) = B(k), C(k + L) = C(k), and D(k + L) = D(k). In
‘ase the pipelining level M is equal to the periodicity L of the LPTV system, we
btain from (7), (8), (11), and (12) simpler matrices A, B, C and D. For example,
% have from (7)

L
Ak)= A = ]'[A(L —i).
i=1

For LTI discrete-time systems A(k) = A, B(k) = B, C(k) = C, and D(k) = D.
We obtain from (7), (8), (11), and (12) matrices A, B, C, and D. For example, we
have from (7) A(k) = A = AM. '

In the pipelined-block discrete-time system, we use x (0) to compute the block of
“Uputs y(0), ..., y(M — 1), and to update (1) = x(M). In the next cycle, (1) is

zzed to compute the next block of outputs, and to update the state ¥(2) = x(2M),
$0 on,

- Model 2. Substituting n = k + M into (2), where M is a pipelining level,
=0,1,2,..., we get

M
"kt M) = Fk+ M, x(k) + Y Flk+ M.k + j)B(k + j — Dulk+j —1).

i=
Where
F M M—j
k+M o) =T[Ak+M-i),  Fhk+Mk+j)=]]Ak+M-0),
i=l i=1
“Tin 4 matrix form:
x(k+ M) = A(k)x(k) + B(k)ak), k=0,1,2,..., (13)
Where the N x N matrix
B M
A(k)=r[A(k+M——i). (14)

i=1
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The N x M P matrix B(k) is defined by
B(k)=[Bi,....B,,..., Bu], (15)

in which

M—j

B =[] Ak+M—-i)Bk+j-1), j=1,2,...,M—1, By=Bk+M-

and r
(k) = [utk), uk + 1), ..., u(k+M - D)]".
Assume k =mM +1,m=0,1,2,...,1=0,1,...,M — 1. From (13) and (Ib)
we obtain Model 2 of the pipelined-block LTV discrete-time system:
x(mM+ M +1) = A(mM + Dx(mM + 1) + B(mM + Dia(mM +1),
ymM +1) = C(mM + Dx(mM + 1) + D(mM + Du(mM + 1),

or in a matrix form:

X(m + 1) = A(m)X (m) + B(m)U(m), (162
Y(m) = C(m)X(m) + D(m)U(m), m=0,1,2,..., (160)
where A(m), B(m), C(m), and D(m) are NM x NM, NM x M2P, RM x NM.
RM x PM diagonal matrices, respectively, defined by
A(m) = diag {AmM), ..., AmM +1), ..., A(mM + M — 1)},
B(m) = diag {B(mM), ..., B(mM +1), ..., B(mM + M — D},
C(m) = diag {ComM), ..., C(mM +1),...,C(mM + M — 1)},
D(m) = diag {D(mM), ..., DmM +1), ..., D(mM + M — 1)},

in which

M
A(mM+l)=1_[A(mM+l+M—i), B(mM+z):[B.,...,B,,...-BM]'

i=l
where

M—j
Bi=[[AmM +M+1—i)BmM +1+j-1), j=12..M-|

i=1

By = B(mM +1+ M —1);

X(m+ 1) and X(m) are NM x 1| vectors given by

X(m+1)=[x(mM+M),...,x(mM +2M — )]
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X(m) =[x(mM), ..., x(mM + M - 1)]",
U(m) is M?P x 1 vector given by U(m) = [a(mM), ..., a(mM +M — D)7, ¥ (m)
ind U(m) are RM x 1 and PM x 1 vectors, respectively, given by

Y(m) = [ymM), ..., ymM + M - 1],

Um) = [umM), ..., umM +M - D]
For LPTV systems, if M is equal to periodicity, then

M
AmM +1) = A() = [Jae+M —i),

i=1

B(mM +1)=B()=[Bi,...,Bj,..., Bul,

n which
M=

=Tl Ac+M-i)Bu+j-1), j=1,2,....M—1,  By=B(l+M-1);
i=]

C(’"M+l) =C()and DmM +1)=D(),1=0,1,.... M —1.
For LTI systems,

AmM+1)=A=AM,  BmM+1)=B=[AM"'B,..., B],
CmM +1)=C, DmM+1)=D, 1=0,1,...,M—1.
Model 3. Substituting n = kM + i, and k = kM, n,k = 0,1,2,..., i =
2,..., M into (2), we get
X(kM + i) = F(kM + i, kM)x (kM)

an

+) FkM+i,kM+ j)B(kM + j — Du(kM + j —1).

1
i=1
_Then we obtain from (3) and (17) the state equation of the pipelined-block LTV

dxscrete-tjme system:

X(kM + i) = nA(kM +i— j)x(kM)

Jj=1

i i—]
+2ﬂA(kM +i—DBGM + j — DukM + j — 1),
= =
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or in matrix form: B B
X (k) = A(k)x(kM) + B(k)i(k), (18)

where NM x N matrix A(k) = [A(k, 1), ..., Ak, i), ..., Ak, M)]T, in which

i
Ak ) =[TAGM +i-j), i=12...M,

j=1
the MN x M P lower triangular block matrix B(k) is defined by
Bk)=[B;], i,j=1,2....M,
in which matrix
B =0, ifi<j,
Bjj=BG*M+j—1), ifi=j,

i—j
B =[]AGM +i —DBG&M +j - 1), ifi> j;
=1

X(k) = [xkM +1), ..., x(kM + )],

and r
w(kM, i) = [u(kM), ... .utkM + M - D],
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Konvejeriniy-blokiniy diskretiniy sistemy modeliavimas biiseny erdvéje

K. Kazlauskas (MII)

s

Straipsnyje parodyta, kad tiesiniy daugiamatiy kintamy parametry sistemy, tiesiniu SiS‘Cmu“,“

periodiskai kintanCiais parametrais ir tiesiniy sistemy su pastoviais parametrais jvairds mode
buseny erdveje gali biti gauti i§ bendrojo dinaminiy lyggiy sprendinio.



